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ARTICLE

Study of Transitive Random Dynamical Systems

Salam T. Abbas a,*, Ihsan J. Kadhim b

a University of Al-Qadiysih, College of Science, Diyala, Beldroz, Iraq
b University of Al-Qadiysih, College of Science, Najaf, Iraq

Abstract

In this paper we state the definition of transitivity of random dynamical systems and give some equivalents to
definition that explains to us the concept of transitive and study some new properties and give theorems to fully
illustrate the concept of transitive of random dynamical systems.

Keywords: Random dynamical system, Random set, Transitivity of random dynamical system, Weakly dense, Nowhere
weakly dense, Trajectory, Separable

1. Introduction

T he transitivity is one of the effectual notions in
the qualitative theory of dynamical systems. It

is intensively advanced in recent years and has
become an important part of the dynamical systems
and there are a lot of researchers who have studied
transitivity in dynamical systems look, for example
[1-4,5,6,8,10,11,13].
The importance of the subject of transitivity, we did

a study of transitivity of random dynamical systems .
Our study dealt with the subject of transitivity of

random dynamical systems (shorty transitivity
(RDS ðq; 4Þ) through a new definition of transitive
and give many definition equivalents let's get more
flexibility to deal with weakly dense orbit and open,
closed random set .
We have also introduced new theorems for tran-

sitivity (RDS ðq; 4Þ) and we proved that transitivity
of (RDS ðq;4Þ is topological property .
We'll give a definition of random hausdorff and

definition the hitting time sets and prove it is an
infinite .
We'll give a definition of the isolated random

point.
We're going to prove that ðq;4Þon X is transitive if

X has no isolated points and ðq;4Þ on X has a point
with weakly dense orbit and some other theorems.
We'll give a definition of the separable and we're

going to prove that ðq;4Þ on X has a point with

weakly dense orbit if X is separable and second
category andðq;4Þ on X is transitive.
Definition (1.1) (metric dynamical system) [7,12]:
The 5-tuple ðT;U;F ;P; qÞ is called a metric

dynamical system
(Shortly MDS) if ðU;F ;PÞ is a probability space

and

(i) q : T � U/U is ðBðGÞ5F ;FÞ� measurable,
(ii) qð0;uÞ ¼ u; cu2U

(iii) qðtþs;uÞ ¼ qðt; qðs;uÞÞ c; t; s2T;u2U
(iv) PðqtðFÞÞ ¼ PðFÞ , for every F2F and every t2

T .

Note that we write q : T � U/U either in the form
qðt;uÞ (as a function of two variable) or in the form
qtu.
Definition (1.2) (random dynamical system) [14]:
A measurable random dynamical system on the

measurable space ðX;BðXÞÞ over (or covering, or
extending) an MDS ðT;U;F ;P; qÞ with time is a
mapping 4 : T� U� X/X , with the following
properties:

(i) Measurability, 4 is BðTÞ⨂F⨂B;B�
measurable.

(ii) Cocycle property: The mappings
4ðt;uÞd4ðt;u; ,Þ : X/X form a cocycle over
qð ,Þ, i. e. they satisfy

4ð0;u; xÞ ¼ x for all u2U (if 02T),
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4ðtþs;uÞ ¼ 4ðt; qðsÞuÞ+4ðs;uÞ for all s; t2 T; u2
U.
If there is no ambiguity the RDS is denoted by ðq;

4Þ rather than ðT;U;X ; q;4Þ.
Definition (1.3) (tempered random variable) [12]:
A random variable e : U / Rþ is called tempered

with respect to the MDS q if for the associated sta-
tionary stochastic process t1 eðqðtÞ $Þ the invariant
set for which lim

t/∞
1
t log ðeðqðtÞuÞ ¼ 0.

Definition (1.4) (random set) [12]:
Let ðU;FÞ be a measurable space and ðX ; dÞ be a

metric space which is considered a measurable space
with Borel s- algebra BðXÞ. The set-valued function :
U/BðXÞ;u/AðuÞ , is said to be random set if for
each x2X the function u/dðx;AðuÞÞ is measurable.
IfAðuÞ is connected closed (compact) for allu2U, it is
called a random connected closed (compact) set .
Proposition (1.5) (some properties of random set)

[9]:

(i) If A is a random closed set, then so is Ac (the
closure of AcÞ.

(ii) If U is a random open set, then U is a random
closed set.

(iii) If A is a random closed set, then IntðAÞ, the
interior of A, is a random open set.

If A1 and A2 are random compact sets, then so is
A1∩A2.
Definition (1.6) (invariance property) [7]:
Let ðq;4Þ be a measurable RDS and A multifunc-

tion u / DðuÞ is said to be:

(i) Forward invariant with respect to ðq;4Þ if
4ðt;uÞDðuÞ⊆DðqtuÞ for all t > 0 and u2 U, i.e.
if x2DðuÞ implies 4ðt;uÞxDðuÞ2DðqtuÞ for
allt � 0 and u2U;

(ii) Backward invariant with respect to ðq;4Þ if
4ðt;uÞDðuÞ⊇DðqtuÞ for all t > 0 and u2 U, i.e.
for every t > 0, u2U and y2DðqtuÞ there exists
x2DðuÞ such that 4ðt;uÞx ¼ y;

Invariant with respect to ðq;4Þ if 4ðt;uÞDðuÞ ¼
DðqtuÞ for all t > 0 andu2U, i.e. if it is both forward
and backward invariant .
Definition (1.7) trajectories [7]:
Let D : u1DðuÞ be a multifunction. We call the

multifunction

u1gt
DðuÞd

[
k�t

4ðk;q�kuÞx0ðq�kuÞ

The tail (from the moment tÞ of the pull back
trajectories emanating from D. if DðuÞ ¼ fvðuÞg is
single valued function

Then u1gvðuÞ≡ g0
DðuÞ is said to be the (pull back)

trajectory (or orbit) emanating from v.
Definition (1.8): (equivalence of RDS) [7]:
Let (q; 4) and (q; j) be two RDS's over the same

MDS q with phase spaces X1 andX 2 respectively .
These RDS ((q; 4) and (q; j) are said to be (topo-

logically) equivalent (or conjugate) if there exists a
mapping:

g : U� X1/X 2 with the properties:

1) the mapping x/gðu; xÞ is a homeomorphism
from X1 onto X2 for every u2U;

2) the mappings u/gðu; x1Þ and u /
u/g�1ðu; x2Þ are measurable for every x1 2 X 1

and x2 2 X 2;
3) the cocycles 4 and j are cohomologous, i.e.

jðt;u; gðu; xÞ¼ gðqt;u;4ðt;u; xÞÞ for any x 2 X 1.

2. Transitivity

Definition (2.1):
A RDS ðq;4Þon X is said to be transitive, if for

every nonempty random open sets UðuÞ and VðuÞ of
X , there is k 2N such that

4ðk;q�kuÞUðuÞ∩VðuÞs∅;

Definition (2.2):
A random set UðuÞ in X is said to be weakly dense

of X , if UðuÞ∩VðuÞs∅ for every nonempty random
open set VðuÞ of X .
Theorem (2.3): for any RDS ðq;4Þ the following

statements are equivalent:

1) ðq;4Þ is transitive,
2) for every non-empty open random set UðuÞ3X ;S

k2Nf4ðk; q�kuÞUðuÞg is weakly dense in X ;
3) for every pair of non-empty open random sets

UðuÞ;VðuÞ3X there is an integer
k2N for which 4ð� k;uÞVðuÞ∩UðuÞs∅;

4) for every non-empty open random set VðuÞ3X ;
[

k2N
f4ð�k;uÞVðuÞgis weakly dense in X ;

5) every closed, invariant, proper subset X has
empty interior.

Proof: ð102Þ
Let ðq;4Þ is transitive then for every non-empty

open random sets UðuÞ and VðuÞ of X , there is k 2N

such that 4ðk; q�kuÞUðuÞ∩VðuÞs∅
[

k2N
f4ðk;q�kuÞUðuÞg∩VðuÞs∅S
k2Nf4ðk; q�kuÞUðuÞg is weakly dense in X .
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ð203Þ
Let UðuÞ and VðuÞ be non-empty open random

sets of, there is k 2N such that
S

k2Nf4ðk;
q�kuÞUðuÞg∩VðuÞs∅
There is k02N such that 4ðk0;

q�k0uÞUðuÞ∩VðuÞs∅ð*Þ
Note that ½4ðk0; q�k0uÞUðuÞ��1 ¼ 4ð� k0;uÞUðuÞ
Then from ð*Þ we have

UðuÞ∩4ð�k0;uÞVðuÞs∅

Or 4ð�k0;uÞVðuÞ∩UðuÞs∅

ð304Þ
Let UðuÞ and VðuÞ be non-empty open random

sets of X , there is k 2N such that 4ð� k; uÞVðuÞ∩
UðuÞs∅
Then

S
k2Nf4ðk; q�kuÞVðuÞg∩UðuÞs∅S

k2Nf4ðk; q�kuÞVðuÞg is weakly dense in X .
ð405Þ
Let CðuÞ be closed, invariant, proper subset X
suppose CðuÞ has non-empty interior if

intðCðuÞÞs∅
then there is open set U subset of CðuÞ
since CðuÞ is closed then CcðuÞ is open in X

4ð�k0;uÞCcðuÞ∩Us∅

0 ½X=4ð�k0;uÞCðuÞ�∩Us∅

0 ½X =Cðq�k0uÞ�∩Us∅

0Ccðq�k0uÞ∩Us∅
qU subset of CðuÞ

0 U ∩CcðuÞ ¼∅
This is a contradiction

Then intðCÞðuÞ ¼ ∅
0 CðuÞ has empty interior

ð501Þ
Suppose every closed, invariant, proper subset

X has empty interior
Let UðuÞ and VðuÞ be non-empty open random

sets of X , such that for every k 2N;
suppose 4ðk; q�kuÞUðuÞ∩VðuÞ ¼ ∅

04ðk;q�kuÞUðuÞ3X =VðuÞ

0
[

k2N
f4ðk;q�kuÞUðuÞg3X =VðuÞ

0
[

k2N
f4ðk;q�kuÞUðuÞg3X =VðuÞ

We have
S

k2Nf4ðk; q�kuÞUðuÞg is closed and
sX

Also ∴ 4ðk; q�kuÞ is homeomorphism and UðuÞ is
open
0 4ðk; q�kuÞUðuÞ is open
0

S
k2Nf4ðk; q�kuÞUðuÞg is open

0
S

k2Nf4ðk; q�kuÞUðuÞg has non-empty interior
0 This is a contradiction
Then 4ðk; q�kuÞUðuÞ∩VðuÞs∅ 0 ðq;4Þ is transi-

tive .
Definition (2.4): nowhere weakly dense
A X is said to be nowhere weakly dense if it has an

empty interior (or X no has a point with weakly
dense orbit)
Theorem (2.5): for any RDS ðq;4Þ the following

statements are equivalent:

1) ðq;4Þ is transitive,
2) if CðuÞ3X is closed random set and

4ðk; q�kuÞ CðuÞ3CðuÞ , then CðuÞ ¼ X or CðuÞ is
nowhere weakly dense .

Proof: ð10 2Þ
Let ðq;4Þ is transitive then for every non-empty

open random sets UðuÞ and VðuÞ of X , there is k 2N

such that 4ðk; q�kuÞUðuÞ∩VðuÞs∅ and let CðuÞ3X
is closed random set and 4ðk; q�kuÞ CðuÞ3CðuÞ
Assume CðuÞsX and CðuÞ has non-empty interior
Define GðuÞ ¼ X= CðuÞ 0 GðuÞ is open random

set (since CðuÞ is closed)
Let HðuÞ3CðuÞ be open random set (since CðuÞ

has non-empty interior)
We have 4ðk; q�kuÞHðuÞ3 CðuÞ (since 4ðk;

q�kuÞ CðuÞ3CðuÞ)
4ðk; q�kuÞHðuÞ∩GðuÞ ¼ ∅ for every k 2N

0 This is a contradiction since ðq;4Þ is transitive
Hence CðuÞ ¼ X or CðuÞ is nowhere weakly dense.

ð20 1Þ
Let GðuÞ be a non-empty open random set in.

Suppose ðq;4Þ is not transitive for every non-
empty open random sets in X
Then from Theorem (2.1.3) part (4) we haveS
k2Nf4ð�k;uÞGðuÞg is not weakly dense, butS
k2Nf4ð�k;uÞGðuÞg is open random set.
Define ðuÞ ¼ X=

S
k2Nf4ð�k;uÞGðuÞg , then

CðuÞ is closed random set in X and CðuÞs X ,
Claim ðk; q�kuÞ CðuÞ3CðuÞ .
Suppose 4ðk; q�kuÞ CðuÞ is not subset of CðuÞ
This implies 4ðk; q�kuÞ CðuÞ∩

S
k2Nf4ð� k;

uÞGðuÞgs∅
This further implies

4ð�k;uÞ+½4ðk;q�kuÞCðuÞ∩
[

k2N
f4ð�k;uÞGðuÞg�

¼ CðuÞ∩
[

k2N
f4ð�k;uÞGðuÞgs∅
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This is a contradiction to definition of CðuÞ
Thus 4ðk; q�kuÞ CðuÞ3CðuÞ
Since

S
k2Nf4ð�k;uÞGðuÞg is not weakly dense,

there exists a non-empty open random set HðuÞ in
X such that

S
k2Nf4ð� k;uÞGðuÞg∩HðuÞ ¼ ∅

This implies HðuÞ3CðuÞ
CðuÞ∩HðuÞs∅

This is a contradiction to the fact that CðuÞ is
nowhere weakly dense
Hence ðq;4Þ is transitive .
Theorem (2.6): for any RDS ðq;4Þ the following

statements are equivalent:

1) ðq;4Þ is transitive,
2) if GðuÞ2X is open random set and

4ðk; q�kuÞ GðuÞ3GðuÞ , then GðuÞ ¼ ∅ or GðuÞ is
weakly dense in X .

Proof: ð102Þ
Let ðq;4Þ is transitive then for every non-empty

open random sets UðuÞ and VðuÞ of X , there is k 2
N such that 4ðk; q�kuÞUðuÞ∩VðuÞs∅
and GðuÞ3X is open random set and 4ðk;

q�kuÞ GðuÞ3GðuÞ
Assume that GðuÞs∅ and GðuÞ is not weakly

dense in X
Then there exists non-empty open random set

HðuÞ in X such that
GðuÞ∩HðuÞ ¼ ∅ . further 4ðk; q�kuÞ GðuÞ∩HðuÞ ¼

∅ for all k 2N

0 This is a contradiction since ðq;4Þ is transitive
Hence GðuÞ ¼ ∅ or GðuÞ is weakly dense in.

ð201Þ
Suppose ðq;4Þ is not transitive for every non-

empty open random sets in X
Let GðuÞ3X and let D ¼ S

k2Nf4ð�k;uÞGðuÞg . it
is non-empty open and not weakly dense in X
0ðDÞ�1¼½[

k2N
f4ð � k;uÞGðuÞg��1

¼[
k2N

f4ðk;q�kuÞGðuÞg

0
[

k2N
f4ðk;q�kuÞGðuÞg3GðuÞ

04ðk;q�kuÞ GðuÞ3GðuÞ0GðuÞ¼ ∅0 D¼∅
This is a contradiction since Ds∅ , hence ðq;4Þ

is transitive .
Theorem (2.7):
Transitivity of RDS is topological property.
Proof:
Let ðq;4Þ and ðq;jÞ be two RDS s on X and Y

respectively such that ðq;4ÞEquivalenceðq;jÞ.

Then there exists a homeomorphism mapping
g : ðq; 4Þ/ðq; jÞ. We must prove that if ðq;4Þ is
transitive, then ðq;jÞ is transitive. Let GðuÞ and HðuÞ
be two random open sets of Y. From continuity of g,
we have g�1ðGðuÞÞ and g�1ðHðuÞÞ are two random
open sets of X .
Put UðuÞ ¼ g�1ðGðuÞÞ and VðuÞ ¼ g�1ðHðuÞÞ,
and by using Definition (2.1.1), there is k 2N such

that

4ðk;q�kuÞUðuÞ∩VðuÞs∅
It follows that gð4ðk; q�kuÞUðuÞ∩VðuÞÞs∅.

Then,

ðjðk;q�kuÞGðuÞ
\

HðuÞÞs∅

By using Definition (2.1.1) again, we have ðq;jÞ
is transitive .
Notations (2.8):
For any two nonempty random open sets UðuÞ

and VðuÞ of X for a RDS and for every u2U define
the hitting time sets:

n4ðUðuÞ;VðuÞÞ¼fn2N :

4ðn;q�nuÞUðuÞ
\VðuÞs ∅g

N 4ðUðuÞ;VðuÞÞ¼fn2Z : 4ðn;q�n;uÞUðuÞ
\VðuÞs ∅g

Definition (2.9):
A X is said to be random hausdorff, if any two

distinct points of X always lie in disjoint open
random sets .
Theorem (2.10):
Let ðq;4Þ be a transitive RDS on X , where X is a

Hausdorff space is a weakly dense in itself. Then for
every two random open subsets UðuÞ and VðuÞ of X
the set N 4ðUðuÞ;VðuÞÞ is an infinite .
Proof:
Let UðuÞ and VðuÞ be two random open subsets

of X and let n2N. We will show that the set
N 4ðUðuÞ;VðuÞÞ has n elements. First note that
there exist n pair-wise disjoint nonempty random
subsets V1ðuÞ, V2ðuÞ, …, VnðuÞ of VðuÞ. Indeed, as
X is Hausdorff space and dense in itself, there
exist disjoint random open subsets V1ðuÞ and
H1ðuÞ of VðuÞ. Similarly, there exists a nonempty
disjoint random open subsets V2ðuÞ and H2ðuÞ of
H1ðuÞ and nonempty disjoint random open sub-
sets V3ðuÞ and H3ðuÞ of H2ðuÞ and so on.
Let U1ðuÞ ¼ UðuÞ. From transitivity of ðq;4Þ, there

exist k 2N such that 4ðk1; q�k1uÞU1ðuÞ∩V1ðuÞs∅
Let U2ðuÞ ¼ 4ðk2; q�k2uÞU1ðuÞ∩V1ðuÞs∅
As V1ðuÞ

TV2ðuÞ ¼ ∅, we have k1sk2.
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Let U3ðuÞ ¼ 4ðk2; q�k2uÞU2ðuÞ∩V2ðuÞs∅ and there
exists k32Z such that:

U3ðuÞ¼4ðk3;q�k3uÞU3ðuÞ∩V3ðuÞs∅
As V1ðuÞ

TV3ðuÞ ¼ ∅, and V2ðuÞ
TV3ðuÞ ¼ ∅ ,

we have k1sk3 and k2sk3.
Continuing is this way, we obtain n distinct

elements:

k1;k2;…;kn2N 4ðUðuÞ;VðuÞÞ
Thus, the set contains at most k2 elements,

which gives the required contradiction.
Definition (2.11):
A RDSðq;4Þ on X has a point with weakly dense

orbit, if for every x02X and for every a non-empty
open random UðuÞ subsets of, there is k2 N such
that

4ð�k;uÞx02UðuÞ
Definition (2.12): isolated random point

Let D a non-empty random open subset of , then
x2D is said to be an isolated random point of D , if
there exists an open random set containing x which
does not contain any point of D different from x .
In other words, a point x2D is said to be an iso-

lated random point of , if there exists an random
open set U containing x such that D∩U ¼ fxg
(opposite of this,X has no isolated random points)
Theorem (2.13):
Let ðq;4Þ be RDS on X , if X has no isolated points

and ðq;4Þ has a point with weakly dense orbit then
ðq;4Þ is transitive .
Proof:
Let X has no isolated points and ðq;4Þ has a point

with dense orbit
x02X such that g

tðuÞ
x0 d

S
K�t

4ðk; q�kuÞx0ðq�kuÞ is
weakly dense in X
Let UðuÞ and VðuÞ be two non-empty open

random subsets of X
Since UðuÞ be a non-empty open random set,

there is k2N such that

4ð�k;uÞx02UðuÞ

0x0ðuÞ24ðk;q�kuÞUðuÞ
Now consider the set

GðuÞ ¼ VðuÞ=fx0; x1; x2;…; xng where xjðuÞ ¼ 4ðj;
q�juÞ x0
Then GðuÞ is non-empty open random set, there is

k2N such that

GðuÞ∩g
tðuÞ
x s∅

There exists y2GðuÞ∧y2g
tðuÞ
x

0y2GðuÞ∧y2
�[

K�t

4ðk;q�kuÞx0ðq�kuÞ
�

0y2GðuÞ∧dk2N such that y¼4ðk;q�kuÞx0ðq�kuÞ

0dk2N such that 4ð�k;uÞy¼x0ðuÞ

0 x0ðuÞ2GðuÞ

0 x0ðuÞ24ðk;q�kuÞUðuÞ∩GðuÞ

0ðk;q�kuÞUðuÞ∩GðuÞs∅
0ðq;4Þ is transitive .

Theorem (2.14):
Let ðq;4Þ be RDS on X , if for each a non-empty

open random UðuÞ subset of X , there is k2N such
that

S
k�t

4ðk; q�kuÞ UðuÞ ¼ X Then ðq;4Þ is transitive .

Proof:
Let UðuÞ and VðuÞ be two non-empty open

random subsets of X
Then there is k2N such that

S
k�t

4ðk;q�kuÞ UðuÞ ¼ X
Since VðuÞ subset of X then there is ZðuÞ2UðuÞ

such that
4ðk; q�kuÞ ZðuÞ2VðuÞ for some k
Then 4ðk; q�kuÞUðuÞ∩VðuÞs∅
0ðq;4Þ is transitive .
Theorem (2.15):
Let ðq;4Þ be a continuous RDS on X then ðq;4Þ is

transitive if and only if for each random variables x;
y2X and for each eð uÞ> 0 there exists Random
variable z2X and k2N such that dðx; zÞ< eð uÞ and
dð4ðk;q�kuÞz; yÞ< eðuÞ

Proof: ð * Þ
Let UðuÞ and VðuÞ be two non-empty open

random subsets of X
And 2UðuÞ , y2VðuÞ
then there exist e1ð uÞ> 0 such that Nðx; e1ð

qkuÞÞ⊆UðuÞ , there exist e2ð uÞ> 0 such that Nðy; e2ð
qkuÞÞ⊆VðuÞ
let eð uÞ ¼ fe1ðuÞ; e2ð uÞg
then Nðx; eð qkuÞÞ⊆UðuÞ and Nðy; eð qkuÞÞ⊆VðuÞ
then there exists random variable z2X
and k2N such that dðx; zÞ< eð uÞ and dð4ðk; q�kuÞ

z; yÞ< eð uÞ
then 2UðuÞ , 4ðk; q�kuÞz2VðuÞ
Then 4ðk; q�kuÞVðuÞ∩UðuÞs∅
then ðq;4Þ is transitive .
ð 0 Þ Let x; y2X , eðuÞ> 0 and
let UðuÞ ¼ N ðx; eð uÞÞ , VðuÞ ¼ N ðy; eð uÞÞ
since ðq;4Þ is transitive, then there exist k2N such

that
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4ðk;q�kuÞVðuÞ∩UðuÞs∅
Then there exist z2UðuÞ such that 4ðk;q�kuÞz2

VðuÞ
Therefor dðx; zÞ< eð uÞ and dð4ðk; q�kuÞz; yÞ< eð uÞ .
Definition (3.1):
A X is said to be Separable if it has a countable

weakly dense subset .
Definition (3.2):
A X is said to be nowhere weakly dense if it has an

empty interior (or X no has a point with weakly
dense orbit)
Definition (3.3):
A X which can be written as a countable union of

nowhere weakly dense sets is called a first category
space .
Definition (3.4):
If X is not first category space then it is a second

category space .
Theorem (3.5):
Let ðq;4Þ be RDS on X if X is separable and

second category and ðq;4Þ is transitive, then ðq;4Þ
has a point with weakly dense orbit .
Proof:
Let ðq;4Þ be RDS on X if X is separable and

second category and ðq;4Þ is transitive
Assume that there is no point with weakly dense

orbit
Let fVnðuÞg∞n¼1 be a countable base .
Then for every x2X there exist UxðuÞ a non-

empty random open set such that
[
K�t

4ðk;q�kuÞxðq�kuÞ∩UxðuÞ¼∅;

Then there exist VxðuÞ subset UxðuÞ such that
[
K�t

4ðk;q�kuÞxðq�kuÞ∩VxðuÞ¼∅;

Since ðq;4Þ is transitive then by theorem (2.1.3)
part (4)
We have

S
k2Nf4ð�k;uÞVxðuÞgis weakly dense

in X ,
Define AnðxÞðuÞ ¼ X=

S
k2Nf4ð� k;uÞVxðuÞg

And because
S

k2Nf4ð�k;uÞVxðuÞg is open
random set and it should meet every open random
set in X (since ðq;4Þ is transitive)
Then AnðxÞðuÞ is closed random set, nowhere

weakly dense and x2AnðxÞðuÞ
Then X ¼ S∞

nðxÞ¼1AnðxÞðuÞ ,a countable union of
nowhere weakly dense sets
Then X is first category space. This is a contra-

diction to the fact that X is second category . Hence
ðq;4Þ has a point with weakly dense orbit .
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