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ARTICLE

Some Properties of Almost Periodic Points in a
Random Dynamical System

Qays Arif a,*, Ihsan Jabbar b

a University of Al-Qadisiyah, College of Science, Department of Mathematics, Smmawa, Iraq
b University of Al-Qadisiyah, College of Science, Department of Mathematics, Najaf, Iraq

Abstract

Photonic crystal fibers in the late period occupied a wide range of studies and research because of the ease of dealing
with them in terms of design and installation, as there is a group of parameters used in them that can affect the refractive
index of the pulse propagation through it, including the diameter of the air holes, the distance between the air holes and
their number, as this study showed in addition to the aforementioned parameters The effect of temperature on the
refractive index was also studied. It has been observed that with an increase in the diameter of the air holes, the
refractive index increases and, conversely, the increase in the distance between them leads to a decrease in the refractive
index. As for the number of air holes, it has no clear effect. As for the temperature, which is proportional to the fre-
quency and intensity, this increase in temperature leads to an increase in the refractive index of the pulse passing
through the photonic crystal fiber. Changing the temperature of the photonic crystal fiber is an interesting for dynamics
fine refractive index tuning in active refractive index shift compensation system. This paper present a numerical analysis
on the effect of photonic crystal fiber temperature on refractive index and modal features. The research depend on
regular hexagonal crystal lattice fibers with specific geometric parameters using finite element method.

Keywords: Photonic crystal fibers (PCFs), Temperature (T), Refractive index (n), Finite element method

1. Introduction

R andom dynamical systems (RDSs) are the
most widely used in the modeling of many

phenomena in physics, climatology economics,
biology, etc. The random effects frequently repro-
duce essential properties of these phenomena
before just to reward for the faults in deterministic
models. The history of the study of RDSs energies
backbone to Ulam and von Neumann in 1945 [1] and
succeeded since the1980s due to the detection that
the solutions of stochastic ordinary differential
equations profit a cocycle over a metric dynamical
system which models randomness, i.e. a random
dynamical system. For deterministic dynamical
system on metric spaces, the concept of almost pe-
riodic point is established well for details see [2].
Throughout this paper, X ¼ metric space, ðU;F ;PÞ

is a probability space, XU the set of all measurable
functions from U to X, N the set of all nbds. In
section 2, we present some definitions and the re-
sults [2e6]. In section 3, the concept of almost
random periodic point is introduced and some
essential properties of such set are proved.

2. Preliminary

Definition 2.1 [3]: A subset E⊆R is said to be
relatively dense in R ,if there exists a positive
number l2R such that E∩½a; aþl�s∅ for all a2R

.Where ½a; a þ l�dft2R : a� t� a þ lg.
Definition 2.2 [6]: The 5-tuple ðR;U;F ;P; qÞ is

called a metric dynamical system(Shortly MDS) if
ðU;F ;PÞ is a probability space and
(i) q : R� U/U is ðBðRÞ5F ;F Þ� measurable,
(ii) qð0;uÞ ¼ u ; cu2U,
(iii) qðtþs;uÞ ¼ qðt; qðs;uÞÞ c; t; s2R;u2U
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(iv) PðqtðFÞÞ ¼ PðFÞ , for every F2F and every t2
R.
Definition 2.3 [6]: A topological RDS on the to-

pological space X over the MDS ðT;U;F ;P; qÞ is a
measurable RDS which satisfies in addition the
following property: For each u2U the function 4ð ,;
u ; ,Þ : R� X/X, ðt; xÞ14ðt;u; xÞ, is continuous.
Definition 2.4 [6]: A measurable random dynam-

ical system on the measurable space ðX;BðXÞÞ over
(or covering, or extending) an MDS ðR;U;F ;P; qÞ
with time is a mapping 4 : R� U� X/X, with the
following properties:
Measurability, 4 is BðRÞ⨂F⨂B;B�

measurable.
Cocycle property: The mappings

4ðt;uÞd4ðt;u; ,Þ : X/X form a cocycle over qð ,Þ, i.
e. they satisfy
4ð0;u; xÞ ¼ x for all

u2U;x2X ð1Þ
4ðtþs;u; xÞ ¼ 4ðt; qðsÞuÞ+4ðs;u; xÞ for all
s; t2R;u2U;x2X ð2Þ

If there is no ambiguity the RDS is denoted by
ðq;4Þ rather than ðR;U;X; q;4Þ.
Definition 2.5 [6]: Let ðU;F Þ be a measurable

space and ðX; dÞ be a metric space which is consid-
ered a measurable space with Borel s- algebraBðXÞ.
The set-valued function A : U/BðXÞ;u1AðuÞ, is
said to be random set if for each x2X the function
u1dðx;AðuÞÞ is measurable. If AðuÞ is connected
closed (compact) for all u2U, it is called a random
connected closed(compact) set.
Definition 2.6 [4]: Let D : u1DðuÞ be a multifunc-

tion. We call the multifunction u1gt
DðuÞd

S

t�t
4ðt;

q�tuÞDðq�tuÞ, the tail (from the moment t) of the
pull back trajectories emanating from D. If DðuÞ ¼
fvðuÞg is a single valued function, then u1gvðuÞ≡
g0
DðuÞ is said to be the (pull back) trajectory

emanating from v. u1gvðuÞd
S

t�0
4ðt;q�tuÞvðq�tuÞ.

In the deterministic case U is a one-point set and
4ðt;uÞ ¼ 4ðtÞ is a semigroup of continuous
mappings.
Therefore in this case the tail gt

D has the form:
gt
D ¼ S

t�t
4ðtÞD ¼ S

t�0
4ðtÞð4ðtÞDÞ ¼ g0

4ðtÞD.

Definition(Invariance Property) 2.7 [6]: Let ðq;4Þ
be a measurable RDS and a multifunction u 1 DðuÞ
is said to be invariant with respect to ðq;4Þ if
4ðt;uÞDðuÞ ¼ DðqtuÞ for all t > 0 andu2U.
Definition 2.8 [7]: A random variable v2 XU is

said to be random periodic point of a RDS ðq;4Þ if c

t2R ;dts0 such that 4ðt þ t; uÞxðuÞ ¼ 4ðt;
qtuÞxðqtuÞ.
Definition 2.9 [8]: Let ðq;4Þ be a random dynam-

ical system. A random subset MðuÞ of X is called
minimal whenever it is non-empty random
invariant set and random closed set while no proper
random subset of MðuÞ has these properties.
Corollary 2.10 [2]: Let X;Y and Z be topological

spaces and f : X � Y/Z be continuous mapping
and let A and B be compact subset of X and Y

respectively, then cw2NA�Bdðu; vÞ2NA �NB such
that u� v⊆w, consequently cw02Nf ðAÞ�f ðBÞdðu; vÞ2
Nf ðAÞ � Nf ðBÞ such that f ðu � vÞ⊆w0.
Theorem2.11 [5]: Let ðX; tÞ be any topological

space, let A⊆X be any open set,and let B⊆X be any
other set (not necessarily open or closed). If A∩Bs∅
then A∩Bs∅.

3. Main results

In this section the concept of almost random pe-
riodic point is stated and some new properties of
such concept are studied.
Theorem3.1: Let MðuÞ be anon-empty random set

in X the following properties ofMðuÞ are equivalent:

(i) Mðu Þ is minimal in X
(ii) gt

vðuÞ ¼ MðquÞ for every v2MðuÞ
(iii) MðuÞ is closed and invariant and for every

non-empty random open subset U of X either
MðuÞ∩ð∪f4ðt; q�tuÞUðq�tuÞ : t2RgÞ ¼ ∅ or

MðuÞ3ð∪f4ðt; q�tuÞUðq�tuÞ : t2RgÞ
Proof: ðiÞ/ðiiÞ if v2MðuÞ then gt

vðuÞ3MðquÞ and
gt
vðuÞ3MðquÞ because MðuÞ is closed and invariant.

Since gt
vðuÞ is closed and invariant set we must have

gt
vðuÞ ¼ MðquÞ.i.e. gt

vðuÞ will be a non-empty proper
subset of MðquÞ, a contradiction to minimality of
MðuÞ . gt

vðuÞsMðquÞ
ðiiÞ/ðiiiÞ if ðiiÞ is holds then MðuÞ is closed and

invariant, suppose U is anon-empty random open
set in X such that
MðuÞ∩f∪f4ðt; q�tuÞUðq�tuÞ : t2Rggs∅ if
v2MðuÞ then by ðiiÞ
gt
vðuÞ∩f∪f4ðt; q�tuÞUðq�tuÞ : t2Rggs∅, since

4ðt; q�tuÞ : X/X is homeomorphism ct2R and
cu2U, we get 4ðt; q�tuÞUðq�tuÞ is open ct2R

and cu2U,since gt
vðuÞ∩4ðt; q�tuÞUðq�tuÞs∅ ct2

R and cu2U , then by Theorem2.11 we get gt
vðuÞ∩

4ðt; q�tuÞUðq�tuÞs∅ then there exist y2gt
vðuÞ and

y24ðt; q�tuÞUðq�tuÞct2R and cu2U. Since
y2gt

vðuÞ then there exist t� � tHy ¼ 4ðt� ; q�t�uÞv
and t1 � tHy24ðt1; q�t1uÞUðq�t1uÞ then 4ðt� ;
q�t�uÞv24ðt1; q�t1uÞUðq�t1uÞ, since 4ðt1;
q�t1uÞUðq�t1uÞ3∪f4ðt; q�tuÞUðq�tuÞ : t2Rg,
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Then 4ðt� ; q�t�uÞv2 ∪f4ðt; q�tuÞUðq�tuÞ : t2Rg
⟹v2 ∪f4ðt� ; q�t�uÞ�1 +4ðt; q�tuÞUðq�tuÞ : t2Rg

2 ∪f4ð�t� ;uÞ+4ðt; q�tuÞUðq�tuÞ : t2Rg
Hudq�t�u

2 ∪f4ðt�t� ; �uÞ+4ðt; q�tuÞUðq�tuÞ : t2Rg
H�udq�tu

⟹v2 ∪f4ðt; q�tuÞUðq�tuÞ : t2Rg
⟹MðuÞ3 ∪f4ðt; q�tuÞUðq�tuÞ : t2Rg.
ðiiiÞ/ðiÞ let NðuÞ be closed random invariant

subset of NðuÞ, NðuÞsMðuÞ. Then UðuÞdX∕NðuÞ
is anon-empty random set Then by ðiiiÞ either
MðuÞ∩ð∪f4ðt; q�tuÞUðq�tuÞ : t2RgÞ ¼ ∅
Or MðuÞ3∪f4ðt; q�tuÞUðq�tuÞ : t2Rg.
Now if MðuÞ∩ð∪f4ðt;q�tuÞUðq�tuÞ : t2RgÞ ¼ ∅

MðuÞ∩ð∪f4ðt; q�tuÞUðq�tuÞ : t2RgÞ ¼ ∅
MðuÞ∩ð∪fUðuÞ : t2RgÞ ¼ ∅⟹MðuÞ∩UðuÞ ¼ ∅
MðuÞ∩X∕NðuÞ ¼ ∅⟹MðuÞ ¼ NðuÞ or if
MðuÞ3∪f4ðt; q�tuÞUðq�tuÞ : t2Rg then
MðuÞ3∪ðf4ðt; q�tuÞUðq�tuÞ : t2RgÞ
⟹MðuÞ3ð∪fUðuÞ : t2RgÞ
⟹MðuÞ3UðuÞ
⟹MðuÞ3X∕NðuÞ .Then NðuÞ3MðuÞ3X∕NðuÞ i.e
NðuÞ ¼ ∅ . Thus MðuÞ is minimal ▪
Theorem 3. 2: gt

vðuÞ is minimal if and only if cy2
X such that then v2gt

yðq�tuÞ.
Proof: Suppose that gt

vðuÞ is minimal.Let y2 X, if
y2gt

vðq�tuÞ then by Theorem3.1 gt
vðq�tuÞ ¼ gt

yðuÞ so
v2gt

yðuÞ , conversely suppose that cy2X : y2

gt
vðq�tuÞ then v2gt

yðq�tuÞ.We show that gt
vðuÞ is

minimal, and is non-empty closed invariant random
set. Suppose that MðuÞ be anon-empty closed
invariant subset of gt

vðuÞ. If y2MðuÞ then y2 gt
vðuÞ

and by hypothesis v2gt
yðq�tuÞ.Since MðuÞ is closed

and invariant thengt
yðuÞ3MðqtuÞ sogt

yðq�tuÞ3MðuÞ.
Then v2MðuÞ by a similar argument we have
gt
vðq�tuÞ3MðuÞ but gt

vðuÞ3MðuÞ≡gt
vðq�tuÞ3MðuÞ,

thus we have gt
vðuÞ ¼MðuÞ. This means that gt

vðuÞ is
Minimal ▪
Definition 3.3: A random variable n is said to be

random almost periodic point if for each open
random set UðuÞ with nðuÞ2UðuÞ ;cu2U, the set
Dðn;UÞdft2R : 4ðt; qtuÞnðuÞ2UðuÞg is relatively
dense.
Theorem3.4: If n2X is a random almost periodic

point then 4ðs;u; nÞ is also random almost periodic
point.
Proof: let UðuÞ be an open random set with nðuÞ2

UðuÞ ;cu2U one has:

Dð4ðs;qtuÞnðuÞ;UÞdftþ s2R

: 4ðtþ s;uÞnðuÞ2UðuÞg

¼ ftþ s2R : 4ðt;qtu;4ðs;uÞÞnðuÞ2UðuÞg

¼ ftþ s2R : 4ðt;qtuÞ+4ðs;uÞnðuÞ2UðuÞg

¼ ftþ s2R : 4ðt;qtuÞnðuÞ24ð�s;qtuÞUðuÞg

¼Dðn;4ð�s;qtuÞUðuÞÞ
Since Dðn;UÞ is relatively dense, then

Dðn;4ð�s; qtuÞUðuÞÞ is also relatively dense. Hence
4ðs;u; nÞ is random almost periodic point ▪
Theorem 3.5: The set of all random almost peri-

odic point in RDS ðq;4Þ is a random invariant set.
Proof: Let M be the set of all random almost pe-

riodic points define
M : U⟶2X to show that u⟶MðuÞs∅ is measurable,

let x2X and d> 0
then fu : dðx; MðuÞÞ < dg ¼ fu : MðuÞ∩Bðx;

dÞs∅g. Set UdBðx; dÞ be an open set implies
fu : MðuÞ∩Us∅g is measurable and hence
u⟶ dðx;MðuÞÞ is measurable and hence M is random
set. Now since n2M then n is random almost peri-
odic points i.e. c open random set
UðuÞ with nðuÞ2UðuÞ ;cu2U the set

Dðn;UÞdft2R : 4ðt; qtuÞnðuÞ2UðuÞg is relatively
dense, then 4ðt; qtuÞnðuÞ2M. Hence M is random
invariant set ▪
Theorem 3.6: If n is random periodic point in X,

then n is a random almost periodic point.
Proof: Let n be a random periodic point and let

UðuÞ be a random open set with nðuÞ2UðuÞ and
4ðt; qtuÞnðuÞ2UðuÞ and let l2R be a positive num-
ber and s2½0; l�. Now
4ðs; uÞ+4ðt; qtuÞnðuÞ24ðs; uÞUðuÞ, t2R, implies

4ðtþs;uÞnðuÞ24ðs;uÞUðuÞ ⟹4ðt; qsuÞnðqsuÞ24ðs;
uÞUðuÞ
⟹4ð� s; qtuÞ+4ðt; qsuÞnðqsuÞUðuÞ
⟹4ðt � s; qtþsuÞnðqsuÞ2UðuÞ
Set tdtþ s
⟹4ðt � s; qtuÞnðqsuÞ2UðuÞ
⟹ft � s2R : 4ðt � s; qtuÞnðqsuÞ2UðuÞg
⟹t � s2Dðn;UÞ implies that ½t � l; t�∩Dðn;UÞs∅,
so Dðn;UÞ is relatively dense and hence n is

random almost periodic point ▪
Theorem3.7: Let ðq;4Þ be a continuous RDS, A⊆R

and BðuÞ⊆X .If A is compact and BðuÞ is closed then
CðuÞdff4ðt; q�tuÞBðq�tuÞ : t2A;cu2Ugg
is closed random set.
Proof: Let x2X=CðuÞ, so x;CðuÞ. Then
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x;4ðt; q�tuÞBðq�tuÞ , for some t2A ;u2 U.
So.
4ðt;uÞx;4ðt;uÞ 4ðt; q�tuÞBðq�tuÞ ¼ BðuÞ,
for some t2A ;u2U. This implies that
f4ðs; q�suÞx : s2 � A;u2Ug3X=BðuÞ
As �A is compact subset of R

(qg : R/RHgðxÞ ¼ �x is continuous and A is
compact in R then gðAÞ ¼ �A is compact in R ) and
X=BðuÞ
is open in X it follows from the Corollary2.10 then

there exists anon-empty uðuÞ open set such that
f4ðs; q�suÞuðq�suÞ : s2 � A;cu2Ug3X=BðuÞ
⟹4ðs; q�suÞuðq�suÞ3X=BðuÞ for all s2� A and all

u2U

⟹4ðs;uÞ+4ðs; q�suÞuðq�suÞ34ðt;uÞðX =BðuÞÞ
⟹uðq�suÞ3f4ðs;uÞðX =BðuÞÞ : s2 � A;u2Ug
¼ f4ðs;uÞðXÞ =4ðs;uÞBðuÞ : s2 � A;u2Ug
¼ X=CðuÞ
Then UðuÞTCðuÞ ¼ ∅.Thus each point of X= CðuÞ

is interior point of X=CðuÞ then X=CðuÞ is random
closed set ▪
Theorem 3.8: Let ðq;4Þ be a continuous RDS with

X is regular Hausdorff space and let v2X.
i. If v is a random almost periodic point, then

gt
vðuÞ is a minimal random subset of X.
ii. If gt

vðuÞ is compact and minimal, then v is a
random almost periodic point.
iii. If X is locally compact space, then v is a random

almost periodic point iff gt
vðuÞ is a compact minimal

random set.
Proof: (i) By Theorem 3.2. let y2gt

vðuÞ,in order to
prove that v2gt

yðuÞ, consider an open random set
UðuÞ with v2UðuÞ.As X is regular, UðuÞ may be
assumed to be closed in X .Since v is a random
almost periodic point, we have R ¼ K þDðv;UÞ for
some compact subset K of R then
gt
vðuÞ ¼ f4ðt;uÞvðuÞ : t2Rg
¼ f4ðt;uÞvðuÞ : t2K þ Dðv;UÞg
qt2Kþ Dðv;UÞ⟹dk2K; d2DHt ¼ kþ d
⟹gt

vðuÞ ¼ f4ðk þ d;uÞvðuÞ : k2K; d2Dg
¼ f4ðk; qduÞ+4ðd;uÞvðuÞ : k2K; d2Dg⊆4ðk;uÞU.
Now Theorem 3. 7 impels that 4ðk;uÞU is a closed

subset of X hence gt
vðuÞ⊆4ðk;uÞU,consequently, y2

4ðk;uÞU when gt
yðuÞ∩UðuÞs∅. This shows that v2

gt
yðuÞ ▪
(ii) let UðuÞ be an open random set with v2

UðuÞcu2U. By assumption that gt
vðuÞ is a compact

and minimal random there is a finite subset K of R
such that gt

vðuÞ3∪f4ðt; q�tuÞUðq�tuÞ : t2Kg. Now

if s2R,then 4ðs; q�tuÞvðuÞ2gt
vðuÞ, so

4ðs; q�tuÞvðuÞ24ðt; q�tuÞUðq�tuÞ for some t2K
that is 4ð�tþs; q�tuÞvðuÞ2Uðq�tuÞ ⟹4ð� t;
q�suÞ+4ðs;uÞvðuÞÞ2Uðq�tuÞ,
hence s2tþ Dðv;UÞ⊆Kþ Dðv;UÞ. This show that

Dðv;UÞ is relatively dense in R ▪

(iii) Since X is locally compact space.Then
cx2Xd neigherborhood V to x such that V is
compact set in X.Recall that cv2Xd an open
random set UðuÞ with v2UðuÞ such that closure of
UðuÞ is compact in X.Now if v is random almost
periodic point then gt

vðuÞ is minimal random set by
(i) Since gt

vðuÞ ¼
S

t�t
4ðt; q�tuÞvðq�tuÞ thus gt

vðuÞ is a
compact minimal random set. Conversely, if gt

vðuÞ is
compact and minimal random set then by (ii) we get
v is random almost periodic point
Corollary 3.9: If X is compact and x2X ,then x is a

random almost periodic point iff gt
xðuÞ is a minimal

random set.
Proof: Since X is compact and x2X then X is

locally compact then by Theorem 3.8 (iii) we get x is
a random almost periodic point iff gt

vðuÞ is a mini-
mal random set

4. Conclusion

The main objective of this work is to study the
almost periodic point in random dynamical systems,
where some of its characteristics have been studied
as well as its relationship with certain concepts in
random dynamical systems such as periodic points
as well as minimal sets.
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