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ARTICLE

Study of Transitive Random Dynamical Systems
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Abstract

In this paper we state the definition of transitivity of random dynamical systems and give some equivalents to
definition that explains to us the concept of transitive and study some new properties and give theorems to fully
illustrate the concept of transitive of random dynamical systems.
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weakly dense, Trajectory, Separable

1. Introduction

he transitivity is one of the effectual notions in

the qualitative theory of dynamical systems. It
is intensively advanced in recent years and has
become an important part of the dynamical systems
and there are a lot of researchers who have studied
transitivity in dynamical systems look, for example
[1-4,5,6,8,10,11,13].

The importance of the subject of transitivity, we did
a study of transitivity of random dynamical systems .

Our study dealt with the subject of transitivity of
random dynamical systems (shorty transitivity
(RDS (0, ¢)) through a new definition of transitive
and give many definition equivalents let's get more
flexibility to deal with weakly dense orbit and open,
closed random set .

We have also introduced new theorems for tran-
sitivity (RDS (0, ¢)) and we proved that transitivity
of (RDS (6, ¢) is topological property .

We'll give a definition of random hausdorff and
definition the hitting time sets and prove it is an
infinite .

We'll give a definition of the isolated random
point.

We're going to prove that (6, ¢)on X is transitive if
X has no isolated points and (6, ¢) on X has a point
with weakly dense orbit and some other theorems.

Wel'll give a definition of the separable and we're
going to prove that (6,¢) on X has a point with

weakly dense orbit if X' is separable and second
category and (6, ¢) on X is transitive.

Definition (1.1) (metric dynamical system) [7,12]:

The 5-tuple (T,Q,F,P,0) is called a metric
dynamical system

(Shortly MDS) if (Q,F,P) is a probability space
and

(i) 6:TxQ—Qis (B(G) ® F,F)— measurable,
(i) 0(0,0) =0, YoEQ
(iii) O(t+s,w) =0(t,0(s,w)) V,t,s€T,wEQ
(iv) P(6:(F)) = P(F), for every FEF and every t€
T.

Note that we write 0 : T x Q— Q either in the form
6(t, ) (as a function of two variable) or in the form
Htw.

Definition (1.2) (random dynamical system) [14]:

A measurable random dynamical system on the
measurable space (X,B(X)) over (or covering, or
extending) an MDS (T,Q,F,P,0) with time is a
mapping ¢: T x Qx X—X, with the following
properties:

(i) Measurability, ¢ is B(T)QFRB,B—
measurable.
(ii) Cocycle property: The mappings

o(t,w) =gt w,+): X—X form a cocycle over
6( +), i. e. they satisfy

9(0,w,x) =x for all vEQ (If 0€T),
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o(t+s,0) = o(t,8(s)w)ep(s,w) for all s,te T, we
Q.

If there is no ambiguity the RDS is denoted by (4,
@) rather than (T, Q, X, 6, ¢).

Definition (1.3) (tempered random variable) [12]:

A random variable ¢ : Q — R is called tempered
with respect to the MDS ¢ if for the associated sta-
tionary stochastic process ¢+ ¢(4(t) -) the invariant
set for which tllnolo% log (e(0(t)w) = 0.

Definition (1.4) (random set) [12]:

Let (Q,F) be a measurable space and (X,d) be a
metric space which is considered a measurable space
with Borel o- algebra B(X). The set-valued function :
Q—B(X),w—A(w) , is said to be random set if for
each x€ X the function v —d(x, A(w)) is measurable.
If A(w) is connected closed (compact) forallw € Q, itis
called a random connected closed (compact) set .

Proposition (1.5) (some properties of random set)

[9]:

(i) If A is a random closed set, then so is A° (the
closure of A°).
(i) If U is a random open set, then U/ is a random
closed set.
(iii) If A is a random closed set, then Int(A), the
interior of A, is a random open set.

If A; and A; are random compact sets, then so is
A1NA;.

Definition (1.6) (invariance property) [7]:

Let (6, ¢) be a measurable RDS and A multifunc-
tion v — D(w) is said to be:

(i) Forward invariant with respect to (6,¢) if
¢(t,w)D(w)CD(biw) for all t > 0 and wE Q, i.e.
if x€D(w) implies ¢(t, w)xD(w)ED(0w) for
allt > 0 and weQ;

(ii) Backward invariant with respect to (0,¢) if
¢(t,w)D(w)2D(biw) for all t > 0 and wE Q, i.e.
for every t > 0, wEQ and yED(0:w) there exists
x€D(w) such that ¢(t,w)x =y;

Invariant with respect to (6,¢) if ¢(t,w)D(w) =
D(6iw) for all t > 0 andw€Q, i.e. if it is both forward
and backward invariant .

Definition (1.7) trajectories [7]:

Let D : w—D(w) be a multifunction. We call the
multifunction

w=yp(w)=Jo(k,0 xw)§(0_xw)
k>t
The tail (from the moment ¢) of the pull back
trajectories emanating from D. if D(w) = {C(w)} is
single valued function

Then w7, (w)= v (w) is said to be the (pull back)
trajectory (or orbit) emanating from v.

Definition (1.8): (equivalence of RDS) [7]:

Let (6, ¢) and (6, y) be two RDS's over the same
MDS 6 with phase spaces X7 andX, respectively .

These RDS ((6, ¢) and (6, y) are said to be (topo-
logically) equivalent (or conjugate) if there exists a

mapping:
g : Q x X1 — X, with the properties:

1) the mapping x—g(w,x) is a homeomorphism
from X; onto X, for every wE€Q;

2) the mappings w—g(w,x;) and ©w —
w—g 1(w,x,) are measurable for every x; € X
and Xy € Xy

3) the cocycles ¢ and y are cohomologous, i.e.

Yt w,g(w,x) = g(0, w, p(t, w,x)) for any x € A7.

2. Transitivity

Definition (2.1):

A RDS (6,¢p)on X is said to be transitive, if for
every nonempty random open sets U(w) and V(w) of
X, there is k €N such that

ok, 0_ro)U(w)NV(w) # B,
Definition (2.2):

A random set U(w) in X is said to be weakly dense
of X, if U(w)NV(w)# @ for every nonempty random
open set V(w) of X.

Theorem (2.3): for any RDS (0, ¢) the following
statements are equivalent:

1) (0, ¢) is transitive,

2) for every non-empty open random set U(w) C X,
Uren{o(k, 0_rw)U(w)} is weakly dense in X,

3) for every pair of non-empty open random sets
Uw),V(w)cX there is an integer
keN for which ¢(— k,w)V(w)nU(w)# @,

4) for every non-empty open random set V(w)C X,

Usento(=k, w)V(w)}is weakly dense in &,

5) every closed, invariant, proper subset X has
empty interior.

Proof: (1=2)

Let (0,¢) is transitive then for every non-empty
open random sets U(w) and V(w) of X, thereisk €N
such that ¢(k, 0_;0)U(w)NV(w)# D

Ui {0k 0 10)U(0)} nV(0) # @
Ukento(k, 0_rw)U(w)} is weakly dense in X’ .
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(2=3)

Let U(w) and V(w) be non-empty open random
sets of, there is k €N such that [J;c\{o(k,
O_rw)U(w)}INV(w)# D

There is koeN o(ko,
0k, 0 ) U(w)NV(w) #= B(*)

Note that [p(ko, 0_i,)U(w)] " = o(— ko, 0)U(w)

Then from (*) we have

such that

U(w)No(—ko,w)V(w) # B
Or ¢(—ko,w)V(w) NU(w) # B

(B3=4)

Let U(w) and V(w) be non-empty open random
sets of X, there is k €N such that ¢(— k, w)V(w)n
Uw)*D

Then (J;cy{o(k, 0_rw)V(w) }nlU(w) #D

Uken{e(k, 0_rw)V(w)} is weakly dense in X .

(4=5)

Let C(w) be closed, invariant, proper subset X

suppose C(w) has non-empty interior if
int(C(w)) #@

then there is open set I/ subset of C(w)

since C(w) is closed then C°(w) is open in X

@(—ko,w)C(w)NU # &
= [X/o(—ko,w)C(w)]nU # &
o X Cl0 )] U % 0

=C(0 o) U+ D
U subset of C(w)

SUNC(w) =@

This is a contradiction
Then int(C)(w) = @
= C(w) has empty interior

(6=1)

Suppose every closed, invariant, proper subset
X has empty interior
Let U(w) and V(w) be non-empty open random
sets of X, such that for every k €N,
suppose ¢(k, §_rw)U(w)NV(w) = @

=k, 0_w)U(w) CX [ V(w)

=en {0k, 0_0)U(w)} € X / V()

=Urenfolk, 00Ut (0)} cX /V(0)

We have |J;c{o(k, 0_rw)U(w)} is closed and
+X

Also .. ¢(k,0_rw) is homeomorphism and U(w) is
open

= ¢(k, _xw)U(w) is open

= Ugenfo(k.0_s0)td(w)} is open

= Uren{o(k, 0_xw)U(w)} has non-empty interior

= This is a contradiction

Then ¢(k, 0_yw)U(w)NV(w)#@ = (0,¢) is transi-
tive .

Definition (2.4): nowhere weakly dense

A X is said to be nowhere weakly dense if it has an
empty interior (or X no has a point with weakly
dense orbit)

Theorem (2.5): for any RDS (0, ¢) the following
statements are equivalent:

1) (6, ¢) is transitive,

2)if C(w)cX is closed random set and
¢(k,0_w) C(w)CC(w) , then C(w) = X or C(w) is
nowhere weakly dense .

Proof: (1= 2)

Let (0, ¢) is transitive then for every non-empty
open random sets U(w) and V(w) of X, thereisk €N
such that ¢(k, 0_rw)U(w)NV(w)#@ and let C(w)CX
is closed random set and ¢(k, §_;w) C(w) CC(w)

Assume C(w) # X and C(w) has non-empty interior

Define G(w) = X/ C(w) = G(w) is open random
set (since C(w) is closed)

Let H(w)CC(w) be open random set (since C(w)
has non-empty interior)

We have ¢k, 0_ro)H(w)CT C(w)
0_rw) C(w) CC(w))

ok, 0_w)H(w)NG(w) = @ for every k €N

= This is a contradiction since (6, ¢) is transitive

Hence C(w) = X or C(w) is nowhere weakly dense.

(since o(k,

(2=1)

Let G(w) be a non-empty open random set in.

Suppose (0,¢) is not transitive for every non-
empty open random sets in X

Then from Theorem (2.1.3) part (4) we have
Uken{o(—k,0)G(w)} is not weakly dense, but
Uken{o(—k,w)G(w)} is open random set.

Define () = X/Uycn{o(—k 0)G()}
C(w) is closed random set in X and C(w)# X,

Claim (k, 6_jw) C(w)CC(w) .

Suppose ¢(k, §_xw) C(w) is not subset of C(w)

This implies ¢k, 0_xw) C(w)NUren{o(— K,
w)G(w)} # o

This further implies

o(—k,w)[o(k,0_w)C(w)n J, _, {o(—k,0)G(w)}]

then

=C(@)nJ,_ {o(-k 0)G(w)} # @
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This is a contradiction to definition of C(w)

Thus ¢(k, §_;w) C(w) CC(w)

Since Jien{o(—k, w)G(w)} is not weakly dense,
there exists a non-empty open random set H(w) in
X such that J,cn{o(— k,0)G(0)}nH(w) = @

This implies H(w) CC(w)

C(w)NH(w)#D
This is a contradiction to the fact that C(w) is
nowhere weakly dense
Hence (0, ¢) is transitive .
Theorem (2.6): for any RDS (0, ¢) the following
statements are equivalent:

1) (9, ¢) is transitive,

2)if G(w)eX is open random set and
o(k,0_xw) G(w) CG(w) , then G(w) = @ or G(w) is
weakly dense in X .

Proof: (1=2)

Let (0, ¢) is transitive then for every non-empty
open random sets U(w) and V(w) of X, there is k €
N such that ¢(k, §_y0)U(w)NV(w)# D

and G(w)CX is open random set and ¢(k,
0_4) Gl) CG(w)

Assume that G(w)#@ and G(w) is not weakly
dense in X

Then there exists non-empty open random set
‘H(w) in X such that

G(w)NH(w) = @ . further ¢(k,0_w) G(w)NH(w) =
@ for all k N

= This is a contradiction since (6, ¢) is transitive

Hence G(w) = @ or G(w) is weakly dense in.

(2=1)

Suppose (6, ) is not transitive for every non-
empty open random sets in X’
Let G(w)C X and let D = | J,cn{o( —k, w)G(w)} . it
is non-empty open and not weakly dense in X

= (D) " =[U,cnio(—kw)G(w)}] ™
=Uren {0k, 04w)G(w)}

= Urenlo(k, 0 10)G(0)} CG(w)

= o(k,010) () C G(w)=G(w) = &= D=2
This is a contradiction since D# @ , hence (4, ¢)

is transitive .

Theorem (2.7):

Transitivity of RDS is topological property.

Proof:

Let (6,¢) and (0,y) be two RDS s on X and Y
respectively such that (6, ¢)Equivalence(d, ).

Then there exists a homeomorphism mapping
g: (0, 9)— (0, ). We must prove that if (4,¢) is
transitive, then (6, y) is transitive. Let G(w) and H(w)
be two random open sets of ). From continuity of g,
we have g71(G(w)) and g71(H(w)) are two random
open sets of X

Put U(w) = g (G(w)) and V(w) = g (H(w)),

and by using Definition (2.1.1), there is k €N such
that

ok, 0_ro)U(w)NV(w) # &

It follows that g(e(k, 0_rw)U(w)NV(w))#*a@.
Then,

(W(k,0_0)G(w) VH () # @

By using Definition (2.1.1) again, we have (6, )
is transitive .
Notations (2.8):
For any two nonempty random open sets U(w)
and V(w) of X for a RDS and for every w€Q define
the hitting time sets:

n,(U(w),V(w))={n € N:
o(n,0_w)U(w)V(w)# a3}

N,U(w),V(w)={nE€Z:p(n,0_,,w)U(w)V(w) * &}

Definition (2.9):

A X is said to be random hausdorff, if any two
distinct points of X always lie in disjoint open
random sets .

Theorem (2.10):

Let (6, ¢) be a transitive RDS on X, where X is a
Hausdorff space is a weakly dense in itself. Then for
every two random open subsets /(w) and V(w) of X
the set V,,(U(w),V(w)) is an infinite .

Proof:

Let U(w) and V(w) be two random open subsets
of X and let n€N. We will show that the set
N,U(w),V(w)) has n elements. First note that
there exist n pair-wise disjoint nonempty random
subsets Vi(w), V2(w), ..., Vy(w) of V(w). Indeed, as
X is Hausdorff space and dense in itself, there
exist disjoint random open subsets Vi(w) and
Hi(w) of V(w). Similarly, there exists a nonempty
disjoint random open subsets V;(w) and Ha(w) of
Hi(w) and nonempty disjoint random open sub-
sets V3(w) and Hz(w) of Hz(w) and so on.

Let U1 (w) = U(w). From transitivity of (0, ¢), there
exist k €N such that ¢(kq, 0_, )1 (w)NV1(0) =D

Let U2((1)) = (p(kz, 0,}(2(1))2/{1 (w)m}l (0)) D

As Vi(w)V2(w) = @, we have ki #k.



84 S.T. Abbas, LJ. Kadhim / Al-Qadisiyah Journal of Pure Science 28 (2023) 80—85

Let Us(w) = ¢(ka, O_1,0)Uz(w)NV2(w) # @ and there
exists k3 €7 such that:

Us(w) =¢(ks,0_,w)Us(w)NV3(w) # @
As Vi(w)Vs3(w) = @, and Va(w)Vs(w) = @,
we have k; #kz and k, # k3.
Continuing is this way, we obtain n distinct
elements:

kl,kz, ,knEN(p(Z/l(w),V(w))
Thus, the set contains at most k2 elements,
which gives the required contradiction.

Definition (2.11):

A RDS(0,¢9) on X has a point with weakly dense
orbit, if for every §; €A and for every a non-empty
open random U(w) subsets of, there is k& N such
that

o(—k w)§EU(w)
Definition (2.12): isolated random point

Let D a non-empty random open subset of , then
x€D is said to be an isolated random point of D, if
there exists an open random set containing x which
does not contain any point of D different from x .

In other words, a point x€D is said to be an iso-
lated random point of , if there exists an random
open set U containing x such that Dnlf = {x}
(opposite of this, X has no isolated random points)

Theorem (2.13):

Let (4, ¢) be RDS on X, if X has no isolated points
and (6, ¢) has a point with weakly dense orbit then
(0, @) is transitive .

Proof:

Let X has no isolated points and (6, ¢) has a point
with dense orbit

§oEX such that ygﬁw) = ok, 0_rw)8(0_rw) is
weakly dense in X Kzt

Let U(w) and V(w) be two non-empty open
random subsets of X

Since U(w) be a non-empty open random set,
there is k€N such that

(P( - ka w)§0 EU(O))

= §o(w) Eq(k, 0 xw)U(w)
Now consider the set
G() = V() /{80, 1, 5s -+ 5] Where §(w) = 0,
0_j0) §
Then G(w) is non-empty open random set, there is
keN such that

Gw) 7 #2
There exists TEG(w)ATE ,Yg(m)

:TEQMME{UMkiW&M4W}

K>t

=1 € G(w)ATk € Nsuchthat f=¢(k,0_1w)8§,(0_rw)

= Jk € N such that o(—k, w)t=8§,(w)
= §(w) €G(w)
= §(w) € o(k,0_w)U(w)NG(w)

= (k,0_ro)U(w)NG(w) # D
= (0, @) is transitive .

Theorem (2.14):

Let (6,9) be RDS on X, if for each a non-empty
open random U(w) subset of X', there is k€N such
that Jo(k, 0_xw) U(w) = X Then (6, ¢) is transitive .

k>t

Proof:

Let U(w) and V(w) be two non-empty open
random subsets of X

Then there is k&N such that | Jo(k,0_jw) U(w) =X

>

Since V(w) subset of X therkl_éhere is Z(w)eU(w)
such that

o(k,0_rw) Z(w) EV(w) for some k

Then ¢(k, 0_y0)U(w)NV(w) # @

= (0, ¢) is transitive .

Theorem (2.15):

Let (6, ¢) be a continuous RDS on X then (6, ¢) is
transitive if and only if for each random variables §,
T€X and for each ¢( w)>0 there exists Random
variable € X and k&N such that d(§,1) <e( w) and

d((p(k> kaw):h T) < 6(0))
Proof: ( <)

Let U(w) and V(w) be two non-empty open
random subsets of X

And €l(w), t€V(w)

then there exist e( w)>0 such that N (§, e
0rw)) CU(w) , there exist &;( w) >0 such that N (1, e (
Oxw))EV(w)

let ¢( w) = {a(w),&(w)}

then NV (§, e( rw)) CU(w) and N (}, €( bxw))CV(w)

then there exists random variable {€X

and k€N such that d(§, 1) <e( w) and d(¢(k, §_jw)
L) <e( )

then €U (w), ¢(k,0_rw)tEV(w)

Then ¢(k,0_yw)V(w)NU(w)# D

then (6, ¢) is transitive .

(=) Let§, €A, ¢(w)>0and

let U(w) = N5, e ) , V() = N(1, € )

since (0, ¢) is transitive, then there exist k€N such
that
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o(k,0_rw)V(w)NU(w) # @
Then there exist €U (w) such that ¢(k,0_;w)iE
V(w)

Therefor d(§,1) <e( w) and d(p(k, 0_xw)i, 1) <e( w) .

Definition (3.1):

A X is said to be Separable if it has a countable
weakly dense subset .

Definition (3.2):

A X is said to be nowhere weakly dense if it has an
empty interior (or X no has a point with weakly
dense orbit)

Definition (3.3):

A X which can be written as a countable union of
nowhere weakly dense sets is called a first category
space .

Definition (3.4):

If X is not first category space then it is a second
category space .

Theorem (3.5):

Let (6,9) be RDS on X if X is separable and
second category and (6, ¢) is transitive, then (6,¢)
has a point with weakly dense orbit .

Proof:

Let (6,0) be RDS on X if X is separable and
second category and (0, ¢) is transitive

Assume that there is no point with weakly dense
orbit

Let {V,(w)},.; be a countable base .

Then for every x€X there exist U,(w) a non-
empty random open set such that

Uek, 0 rw)x(0_rw) nU(0) =2,

K>t
Then there exist V,(w) subset Uy(w) such that

Ue(k, 6_)x(0_10) nVi(w) =9,

K>t

Since (6, ¢) is transitive then by theorem (2.1.3)
part (4)
We have Jien{9(—k, 0)Vi(w)}is weakly dense
in &,

Define A, (0) = X/Uren{o( = k 0)Vi(w)}

And because |Jicn{o(—k,0)Vi(w)} is open
random set and it should meet every open random
set in X (since (6, ¢) is transitive)

Then A, (w) is closed random set, nowhere
weakly dense and xE A, (w)

Then X = J;,)_1Aux)(w) ,a countable union of
nowhere weakly dense sets

Then X is first category space. This is a contra-
diction to the fact that & is second category . Hence
(0, ¢) has a point with weakly dense orbit .
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