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ARTICLE

Some Properties of Almost Periodic Points in a
Random Dynamical System

Qays Arif »*, Thsan Jabbar "

@ University of Al-Qadisiyah, College of Science, Department of Mathematics, Smmawa, Iraq
b University of Al-Qadisiyah, College of Science, Department of Mathematics, Najaf, Iraq

Abstract

Photonic crystal fibers in the late period occupied a wide range of studies and research because of the ease of dealing
with them in terms of design and installation, as there is a group of parameters used in them that can affect the refractive
index of the pulse propagation through it, including the diameter of the air holes, the distance between the air holes and
their number, as this study showed in addition to the aforementioned parameters The effect of temperature on the
refractive index was also studied. It has been observed that with an increase in the diameter of the air holes, the
refractive index increases and, conversely, the increase in the distance between them leads to a decrease in the refractive
index. As for the number of air holes, it has no clear effect. As for the temperature, which is proportional to the fre-
quency and intensity, this increase in temperature leads to an increase in the refractive index of the pulse passing
through the photonic crystal fiber. Changing the temperature of the photonic crystal fiber is an interesting for dynamics
fine refractive index tuning in active refractive index shift compensation system. This paper present a numerical analysis
on the effect of photonic crystal fiber temperature on refractive index and modal features. The research depend on
regular hexagonal crystal lattice fibers with specific geometric parameters using finite element method.

Keywords: Photonic crystal fibers (PCFs), Temperature (T), Refractive index (n), Finite element method

is a probability space, X? the set of all measurable
functions from Q to X, N the set of all nbds. In
section 2, we present some definitions and the re-
sults [2—6]. In section 3, the concept of almost
random periodic point is introduced and some
essential properties of such set are proved.

1. Introduction

R andom dynamical systems (RDSs) are the
most widely used in the modeling of many

phenomena in physics, climatology economics,

biology, etc. The random effects frequently repro-

duce essential properties of these phenomena

before just to reward for the faults in deterministic

2. Prelimi
models. The history of the study of RDSs energies reltminary

backbone to Ulam and von Neumann in 1945 [1] and
succeeded since the1980s due to the detection that
the solutions of stochastic ordinary differential
equations profit a cocycle over a metric dynamical
system which models randomness, i.e. a random
dynamical system. For deterministic dynamical
system on metric spaces, the concept of almost pe-
riodic point is established well for details see [2].
Throughout this paper, X = metric space, (Q, 7, P)

Definition 2.1 [3]: A subset ECR is said to be
relatively dense in R ,if there exists a positive
number /R such that En[a,a+l]# @ for all acR
Where [a,a + [|'={teR:a<t<a+1}.

Definition 2.2 [6]: The 5-tuple (R,Q,#,P,6) is
called a metric dynamical system(Shortly MDS) if
(Q, #,P) is a probability space and

@) 0:RxQ—-Qis (B(R) ® #, F)— measurable,

(ii) (0, w) = w, YweEQ,

(iii) O(t+s,w) = 0(t,0(s,w)) V,t,s€ER,wEQ
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(iv) P(0(F)) =
R.

Definition 2.3 [6]: A topological RDS on the to-
pological space X over the MDS (T,Q, #,P,0) is a
measurable RDS which satisfies in addition the

P(F), for every FE F and every t€

following property: For each w€Q the function ¢( -,

) Rx X—=X, (t,x)~ ¢(t,w,x), is continuous.
Definition 2.4 [6]: A measurable random dynam-
ical system on the measurable space (X, JB’(X)) over
(or covering, or extending) an MDS (R, Q, #,P,§)
with time is a mapping ¢ : Rx @ x X—X, w1th the

following properties:
Measurability, ® is BR)QIFIR A, B—

measurable.
Cocycle property: The mappings
o(t,w)=9¢(t w,+) : X—X form a cocycle over §( +), i

e. they satisfy
¢(0,w,x) = x for all

we QxeX (1)
o(t+s,w,x) = @(t,0(s)w) o (s, w,x) for all

s,tER,weR,xEX (2)

If there is no ambiguity the RDS is denoted by
(8, @) rather than (R, Q,X, 6, ¢).

Definition 2.5 [6]: Let (Q,%) be a measurable
space and (X, d) be a metric space which is consid-
ered a measurable space with Borel g- algebra #(X).
The set-valued function A: Q—%(X),w—A(w), is
said to be random set if for each x€X the function
w—d(x,A(w)) is measurable. If A(w) is connected
closed (compact) for all wEQ, it is called a random
connected closed(compact) set.

Definition 2.6 [4]: Let D : w+— D(w) be a multifunc-
tion. We call the multifunction w— vh(w):=

0_,0)D(0_,w), the tail (from the moment t) of the
pull back trajectories emanating from D. If D(w) =
{v(w)} is a single valued function, then w— v, (w)=
v)(w) is said to be the (pull back) trajectory
emanating from v. w7y, (w):= |J o(1,0_,0)v(0_,w).

>0

In the deterministic case Q is a one-point set and
o(t,w) =¢(t) is a semigroup of continuous
mappings.

Therefore in this case the tail v}, has the form:
v = Ue(n)D = Up(r)(@(tD) = 1l

7>t 7>0

Definition(Invariance Property) 2.7 [6]: Let (0, ¢)
be a measurable RDS and a multifunction w = D(w)
is said to be invariant with respect to (6,¢) if
¢(t,w)D(w) = D(fiw) for all t > 0 andwEQ.

Definition 2.8 [7]: A random variable v€ X¥ is
said to be random periodic point of a RDS (4, ¢) if V

Uel(r,
7>t

teR,37#0 such that ¢(t + t, wix(w) = ot
0.0)x(60,w).

Definition 2.9 [8]: Let (¢, ¢) be a random dynam-
ical system. A random subset M(w) of X is called
minimal whenever it is non-empty random
invariant set and random closed set while no proper
random subset of M(w) has these properties.

Corollary 2.10 [2]: Let X,Y and Z be topological
spaces and f : X x Y —Z be continuous mapping

and let A and B be compact subset of X and Y
respectively, then Yw&Na.p3 (u,v) ENa x Np such
that u x vCw, consequently Yw' €Ny, 3 (1,0) €
Nf(a) x Nfg) such that f(u x v)Cw'.

Theorem2.11 [5]: Let (X,7) be any topological
space, let ACX be any open set,and let BCX be any
other set (not necessarily open or closed). If AnB+ @&
then AnB+@.

3. Main results

In this section the concept of almost random pe-
riodic point is stated and some new properties of
such concept are studied.

Theorem3.1: Let M(w) be anon-empty random set
in X the following properties of M(w) are equivalent:

(i) M(w ) is minimal in X

(i) vt (w) = M(0,,) for every vEM(w)

(iii) M(w) is closed and invariant and for every
non-empty random open subset U of X either

M(w)n(U{o(r,0_;0)U(0_,;0) : T ER}) =@ or
M(w)C (U{o(7,0_;0)U(0_,w) : T ER})

Proof: (i) — (ii) if vEM(w) then v (w) CcM(d,) and

vt (w) CM(0,,) because M(w) is closed and invariant.
Smce yv( ) is closed and invariant set we must have

M(68,).i.e. vt (w) will be a non-empty proper
subset of M(6,), a contradiction to minimality of
M(w) . 74() =M(6,)

(ii) — (iii) if (ii) is holds then M(w) is closed and
invariant, suppose U is anon-empty random open
set in X such that
M(w)n{u{o(r,0_;0)U(0_,w
vEM(w) then by (ii)

() {U{e(r, 0_;0)U(0_;0): 7T ER}}#@, since
o(1,0_rw) : X—X is homeomorphism V7€R and
VweQ, we get ¢(1,0_r0)U(0_,;w) is open VTER
and Yw € Q,since vi (w)ne(7,0_,0)U(0_,0)#B VTE
R and Vo€ Q , then by Theorem2.11 we get v/ (w)n
@(1,0_;0)U(0_,0w)# 2 then there exist yv! () and
yeo(r,0_;o)U(_,0)VTER and VweQ. Since
yE€v!(w) then there exist 7 > 73y = ¢(7-,0_r.w)v
and 71 > 712y€¢(r,0_,0)U(0_,©) then o(r,
0_r.w)vE (1, 0_r,0)U(0_r ), since (11,
0_r,o)U(0_,w) CU{p(T,0_,0)U(0_;0): T ER},

):TER}}FO if
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Then ¢(71-,0_;.w)ve U{p(r,0_;0)U(0_,w) : T ER}

ve U{o(r,0_r.0) " oo(r,0_,0)U(0_,w) : T ER}

€  U{p(—7,w)cp(r,0_;0)U(0_,w) : T ER}
Swi=0_,w

e Up(r—1,0)°0
Sw=0_,w

ve U{o(r,0_;o)U(0_rw) : T ER}

M(w)C UW{o(r,0_;0)U(0_,0) : T ER}.

(iii) = (i) let N(w) be closed random invariant
subset of N(w), N(w)#M(w). Then U(w):=X/N(w)
is anon-empty random set Then by (iii) either
M(o)n(UWe(r,0_;0)U(0_rw) : T ER}) =@

Or M(w)CU{o(r,0_;0)U(f_,w) : T ER}.

Now if M(w)n(U{e(7,0_;0)U(0_;w) : T ER}) =

(r,0_;0)U(0_;w) : T €ER}

M(w)n(U{eo(r,0_;0)U(0_rw) : T ER}) =
M(o)n(U{U(w) : T €R}) = g M(w)nU(w) = @&
M(w)nX/N(w) = @ M(w) = N(w) or if
M(w)Cu{o(r,0_;0)U(0_,w) : T ER} then
M(w)cu({e(r,0_;0)U(0_,0) : T ER})
Mlw) < (ulllv) ~ B

M(w)CX/N(w) .Then N(w) C M(w) CX/N(w) ie

N(w) = @ . Thus M(w) is minimal =

Theorem 3. 2: v (w) is minimal if and only if Vy&
X such that then ve i (0_w).

Proof: Suppose that vf(w) is minimal.Let y€ X, if

yE€7v,(0-1w) then by Theorem3.1 v},(f_;w) = v} (w) so

vEyy(w) , conversely suppose that VyeX: ye&
vh(0-1w) then vEv}(f_tw).We show that v (w) is
minimal, and is non-empty closed invariant random
set. Suppose that M(w) be anon-empty closed
invariant subset of vi (w). If yEM(w) then y€ ~i(w)
and by hypothesis veW.Since M(w) is closed
and invariant then v} (w) CM(6;w) so v} (6 —0) CM(w).
Then vEM(w) by a similar argument we have
Yo (0-1w) CM(w) but v (@) CM(w)=7,,(0-1w) © M(w),
thus we have v{ (v) = M(w). This means that v (w) is
Minimal =

Definition 3.3: A random variable v is said to be
random almost periodic point if for each open
random set U(w) with v(w)eU(w) , VwEQ, the set
Dy, U):={t €R: ¢(t, biw)r(w) €U(w)} is relatively
dense.

Theorem3.4: If v€X is a random almost periodic
point then ¢(s, w,v) is also random almost periodic
point.

Proof: let U(w) be an open random set with »(w) €
U(w) , Vo EQ one has:

D(¢(s, rw)v(w), U):={t+sE R
cp(t+s,0v(w) e U(w)}

={t+s€R: ¢t bw,¢(s,w))r(w) € Ulw)}
o(s, w)r(0) € U(w)}

={t+s€R: ¢t lw)r(w) € p(—s,0w)U(w)}

={t+s€R: ¢t bw)-e°

= D(Va (P(_S? afw)u(w))

Since D(v,U) is relatively dense, then
D(v, ¢(—s, 6;w)U(w)) is also relatively dense. Hence
¢(s,w,v) is random almost periodic point =

Theorem 3.5: The set of all random almost peri-
odic point in RDS (6, ¢) is a random invariant set.

Proof: Let M be the set of all random almost pe-
riodic points define

M : Q 2% to show that w M(w)#@ is measurable,
let x€X and 6>0

then {w:d(x, M(w)) <6} = {w:M(w)nB(x,
6) # @}. Set U:=B(x,0) be an open set implies
{w:M(w)nU # @} is measurable and hence
w d(x,M(w)) is measurable and hence M is random
set. Now since v€M then » is random almost peri-
odic points i.e. V open random set

Ulw) with rp(w)el(w),Voe the set
D(v,U):={t €R: ¢(t, biw)r(w) EU(w)} is relatively
dense, then ¢(t, 6;0)v(w)EM. Hence M is random
invariant set m

Theorem 3.6: If v is random periodic point in X,
then v is a random almost periodic point.

Proof: Let » be a random periodic point and let
U(w) be a random open set with v(w)EU(w) and
o(t, fw)r(w)€U(w) and let IER be a positive num-
ber and s€|0,1]. Now

@(s, w)eog(t, Gw)v(w)Ep(s, w)U(w), tER, implies
p(t+s,wr(w)Ep(s,w)U(w) @, Osw)r(f;0)Ep(s,
w)U(w)

(P( -5 0tw) °(p(t7 05&))1/(195(0)1.1(&))

o(t — 8,0 sw)v(bsw) EU(w)

Sett:=t+s

o(t — s, 0;)r(0;w) € U(w)

{t —sER: ot — s,6iw)r(bsw) ElU(w)}

t —s€D(v,U) implies that [t — L,¢jnD(v,U) # @,

so D(v,U) is relatively dense and hence v is
random almost periodic point m

Theorem3.7: Let (6, ¢) be a continuous RDS, ACR
and B(w)CX .If A is compact and B(w) is closed then

Clw)={{o(t,0_+w)B(0_1v) : t EA, Vo €Q}}

is closed random set.

Proof: Let x€X/C(w), so x& C(w). Then
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X&@(t,0_40)B(0_4w) , for some tEA ,wE Q.

So.

o(t,w)x&p(t,w) o(t,0_10)B(6_1w) = B(w),

for some tEA ,wE Q. This implies that

{p(s,0_sw)x :s€ — A,w €Q}CX/B(w)

As —A is compact subset of R
(vy:R—>R>y(x) = —x is continuous and A is
compact in R then y(A) = —A is compact in R ) and
X/B(w)

is open in X it follows from the Corollary2.10 then
there exists anon-empty u(w) open set such that

{o(s,0_s0)u(f_sw) :s€ — A, Vo €Q}CX/B(w)

@(s,0_sw)u(f_sw) CX/B(w) for all s€ — A and all
weEQ

(s, w) (s, 0_sw)u(f_sw) Co(t, w)(X /B(w))

u(f_sw) C{o(s,w)(X /B(w)):s € — A,w €Q}

— {p(s,0)(X) /@(s.0)B(w) : s € — A, €Q}

= X/C(w)

Then U(w)NC(w) = @.Thus each point of X/ C(w)
is interior point of X/C(w) then X/C(w) is random
closed set m

Theorem 3.8: Let (6, ¢) be a continuous RDS with
X is regular Hausdorff space and let vEX.

i. If v is a random almost periodic point, then
vt (w) is a minimal random subset of X.

ii. If v{(w) is compact and minimal, then v is a
random almost periodic point.

iii. If X is locally compact space, then v is a random
almost periodic point iff y! (w) is a compact minimal
random set.

Proof: (i) By Theorem 3.2. let y€vf(w),in order to
prove that vE~!(w), consider an open random set
U(w) with velU(w).As X is regular, U(w) may be
assumed to be closed in X .Since v is a random
almost periodic point, we have R = K + D(v, U) for
some compact subset K of R then

h(©) = {o(r.0)o(w) : T ER}

= {o(r, w)o() : T €K + D(v,U)}

“teK+ D(v,U) dkeK,deD>7 = k+d

v (w) = {o(k + d,w)v(w) : k €K,d €D}

= {o(k,0;0) cp(d,w)v(w) : k €K,d €D}Co(k, w)U.

Now Theorem 3. 7 impels that ¢(k, w)U is a closed
subset of X hence v (w)Co¢(k,w)U,consequently, y&
¢(k, w)U when v; (w)nU(w) #@. This shows that ve
vy (w) =

(ii) let U(w) be an open random set with ve
U(w) Y we Q. By assumption that v{(w) is a compact
and minimal random there is a finite subset K of R
such that v!(w) Cu{p(7,0_;0)U(0_;w) : T EK}. Now

if  s€Rthen (s,  O_;wv(w)Eyi(w), S0
(s, 0_rw)v(w)Ep(r,0_;0)U(I_,w) for some 7K
that is ¢(—74s,0_0)v(w)eU(l_;0) oo(— 7,
0_sw) (s, w)v(w)) €U (f_,w),

hence se€7+ D(v,U)CK + D(v,U). This show that
D(v,U) is relatively dense in R =

(iii) Since X is locally compact space.Then
VxeX3 neigherborhood V to x such that V is
compact set in X.Recall that VvEX3 an open
random set U(w) with v€U(w) such that closure of
U(w) is compact in X.Now if v is random almost
periodic point then v{(w) is minimal random set by
(i) Since v (w) = UJo(1,0_r0)v(0_r0) thus vi(w) is a
compact minimal'#Aindom set. Conversely, if v! (w) is
compact and minimal random set then by (ii) we get
v is random almost periodic point

Corollary 3.9: If X is compact and x€X ,then x is a
random almost periodic point iff v!(w) is a minimal
random set.

Proof: Since X is compact and x€X then X is
locally compact then by Theorem 3.8 (iii) we get x is
a random almost periodic point iff v{(w) is a mini-
mal random set

4. Conclusion

The main objective of this work is to study the
almost periodic point in random dynamical systems,
where some of its characteristics have been studied
as well as its relationship with certain concepts in
random dynamical systems such as periodic points
as well as minimal sets.
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