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1. Introduction

The integral equations is one of most important branch of mathematics because it is used for solving
of many problems in many fields in applied mathematics, and physics, as well as this in models
dealing with integral equations advanced, since last decades many authors have studied the integral
equations, see for instance [11,12,15].

The following, we give a short note for the history of some integral equations that studied before
and related to the considered integral equation in this work.

First, in 1992, G. Emmanuelle investigated the functional integral equation [11]:

x(t)= fi (t, folk(t, S)fs (s,x(s))ds), t € [0,1],

and proved the existence theorem for this equation in the class L,[0,1].

Later, in 2008, investigated on the functional integral-equation due to W. G. El-Sayed [10]:
x(v) = fi(v, f;k(v, wf, wx(@(w))du), v>0,

and proved the existence theorem for this equation in the class L, (R™).
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In 2013, investigated on the quadratic integral functional equations due to Mohamed M. A. Metwali
[4,5]:
t +
x(t) =g (t,x(<p3(t))) + fi (t,fz (t,x((pz(t))) Jyu s,x((pl(t))) ds), teR™.

and proved the existence theorem for this equation in the class L, (R*).

In this paper, we will investigate the solvability of the integro-differential equation of the type:

x(t) = q®) + [p(t,s) f(s,x'(s))ds ,  t >0
where t € L,(R™), which corresponds to the nonlinear integral functional equation Volterra type :

x(8) = g(t) f(t,x(©) + h(t) + [ k(t,s) f (s,x(s))ds, t € L;(R*) , ¢ > 0.

This research contains the following sections: In section two, we state some basic definitions and
theorems regarding the integro-differential equations theory. Section three is devoted to prove the main
existence results. In the fourth section, we present an example that satisfied the conditions of the
existence theorem. In the last section, we state some conclusions based on the obtained results.

2. Preliminaries

In this section, we state some basic concepts, definitions and theorems that we shall need in the next
section to prove the main results.

Let I < R isafixed bounded (unbounded) interval. Denote by S = S(I)

the set of all Lebesgue measurable-functions acting from | into R. Let us furnish this set with the
metric ps(x,y) = inf [a + meas{s : |x(s) — y(s)| = a} : a > 0], mean A stands for the Lebesgue-
measure of set A. Then S(I) becomes a complete M. sp.

(metric space) if we identify functions which are equal almost everywhere (a.e. in short) on I. In
addition, it is well known that convergence in measure on the interval | coincides with convergence
generated by the metric ps So, let L' = L1(1)

denote the of Lebesgue integrable space functions in the interval I, normed in the standard way :
lxll = llxll 2 = J,|x(t)| dt. Compactness in the space S(I) the space

L, (I) is said to be Lebesgue space. And when I = R* we can write L, by L, (R™), [6].
Theorem 2.1 [2].

The super-position operator F generated by a function f maps continuously the space L' (1) into itself if and
only if |f(t,x)| < a(t) + b|x| forallt € I and x € R, where a(t) is a function the from L(I) and b is a
non-negative constant.

Definition 2.1 (Linear integral operator) [13].
Consider the following linear integral operator:

(Kx)(©) = [, k(x,0x(s)ds, t € (a,b),
where x is a function and k(x,t) is the kernel. Obviously instead of an arbitrary bounded
interval (a, b) we will consider the interval [0,00), simplicity.
Assume that k : Rt x RT - R is measurable (w.r.t.) both variables.
Theorem 2.2 (Lusin theorem) [14] .
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If m: 1 —> R beameasure function. V &€ > 0 3 a closed sub set D, of the interval I s.t. meas(Df) < ¢
and m| , iscontinuous.
Theorem 2.3 (Dragoni ) [7].

Let A is a compact metric space, B a separable metric space and C a Banach space. If H:A X
B — C is a function satisfies caratheodory conditions, then for every & > 0, there exists a
measurable closed sub set D, of the interval A such that meas(A/ D;) < eas H| , . is continuous.
Definition 2.2 ( Weak measure of noncompactness ) [4].

A function u: Mz - R*, is called a measure of weak non compactness if it hold the following
conditions:

1.y = {X € My: u(X) = 0} is nonempty and ker y < X%
2. X cY = uX) < u(y),

3. u(Conv X) = u(X),

4. uAX + (1 = DY) < uX)+ (1 —Du(Y), A2 €[0,1],

5.if X, e Mg, X, = Y:and Xne1 © Xy forn=1.2, ... and if

lim y(X,,) =0, then X, = | an @
n-—->oo
n=1

Definition2.3 [8].

Let X be a non-empty and bounded sub-set of E, then the Hausdorff measure of non-compactness
X (X) is define as :

X (X) =inf[r > 0 : there exist a finite subset Y of Es.t. X Cc Y + B, ]

On the other hand, the 1. important example of a measure of weak non- compactness has been
defined by De-Blasi [9]:

B(X)=inf{r > 0: there exista weakly compact subset W of Est. X c W + B,}  Both the
Hausdorff measure X and the De Blasi measure S are sures regular in the sense of the above accepted
definitions. These measures play a significant role in several branches of mathematical analysis and
find numerous applications [8].

Definition 2.4 ( Banach space ).
If every Cauchy in a Normed Space (X, ||. ||) converges to an element of that same

space X then that Normed Space (X, ||.||) is said to be complete in the metric induced by the norm.
A complete Normed Space (X, ||.]|) is called a Banach Space.

Definition 2.5 ( Convex set ) [13].

AsetS c Rissaidtobeconvexif:vAe[0,1]and Vx,y €S, Ax+ (1 —A)y €S.

If x,y €R and 1 €[0,1] then Ax + (1 — A)y is said to be a convex combination of x and y.
Simply says that S is a Convex set if any Convex Combination of every two element of S is also in S.
Theorem 2.4 (Dieudonne' theorem) [5].
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A bounded set X c L! is relatively weakly compact if and only if

(i) ve > 0,38 >0s.t.if meas D < & then: [ |x(t)|dt < ¢, x € X,

(i) ve >0, 3T >0, suchthat [” |x(t)|dt < &,V x € X,

Now, for a non- empty and bounded sub set X of L! define:

c(X) = lim._o{supyex{sup [[,|x()| dt,D c R*,meas D < ¢]}} (2.1)
d(X) = limy_,{sup [fToo Ix(®)|dt <& x€X,)]} (2.2)

Further, letus put: y(X) = c(X) + d(X). (2.3)

Theorem 2.5 [3].

The function y(X)is a regular measure of weak non compactness in the Space L! such that (X) <
y(X) < 2B(X), where B denotes the De-Blasi measure in the space L. Moreover, y(B) = 2.

Theorem 2.6 [1].

Let X be a non-empty, bounded and compact in measure sub set of L. Then y(X) <y(X) < 2x(X),
where y denotes Hausdorff measure of noncompactness.

Definition 2.6

Let X be a subset of a Banach space E. A mapping T: X c E — X has a fixed point if there isan x € X
such that T(x) = x.

Theorem 2.7 [1].
Let X be a convex sub set of a Banach space E and T : X — X is compact, continuous map. Then T
has at least one fixed point in X.

3. Main Results
We take the following integro-differential Equation:
t !
x(®) = q®) + [, p(t,s) f (5,x'(s))ds 31)
By differentiating both sides of equation (3.1) w. r. t. t yields that
X'(1) =q' () +pt0) f (6X' () + [} 2(t,5) f (s,%'(s))ds

Put y(t) = x'(t),and q'(t) = h(t), and %(t, s) = k(t,s),and p(t,t) = g(t)
Then we get: y(t) = g(t) f(t,y(0)) +h(t) + [ k(t,s) f (s,¥(s))ds (3.2)

Now, we will investigate the solvability of the nonlinear integral functional equation with Volterra
(3.2), where t € Ly(R™).

We will define the Operator H associated with integral equation (3.2) take the following form.
Hx = Ax + Bx (3.3)

where
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(A ®) =g f(tx(®),
(Bx)(®) = h(t) + [ k(t,s) f (s,x(s))ds

= h(t) + KFx,  where (Kx)(t) = [ k(t,s) x(s) ds,
Fx = f(t,x), are L.O. at super position respect tively.

We shall treat the equation (3.3) under the following conditions
1) g: R* — R is bounded function such that : M = sup|g(t)|, and

teRt
h:R* - R,suchthat h € L, (R").

2) f:R* - R satisfies the caratheodory conditions and there are positive function a € L; and
constant b > 0 such that : |f(t,x)| < a(t) + b|x|.
3) k: Rt x R* — R satisfies caratheodory conditions such that the linear ope rator K defined as

(KO = [J k(t,s) x(s)ds,  t >0 (3.4)
maps the space L, into itself ( note that due to this assumptions the linear operator K will be

continuous whose norm ||K||).
4)q=bM + b||K|| <1.

Theorem 3.1: Let the conditions (1)-(4) are holds, then (3.3) has at least one Integrable solution on
L, (R™).

Proof : 1. T.P. H maps continuously L, (R*) — L, (R*).
10 ®de = 771 g(0) £(£x(0) + h(e) [y k(t,5) f (5,x(s))ds
< [2lg@® f(&x©®)|de + f;° |h(t) + Jok(t,s) f (S,x(s))ds| dt
< [P1g([al®) + blx(O1de + [Ih®Olde + [KlI[als) + blx(s)[1ds
< Mllall + bM [1x(®)ldt + Il +lIKIlllall + BIKI [ |x(s)lds
< [M+IKI] llall + Al + [bM + BIIK|| ] J;"|x(D)]dt < oo
Then: H:L,(R*) - L, (R*) continuously.
Now, let x be an arbitrary function in the ball B, < L, (R*). In view of our cond- itions, we get
1Hxll = [ |g(6) £(£,2(0) + h(e) + [ k(t, ) f (5,%(s))ds| dt
= |lgFll + IIhll + IKFx]l < [gl| IF[| + ]| + |[KI| |Fx]|
<M [7|f(t,x@®)|dt + Iall + 1K1l [, |f (&, x(®)]dt
< |kl + M [ [a(®) + blx(®[1dt K| [ [a®) + blx(t)[]dt

< |Iall + Mllall+ bM [ |x(®)]dt + IK|lllall + BIKI| [, 1x(0)]]dt
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< Al +[ MK ]llall + [ bM + blIK |1l
Then: [[Hx|| < [|All + [M+IK|I]llall + [ bM + blIK|[]r <

[RII+ [M+IIKI] llall
1-[ bM + b|IK ][]
Next, T. P. that S(HX) < qB(X), V bounded sub set X of B,.Let ¢ >0,

So, H transform B, into B,, where r < , using condition (4), we getr > 0.

andasetD c R*s.t meas (D) < e. Forany x € X, we get

Iy IHD®lde = [ | 9(©) £(£,%(0) +h() + [ k(t,5) f (5,%(s))ds | dt
< J, la@® f(&x®)]de + [ |h(e) + [ k(t5) £ (s, x())ds| at
< [, lgOI|f (&, x@®)|dt + [ [h®)|dt + IKFxlly,

< M [, [a(®) + blx(®)lldt + [, I(Oldt + 1K1, [, [f(Ex())[ds <
M [, a@®dt+bM [, |x(@©lde+ [, [h(Oldt  + K|y, [, als)ds +b K|, [, [x(@©]dt

< MfD a(t)dt + fD |h(®©)]dt + [BM + b KL, ] fD |x(t)|dt, where

||K||L1(D) denotes the norm of the operator K : Lyppy — Lq(py. Hence
lirr(;{sup{fD |h(t)|dt : D € R*, meas(D) < ¢}} =
E—

= lil‘% sup [[, a(t)dt:D < R*, meas(D) < &}] =0. We get
E—
c(HX) <[q = bM + b [[Kll1, ] c(X) (3.9)
From T >0, any x € X, we have

[IHD®de= [7] g f(t,x(0)) + h(®) + f k(t,5) f (s, x(s))ds | dt
< [ la@®) f(£x@)]de + [7|h(0) + [ k(t5) £ (s,x(s))ds| at

< [ClgOI|f(t.x®)|de + [7Ir®ldt + [ | [ k(t,s) f (s,x(s))ds| dt
< M [,"[a(®) + blx(®)[1de + [|hll + K|l [;"[a(s) + blx(s)[]ds

< M llall + bMllx|l + [l + IKllllall + bUKIx|l < [bM + BIKI] [lxl

We get: d(HX) <[q = bM + b||K|| ] d(X) (3.6)
Then we deduce that B(HX) < qB(X). [ because Eqg. (3.5), (3.6) and (2.3), and using Th. (2.5)].
Next, let Let B! = Conv(HB,), where Conv(HB,) denotes the closure of the convex
(HB?) c B2, and so on we get a decreasing sequence (B™*) of bounded, convex, close of HB, . Since
HB, c B, ,then B! c B,
Similarly, let B? = Conv(HB}) ,then B? c B}, also
B2 = Conv d subsets of B, suchthat H(B}*) c B, n € N. And by using the pro-
perties due to De-Blasi measure g of weak non compactness, then
B(BMY) = B(ConvHB!)= B(HB!) < qB(B*), n = N, and soon, we have g(B**1) <
q"B(BM), g <1, n = N.Hence, asn — oo, we get 7111_{1& B(B1) =0.
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So, Y = N, eny B is a non empty, closed, bounded, convex and relatively-weakly compact sub set of
B,,H(Y)cY.

In the sequel, T. P. that : H(Y) is relatively-compact in the space L,;(R™). Now let

{y,} be ase-quence inY and & > 0, Then by Dragoni Th. (2.3), there exists a closed

measure-able sub set D, of [0, t], s.t: m([ ]) < e. And fand k|p_,
continuous. Let us take a|p_ , rbitrary ty, t, € D, and assume t; < t,.
For an arbitrary fixed n e N. Let U,(t) = f k(t, s) f (s,¥,.(s))ds. Then, we have

|Un(t2) — Up(t)] = | J.k(tz»s)f(s Yn(s))dS—f k(ty,s)f (5 )’n(s))d5|

1kt 9) £ (5, 90())ds — [ k(e )F (5, yn(6))ds
+ kG ) (5,50())ds = [ k(e $)f (5,7n(5))ds |

< | [y k(ts,5) f (5,90())ds = [,2 k(t, $)f (5, yn(s))ds]
+ | fotz k(ty, $)f (s, v.(s))ds — fotl k(ty, $)f (s,y,(s))ds |
Iy 1tz 9) = k(e 1 | (5, 9())Ids + [7 1 k(t1, 9| | £(5,yn())lds

< Jy2le(ta, $) = k(t1, )| [a(®) + blyn()l1ds + [, [ k(ty, )] [al) + blyn ()] ds
But t, —t; issmall enough, then (¢t, —t;) = 0.
Now, since {y,} <Y and Y is bounded, then {y, } is bounded.
Hence (U,,) is a sequence of equi-continuous and uniformly bounded function in C(D,). And so
{B(y,)} is a sequence of equi-continuous and uniformly bounded-function in (D) . So {A(y,,)}is a
sequence of equi-continuous and uniformly bounded-function in C(D,). Hence {H(y,)} uniformly
bounded in C(D,), then
{H(y,)} is relativelycompact in C(D,). From which, we deduce that

{H(y,)} is Cauchy sequence in C(D;).
Now , since {H(y,)} is Cauchy sequence in L,. Then by Dieudonne' theorem (2.4) and H(Y) is
relatively compact in C(D,), we deduce that for every o > 0, thereis § > 0 such that

sup fDial(HY)(t)ldt < ﬁ For meas( D;s) < 6, D;s c [i —1,i], i =1,...,n. Choose for each i,
y .

IA

i=1,..,n rie Nwithm([i—1, i]/Dri*) <6,

then for ny,n, € N, we have

Iy |(Hy, ) (@®) = (Hyy, ) (0)|dt =lim 30, J; 1|(Hyn1)(t) (Hyn,)(®)]dt =
lim T7, f s )(®) - (Hynz)a)ldt + Iy |(Hya )(©) = (Hyn,)(®)|dt

. _yo O _
Sn_l)gnzl 16zt ynzllc(D ))_hmz 1(221 zzi)_ i=13i ~ 7

For large value of n,,n, we deduce that {H (y,,)} is Cauchy sequence in L;.
Since L, is complete space. Then H(y,,) is relatively compact in L,. Finally,

we can use Schauder fixed point theorem to get a fixed point for our operator H.
So the functional integral equation (3.1) is solvable in L;.

4. Example on The Obtained Results
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Consider the integral equation:

1
— —t —2|x| -2t s—t —2|x|
x(t) = 3e [ln(1+t2>+e ]+te +f [ln<1+t2)e ]ds

g@® = 3e7t f(t,x(t)) = [ln (1+t2) + e‘2|x|] h(t) = te 2 k(t,s) = et
We will hold the assumptions of our existence Theorem 3.1.

1) Since supl|g(t)| = sup3e~* =3 = M. Next, to prove that h € L; (R"),

teRt teRt
we have [“h(t)dt= [ te‘“dt:_te2 _ e |8°:%+i=2< 0
2) 1 F(tx@®) = In (o) + e < In(=5) [+ e
a(t) = m,fo""mz dt=tan 1t | = = < oo, thena(t) € L, (R*), b=2>0

3) k(t,s) = e® tiscontinuous function both variables

(Kx)(t) = fot eS~tx(s) ds, ||Kx|| < fooo fotes_t |x(s)| ds dt

0o t _ oo _ © o)
=, J_. e x| dtds = [ —e T x(s)|[ds = [, [x(s)|ds = ]x||

so, |[Kx|| < [|x|| = [IK|| =1

1

4) M + |IKI|]]1 =3 + lIK]l, so, - [M+||K||] _-+—=-< L b=

Since, all conditions of Theorem (3.1) are hold and so our integral equation (3.2) is solvable in
L, (R™).

5. Conclusions

In this paper, we proved the existence to the solution of integro-differential equations of the type :
x(t) = q(t) + fotp(t, s) f (s,x'(s))ds , which can be transformed to nonlinear integral functional
equations with Volterra type :

t
x(t) = g(t) f(t, x(®)+ h(t) + fo k(t,s) f (s, x(s))ds, te€L(R".
In the space of Lebesgue integrable functions on the unbounded interval R* = [0, ). The main using
tools are Schauder fixed point theorem and weak measure of non-compactness, due to De-Blasi. Also,
we give an example which satisfies the conditions of our existence theorem. Based on the obtained

results, we observe that the existence can be guaranteed for a large class of Integro-differential
equations. However, the uniqueness results for such types of problems is still an open problem.
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