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ARTICLE

Finite Time Blow Up of Solutions for the m-Laplacian
Equation With Variable Coefficients

Erhan Pişkin*, Ayşe Fidan

Dicle University, Department of Mathematics, Diyarbakır, 21280, Turkey

Abstract

In this work, we deal with the m- Laplacian equation with time dependent variable coefficients. Under suitable
conditions on variable coefficients, we prove the blow up of solutions for finite time with negative initial energy. These
results partially generalize and extend some recent ones in previous literature.

MSC: 35A01, 35B44, 35L05

Keywords: Blowup, m- Laplacian equation, Variable coefficients

1. Introduction

I n this paper, we are concerned with the following
problem:

where U is a bounded domain in Rn ðn2NÞ with a
smooth boundary vU, and m � 2; p � 2; q> 2; m1ðtÞ is
a non-negative function of t and m2ðtÞ is a positive
functions of t. The quantity jutjp�2ut is a damping
term which assures global existence, and jujq�2u is
the source term which contributes to nonexistence
of global solutions. m1ðtÞ and m2ðtÞ can be regarded
as two control buttons which can dominate the po-
larity between damping term and source term.
When m1ðtÞ ¼ m2ðtÞ≡1 and m ¼ 2, then the problem

ð1Þ can be reduced to the following wave equation

utt�Duþjutjp�2ut ¼jujq�2u:

Many authors have been established the exis-
tence, nonexistence and decay of solutions, see
[2,4e6,12,13]. The interaction between nonlinear

damping ðjutjp�2utÞ and the source term ðjujq�2uÞ
makes the problem more interasting. Levine [4,5]
first studied the interaction between the linear
damping ðp¼ 2Þ and source term by using Con-
cavity method. But this method can't be applied in

the case of a nonlinear damping term. Georgiev and
Todorova [2] extended Levine's result to the
nonlinear case ðp > 2Þ. They showed that solutions
with negative initial energy blow up in finite time.
Later, Vitillaro in [13] extended these results to sit-
uations where the nonlinear damping and the so-
lution has positive initial energy.
Pişkin and Fidan [9] considered

utt�Du�Dutþm1ðtÞjutjp�2ut¼m2ðtÞjujq�2u;

with initial-boundary conditions, and proved a
blow up of solutions.
Messaoudi [7], studied the following problem

utt�div
�jVujm�2

Vu
��Dutþjutjq�1ut¼jujp�1u: ð2Þ

8<
:

utt � div
�jVujm�2

Vu
�þ m1ðtÞjutjp�2ut ¼ m2ðtÞjujq�2u; x2U; t>0

uðx;0Þ ¼ u0ðxÞ;utðx;0Þ ¼ u1ðxÞ; x2U;
uðx; tÞ ¼ 0; x2vU;

ð1Þ
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He studied decay of solutions of the problem
ð2Þ. Then the problem ð2Þ was studied by Wu and
Xue [14] and Pişkin [8].
Zheng et al. [16] considered the Petrovsky equa-

tion in a bounded domain. They proved the blow up
of solutions.

utt�D2uþk1ðtÞjutjm�2ut¼k2ðtÞjujp�2u

In this paper, we established the blow up of
solutions. To our best knowledge, the blow up of
solutions of m-Laplacian equation with variable
coefficients have not yet studied. By using the same
techniques in [16].
This paper is organized as follows: In the next

section, we present some lemmas, not notations and
local existence theorem. In section 3, the blow up of
solutions are given.

2. Preliminaries

In order to state the main results to problem ð1Þ
more clearly, we start to our work by introducing
some notations lemmas which will be used in this
paper. Throughout this paper kukp ¼ kukLpðUÞ and
kuk2 ¼ kuk denote the usual LpðUÞ norm and L2ðUÞ
norm, respectively. Also, Wm;2

0 ðUÞ ¼ Hm
0 ðUÞ is a

Hilbert spaces (see [1, 11], for details).

Lemma 2.1. [3] Assume that8<
:

m� q<∞;n�m;

m<q<
nm

n�m
;n>m:

Then, there exist a positive constant C>1,
depending on U only, such that

kuksq � C
�
kVukmmþkukqq

�
ð3Þ

For any u2W1;m
0 ðUÞ and m � s � q:

Lemma 2.2. Suppose that m1ðtÞ is a nonnegative
function of t, m2ðtÞ is a positive functions of t and
m0
2ðtÞ � 0: Let uðtÞ be a solution of problem ð1Þ then

the energy functional EðtÞ is non- increasing,
namely E0ðtÞ � 0:
Proof. Multiplying the equation ð1Þ with ut and
integrating with respect to x over the domain U, we
obtain

d
dt

�
1
2
kutk2þ 1

m
kVukmm�

m2ðtÞ
q

kukqq
�
¼ �m1ðtÞkutkpp

� m0
2ðtÞ
q

kukqq: ð4Þ

By the equality ð4Þ, we get

E0ðtÞ¼ � m1ðtÞkutkpp �
m0
2ðtÞ
q

kukqq � 0;

and EðtÞ � Eð0Þ: Where

EðtÞ¼1
2
kutk2 þ 1

m
kVukmm � m2ðtÞ

q
kukqq ð5Þ

and

Eð0Þ¼1
2
ku1k2 þ 1

m
kVu0kmm � m2ð0Þ

q
ku0kqq:

In order to obtain our main results, we set

HðtÞ¼ � EðtÞ ð6Þ
In the following remark, C denotes a generic

constant that varies from line to line. Combining ð3Þ,
ð5Þ and ð6Þ, we obtain

Remark 2.1. Assume that8<
:

m� q<∞;n�m;

m<q<
nm

n�m
;n>m;

and energy functional EðtÞ< 0: Then, there exist a
positive constant C, depending only on U; such that

kuksq � C
�
HðtÞþkutk2þ

�
m2ðtÞ
q

þ1
�
kukqq

�
ð7Þ

for any u2W1;m
0 ðUÞ and m � s � q.

Next, we state the local existence theorem that can
be established by combining arguments of [2,10,15].

Theorem 2.1. ðLocal existenceÞ: Suppose that8<
:

m� q<∞;n�m;

m<q<
nm

n�m
;n>m:

Then, for any given ðu0; u1Þ2ðW1;m
0 ðUÞ � L2ðUÞÞ,

the problem ð1Þ has a local solution satisfying

u2C
�½0;T� :W1;m

0 ðUÞ;ut2C
�

�½0;T�;L2ðUÞ�∩LpðU; ½0;T�Þ�
for some T>0.

3. Blow up

In this section, we will consider the blow up of
solutions for the problem ð1Þ.
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Theorem 3.1. Let the assumptions of Lemma 2 hold.
And assume that m1ðtÞ is a nonnegative function of t,
m2ðtÞ is a positive functions of t, m0

2ðtÞ � 0 and

lim
t/∞

m1ðtÞm2ðtÞaðp�1Þ

exists, where

0 < a�min

(
q� 2
2q

;
q� p

q
�
p� 1

�
)
:

Then the solution of Eq. ð1Þ blows up in finite
time T* and

T* � 1� a

agL a
1�að0Þ

if q > p and the initial energy function

Eð0Þ<0;

where

Lð0Þ¼ ½Hð0Þ�1�a þ 3

Z
U

u0u1dx > 0:

Proof. From ð4Þ� ð6Þ, we get

d
dt
HðtÞ¼m1ðtÞkutkpp þ

m0
2ðtÞ
q

kukqq � 0 ð8Þ

for almost, every t2½0;TÞ. Also,

0 < Hð0Þ�HðtÞ�m2ðtÞ
q

kukqq; t2 ½0;T
�
: ð9Þ

Define

LðtÞ¼H1�aðtÞ þ 3

Z
U

uutdx ð10Þ

where 3> 0 is small to be chosen later, and

0 < a�min

(
q� 2
2q

;
q� p

q
�
p� 1

�
)
: ð11Þ

Differentiating ð10Þ with respect to t and
combining the first equation of ð1Þ, we have

L0ðtÞ¼ð1�aÞH�aðtÞH0ðtÞ þ 3

Z
U

�
uutþu2

t

�
dx

¼ ð1�aÞH�aðtÞH0ðtÞ

þ3

Z
U

�
udiv

�jVujm�2Vu
��m1ðtÞjutjp�1ut¼m2ðtÞjujqþu2

t

�
dx

¼ ð1�aÞH�aðtÞH0ðtÞþ 3kutk2 � 3kVukmmdx

�3m2ðtÞkukqq � 3m1ðtÞ
Z
U

jutjp�1udx: ð12Þ

Due to the H€older's and Young's inequalities, we
get����m1ðtÞ

Z
U

jutjp�1udx
����� m1ðtÞ

Z
U

jutjp�1udx

�
�Z

U

m1ðtÞjutjpdx
�p�1

p
�Z

U

m1ðtÞjutjpdx
�1

p

� p� 1
p

m1ðtÞd�
p

p�1kutkpp þ
dp

p
m1ðtÞkukpp ð13Þ

where d is positive constant to be determined later.
According to the conditions m1ðtÞ � 0;m0

2ðtÞ � 0 and
ð8Þ, we obtain

H0ðtÞ � m1ðtÞkutkpp: ð14Þ
Combining ð5Þ; ð6Þ; ð12Þ; ð13Þ and ð14Þ, we get

L0ðtÞ �
	
ð1�aÞH�aðtÞþp� 1

p
3d

� p
p�1



H0ðtÞ

þ3

�
qHðtÞ� dp

p
m1ðtÞkutkpp

�

þ3
�q
2
þ1
�
kutk2 þ 3

�q
m
�1
�
kVukmm: ð15Þ

Since the integral is taken over the variable x, it is
reasonable to take d depending on variable t. From
ð9Þ, we get

0 < H�aðtÞ � H�að0Þ;
for every t> 0: Hence H�aðtÞ is a positive function

and bounded. Thus, by taking d
� p

p�1 ¼ kH�aðtÞ; for
large k to be specified later, and substituting in ð15Þ,
we get

L0ðtÞ�
	
ð1�aÞ�p� 1

p
3k


H�aðtÞH0ðtÞ � 3kVukmm

þ3
�q
2
þ1
�
kutk2 þ 3

�q
m
�1
�
kVukmm

þ3

	
qHðtÞ�k1�p

p
m1ðtÞHaðp�1ÞðtÞkukpp



: ð16Þ

By using the ð5Þ; ð6Þ; ð9Þ and the embedding
LqðUÞ-LpðUÞ ðq > pÞ, we arrive at kukpp � Ckukpq and
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L0ðtÞ�
	
ð1�aÞ�p� 1

p
3k


H�aðtÞH0ðtÞ � 3kVukmm

þ3
�q
2
þ1
�
kutk2 þ 3

�q
m
�1
�
kVukmm

þ3

"
qHðtÞ�Ck1�p

p

�
m2ðtÞ
q

�aðp�1Þ
kukpþqaðp�1Þ

p

#
: ð17Þ

From ð11Þ, we get 2 � s ¼ pþ qaðp�1Þ � q:
Combining ð5Þ; ð6Þ;Remark 3 and ð17Þ, we obtain

L0ðtÞ�
	
ð1�aÞ�p� 1

p
3k


H�aðtÞH0ðtÞþ 3

�q
2
þ1
�
kutk2

þ 3

�
q
p
�1
�
kVukmm

þ3

"
qHðtÞ�C1k1�pm2ðtÞaðp�1Þm1ðtÞ

�
HðtÞ þ kutk22

þ m2ðtÞ
q

þ 1
�
kukqq

#

�
	
ð1�aÞ�p� 1

p
3k


H�aðtÞH0ðtÞ

þ 3

�
qþ 2
2

�C1k1�pm2ðtÞaðp�1Þm1ðtÞ
�
HðtÞ

þ3

	
qþ 6
4

�C1k1�pm2ðtÞaðp�1Þm1ðtÞ


kutk2

þ3

	
q�2
2q

m2ðtÞ�C1k1�pm2ðtÞaðp�1Þm1ðtÞ
�
m2ðtÞ
q

þ1
�


kukqq
ð18Þ

where C1 ¼ C
pqaðp�1Þ. Since lim

t/∞
m1ðtÞm2ðtÞaðp�1Þ exists,

m1ðtÞm2ðtÞaðp�1Þ is bounded for every t> 0: Then, we
choose k large enough so that the coefficients of
HðtÞ, kutk2 and kukqq in ð18Þ are strictly positive.
Therefore, we arrive at

L0ðtÞ �
	
ð1�aÞ�p� 1

p
3k


H�aðtÞH0ðtÞ

þb

	
HðtÞþkutk2þ

�
m2ðtÞ
q

þ1
�
kukqq



ð19Þ

where

b¼min
�
qþ 2
2

�C1k1�pm2ðtÞaðp�1Þm1ðtÞ;

qþ 6
4

�C1k1�pm2ðtÞaðp�1Þm1ðtÞ;

q� 2
2q

m2ðtÞ�C1k1�pm2ðtÞaðp�1Þm1ðtÞ
�

is the minimum of the coefficients of HðtÞ;
kutk2 and kukqq. Once k is fixed, we can take 3 small
enough so that ð1�aÞ � p�1

p 3k � 0 and

Lð0Þ¼ ½Hð0Þ�1�a þ 3

Z
U

u0u1dx > 0: ð20Þ

Then ð19Þ becomes

L0ðtÞ� 3b

	
HðtÞþkutk2þ

�
m2ðtÞ
q

þ1
�
kukqq



� 0: ð21Þ

Then, we have

LðtÞ � Lð0Þ>0: ð22Þ
For the definition of LðtÞ ðsee ð10ÞÞ we have����

Z
U

uutdx
����� kukkutk

� Ckukqkutk ð23Þ

using H€older's inequality and the embedding
LqðUÞ-LpðUÞ ðq > pÞ: Thanks to Young's inequality,
we have

����
Z
U

uutdx
����

1
1�a

� Ckuk 1
1�a
q kutk

1
1�a

� C
�
kuk 2

1�2a
q þkutk2

�
ð24Þ

from ð11Þ, we arrive at 2
1�2a< q:

Combining ð24Þ and Remark 3, we get

����
Z
U

uutdx
����

1
1�a

�C
�
HðtÞþkutk2þ

�
m2ðtÞ
q

þ1
�
kukqq

�
: ð25Þ

Therefore, we obtain

L
1

1�aðtÞ¼
	
H1�aðtÞ þ 3

Z
U

uutdx

 1

1�a

� 2
1

1�a

 
HðtÞþ

����3
Z
U

uutdx
����

1
1�a

!

� C
�
HðtÞþkutk2þ

�
m2ðtÞ
q

þ1
�
kukqq

�
: ð26Þ

10 E. Pişkin, A. Fidan / Al-Qadisiyah Journal of Pure Science 28 (2023) 7e11



Combining ð21Þ; ð22Þ and ð26Þ, we have

L0ðtÞ � gL
1

1�aðtÞ ð27Þ
where g is a constant depending only on C; b and 3:
Integrating ð27Þ; we arrive at

L
1

1�aðtÞ � 1
L� a

1�að0Þ � a
a�1gt

: ð28Þ

If

t/

"
1� a

agL 1
1�að0Þ

#�
;L� 1

1�að0Þ� a

a� 1
gt/0:

Hence, LðtÞ blows up in finite time T* and

T* � 1� a

agL 1
1�að0Þ ;

which complete the proof of the Theorem.
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