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1.Introduction  

In this work, we investigate the global existence and exponential growth of solutions for the following 
system of nonlinear Klein-Gordon equations with viscoelastic and degenerate damping terms: 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧𝑢௧௧ − ∆𝑢 + 𝑚ଵ

ଶ𝑢 + ∫ 𝜇ଵ(𝑡 − 𝑠)∆𝑢(𝑠)𝑑𝑠
௧

଴
+ (|𝑢|௞ + |𝑣|௟)|𝑢௧|ఎିଵ𝑢௧

= 𝑓ଵ(𝑢, 𝑣), (𝑥, 𝑡) ∈ Ω × (0, 𝑇),

𝑣௧௧ − ∆𝑣 + 𝑚ଶ
ଶ𝑣 + ∫ 𝜇ଶ(𝑡 − 𝑠)∆𝑣(𝑠)𝑑𝑠

௧

଴
+ ൫|𝑣|ఏ + |𝑢|ద൯|𝑣௧|జିଵ𝑣௧

= 𝑓ଶ(𝑢, 𝑣), (𝑥, 𝑡) ∈ Ω × (0, 𝑇)

𝑢(𝑥, 𝑡) = 𝑣(𝑥, 𝑡) = 0,      (𝑥, 𝑡) ∈ 𝜕Ω × (0, 𝑇),

𝑢(𝑥, 0) = 𝑢଴(𝑥), 𝑢௧(𝑥, 0) = 𝑢ଵ(𝑥),     𝑥 ∈  Ω,

𝑣(𝑥, 0) = 𝑣଴(𝑥), 𝑣௧(𝑥, 0) = 𝑣ଵ(𝑥),      𝑥 ∈  Ω,

   (1) 

where Ω is a bounded open domain with smooth boundary in 𝑅௡ (𝑛 ≥ 1), 𝑚ଵ, 𝑚ଶ > 0, 𝜂, 𝜐 ≥ 0,
𝑘, 𝑙, 𝜃, 𝜚 > 1; 𝜇௜(. ): 𝑅ା → 𝑅ା (𝑖 = 1,2) are positive relaxation functions. 

 By taking 
                       𝑓ଵ(𝑢, 𝑣) = 𝑎|𝑢 + 𝑣|ଶ(఑ାଵ)(𝑢 + 𝑣) + 𝑏|𝑢|఑𝑢|𝑣|఑ାଶ,  
                       𝑓ଶ(𝑢, 𝑣) = 𝑎|𝑢 + 𝑣|ଶ(఑ାଵ)(𝑢 + 𝑣) + 𝑏|𝑣|఑𝑣|𝑢|఑ାଶ,  
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ABSTRACT 

 
In this work, we study a system of nonlinear Klein-Gordon equations with 
viscoelastic and degenerate damping in a bounded domain. By an appropriate 
auxiliary function (which is a small perturbation of the total energy), we prove 
the global existence and exponential growth of solutions for equation (1) with 
strong nonlinear function 𝑓ଵ and 𝑓ଶ satisfying appropriate conditions and the 
initial energy satisfying 𝐸(0) < 0. 
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where 𝑎 > 0, 𝑏 > 0 and 

        ቊ
−1 < 𝜅               𝑖𝑓 𝑛 = 1,2,

−1 < 𝜅 ≤
ଷି௡

௡ିଶ
  𝑖𝑓 𝑛 ≥ 3   .

         (2) 

Multiplying 𝑓ଵ(𝑢, 𝑣) 𝑏𝑦 𝑢, 𝑓ଶ(𝑢, 𝑣) 𝑏𝑦 𝑣, we get 
 𝑢𝑓ଵ(𝑢, 𝑣) + 𝑣𝑓ଶ(𝑢, 𝑣)  
 = 𝑢൫𝑎|𝑢 + 𝑣|ଶ(఑ାଵ)(𝑢 + 𝑣) + 𝑏|𝑢|఑𝑢|𝑣|఑ାଶ൯  

   +𝑣൫𝑎|𝑢 + 𝑣|ଶ(఑ାଵ)(𝑢 + 𝑣) + 𝑏|𝑣|఑𝑣|𝑢|఑ାଶ൯  

            = 𝑎|𝑢 + 𝑣|ଶ(఑ାଵ)(𝑢 + 𝑣)ଶ + 2𝑏|𝑢|఑ାଶ|𝑣|఑ାଶ  
 = 𝑎|𝑢 + 𝑣|ଶ(఑ାଶ) + 2𝑏|𝑢𝑣|఑ାଶ  
 = 2(𝜅 + 2)𝐹(𝑢, 𝑣),            (3) 
where ∀(𝑢, 𝑣) ∈ 𝑅ଶ for 

               𝐹(𝑢, 𝑣) =
ଵ

ଶ(఑ାଶ)
ൣ𝑎|𝑢 + 𝑣|ଶ(఑ାଶ) + 2𝑏|𝑢𝑣|఑ାଶ൧.       (4) 

The system (1) is a generalization of the following Klein-Gordon system: 

൜
𝑢௧௧ − ∆𝑢 + 𝑚ଵ

ଶ𝑢 + 𝛼𝑢𝑣ଶ = 0,

𝑣௧௧ − ∆𝑣 + 𝑚ଶ
ଶ𝑣 + 𝛼𝑢ଶ𝑣 = 0,

  

where 𝑚ଵ,  𝑚ଶ, 𝛼 are non-negative constants, which is considered in the study of the quantum field 
theory. The above system defines the motion of a charged meson in an electromagnetic field and was 
proposed by Segal [21]. 

The generalized system (1) was earlier investigated by Yazid et al. [24]. The authors 
considered the global nonexistence of solution with positive initial energy.  

Pişkin [8] investigated on coupled equations of the form 

൜
𝑢௧௧ − ∆𝑢 + 𝑚ଵ

ଶ𝑢 + |𝑢௧|ఎିଵ𝑢௧ = 𝑓ଵ(𝑢, 𝑣),

𝑣௧௧ − ∆𝑣 + 𝑚ଶ
ଶ𝑣 + |𝑣௧|జିଵ𝑣௧ = 𝑓ଶ(𝑢, 𝑣),

        (5) 

and the author considered the decay of solution by using Nakao’s inequality and the blow up of 
solution with negative initial energy. Then, Pişkin [9] studied same problem and proved lower bounds 
for  the time of blow up is derived if the solutions blow up. In [10], the author studied blow up of 
solutions with negative initial energy in case 𝜂 = 𝜐 = 1. Furthermore, Ye [25] considered the problem 
(5) with 𝜂 = 𝜐 and studied the asymptotic stability and global existence of solutions: In addition, some 
other authors investigated problem (5) with 𝜂 = 𝜐 = 1 see ([6,7,22]). 

The effect of the degenerate damping terms often appear in many applications and practical 
problems and turns a lot of systems into different problems worth studying. Now, we state some 
present results in the literature: Firstly, we mention the pioneer work of Rammaha and Sakuntasathien 
[19] who focus on coupled equations of the form 

ቊ
𝑢௧௧ − ∆𝑢 + (|𝑢|௞ + |𝑣|௟)|𝑢௧|ఎିଵ𝑢௧ = 𝑓ଵ(𝑢, 𝑣),

𝑣௧௧ − ∆𝑣 + ൫|𝑣|ఏ + |𝑢|ద൯|𝑣௧|జିଵ𝑣௧ = 𝑓ଶ(𝑢, 𝑣).
       (6) 

They investigated the global well posedness of the solution under some restriction on the parameters. 
In [2,26], authors studied the same problem treated in [19], and they studied the growth and blow up 
properties. For more depth, here are some papers that focused on the study of degenerate damping [3-
5, 11, 13-17, 23, 27]. 

It is well known fact that “Exponential Growth” phenomenon is one of the most important 
phenomena of asymptotic behavior but many authors omit it. It presentations us very considerable 
information to know the behavior of equation when time arrives at infinity, it differs from global 
existence and blow up in both mathematically and in applications point of view. 
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In this work, we investigate how we can apply the degenerate damping term for knowing the 
behavior of growth of solutions for a coupled nonlinear Klein-Gordon system with viscoelastic and 
source terms. The rest paper is organized as follows: In the next section, we present necessary 
assumptions that will be used later. Then, in Section 3, we establish the global existence of problem. 
The exponential growth of solution is presented in Section 4. 

2. Preliminaries 

𝑊௠,௣ is denote the Sobolev space and 

         ൜
𝑊଴,௣(Ω) = 𝐿௣(Ω) 𝑖𝑓 𝑚 = 0,

𝑊௠,ଶ(Ω) = 𝐻௠(Ω) 𝑖𝑓 𝑝 = 2.
  

Also, let denote the standart 𝐿ଶ(Ω) norm by ‖. ‖ = ‖. ‖௅మ(Ω) and 𝐿௣(Ω) norm by ‖. ‖௣ = ‖. ‖௅೛(Ω) for 
details see ([1,18]). 
Now, we make the following assumptions: 
(H1) Regarding 𝜇௜(. ): 𝑅ା → 𝑅ା, (𝑖 = 1,2) are 𝐶ଵ-nonincreasing functions satisfying 
         𝜇௜(𝛼) > 0,    𝜇௜

′(𝛼) ≤ 0, 1 − ∫ 𝜇௜(𝛼)𝑑𝛼 = 𝑙௜ > 0, 𝛼 ≥ 0.
∞

଴
  

(H2)         ቐ

1 ≤ 𝜂, 𝜐          𝑖𝑓 𝑛 = 1, 2,

1 ≤ 𝜂, 𝜐 ≤
௡ାଶ

௡ିଶ
  𝑖𝑓 𝑛 ≥ 3.  

Also, we use the following notation: 

        (𝜇௜ ⋄ ∇𝑤)(𝑡) = ∫ 𝜇௜(𝑡 − 𝑠)‖∇𝑤(𝑡) − ∇𝑤(𝑠)‖ଶ௧

଴
𝑑𝑠. 

Now, we define the energy function 

𝐸(𝑡) =
ଵ

ଶ
(‖𝑢௧‖ଶ + ‖𝑣௧‖ଶ) +

ଵ

ଶ
[(𝜇ଵ ⋄ ∇𝑢)(𝑡) + (𝜇ଶ ⋄ ∇𝑣)(𝑡) + 𝑚ଵ

ଶ‖𝑢‖ଶ + 𝑚ଶ
ଶ‖𝑣‖ଶ]  

            +
ଵ

ଶ
ቂቀ1 − ∫ 𝜇ଵ(𝑠)𝑑𝑠

௧

଴
ቁ ‖∇𝑢(𝑡)‖ଶ + ቀ1 − ∫ 𝜇ଶ(𝑠)𝑑𝑠

௧

଴
ቁ ‖∇𝑣(𝑡)‖ଶቃ − ∫ 𝐹(𝑢, 𝑣)𝑑𝑥.

Ω
  (7) 

By computation, we have 

   
ௗ

ௗ௧
𝐸(𝑡) ≤

ଵ

ଶ
[(𝜇ଵ

′ ⋄ ∇𝑢)(𝑡) + (𝜇ଶ
′ ⋄ ∇𝑣)(𝑡)]  

 −
ଵ

ଶ
(𝜇ଵ(𝑡)‖∆𝑢‖ଶ + 𝜇ଶ(𝑡)‖∆𝑣‖ଶ) 

                 − ∫ (|𝑢|௞ + |𝑣|௟)|𝑢௧|ఎାଵ𝑑𝑥 − ∫ ൫|𝑣|ఏ + |𝑢|ద൯|𝑣௧|జାଵ
ΩΩ

𝑑𝑥 

 ≤ 0.             (8)
      
 

3. Global existence 
In this part, we prove the global existence of solution for problem (1). For this aim we set  

𝐼(𝑡) = 𝑚ଵ
ଶ‖𝑢‖ଶ + 𝑚ଶ

ଶ‖𝑣‖ଶ + (𝜇ଵ ⋄ ∇𝑢)(𝑡) + (𝜇ଶ ⋄ ∇𝑣)(𝑡) − 2(𝜅 + 2) ∫ 𝐹(𝑢, 𝑣)𝑑𝑥
Ω

  

           + ቀ1 − ∫ 𝜇ଵ(𝑠)𝑑𝑠
௧

଴
ቁ ‖∇𝑢(𝑡)‖ଶ + ቀ1 − ∫ 𝜇ଶ(𝑠)𝑑𝑠

௧

଴
ቁ ‖∇𝑣(𝑡)‖ଶ  

and 

𝐽(𝑡) =
ଵ

ଶ
[(𝜇ଵ ⋄ ∇𝑢)(𝑡) + (𝜇ଶ ⋄ ∇𝑣)(𝑡) + 𝑚ଵ

ଶ‖𝑢‖ଶ + 𝑚ଶ
ଶ‖𝑣‖ଶ] − ∫ 𝐹(𝑢, 𝑣)𝑑𝑥

Ω
  

           +
ଵ

ଶ
ቂቀ1 − ∫ 𝜇ଵ(𝑠)𝑑𝑠

௧

଴
ቁ ‖∇𝑢(𝑡)‖ଶ + ቀ1 − ∫ 𝜇ଶ(𝑠)𝑑𝑠

௧

଴
ቁ ‖∇𝑣(𝑡)‖ଶቃ. 

 
Lemma 3.1. Assume that (4) holds. Then there exist 𝜌 > 0 such that for any 𝑢, 𝑣 ∈ 𝐻଴

ଵ(Ω), we get 

‖𝑢 + 𝑣‖
ଶ(఑ାଶ)
ଶ(఑ାଶ)

+ 2‖𝑢𝑣‖఑ାଶ
఑ାଶ ≤ 𝜌(𝑙ଵ‖∇𝑢‖ଶ + 𝑙ଶ‖∇𝑣‖ଶ)఑ାଶ 
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is satisfied. [20] 
 
Lemma 3.2. Assume that (H1) and (H2) hold. Let 𝑢଴, 𝑣଴ ∈ 𝐻଴

ଵ(Ω), 𝑢ଵ, 𝑣ଵ ∈ 𝐻଴
ଵ(Ω) . If 

               𝐼(0) > 0 𝑎𝑛𝑑 𝜒 = 𝜌 ൬
ଶ(఑ାଶ)

఑ାଵ
𝐸(0)൰

఑ାଵ

< 1,       (12) 

then 
𝐼(𝑡) > 0, ∀𝑡 > 0. 

Proof. We have 𝐼(0) > 0, then by continuity of 𝐼(𝑡) about 𝑡, there exist a maximal time 𝑡௠ > 0 such 
that 

𝐼(𝑡) ≥ 0 𝑜𝑛 𝑡 ∈ (0, 𝑡௠). 
Let 𝑡଴ be as follows 
 {𝐼(𝑡଴) = 0 𝑎𝑛𝑑 𝐼(𝑡) > 0 𝑓𝑜𝑟 𝑎𝑙𝑙 0 ≤ 𝑡 < 𝑡଴}.       (13) 
By using 

𝐽(𝑡) =
ଵ

ଶ(఑ାଶ)
𝐼(𝑡) +

఑ାଵ

ଶ(఑ାଶ)
[(𝜇ଵ ⋄ ∇𝑢)(𝑡) + (𝜇ଶ ⋄ ∇𝑣)(𝑡) + 𝑚ଵ

ଶ‖𝑢‖ଶ + 𝑚ଶ
ଶ‖𝑣‖ଶ]  

           +
఑ାଵ

ଶ(఑ାଶ)
ቂቀ1 − ∫ 𝜇ଵ(𝑠)𝑑𝑠

௧

଴
ቁ ‖∇𝑢(𝑡)‖ଶ + ቀ1 − ∫ 𝜇ଶ(𝑠)𝑑𝑠

௧

଴
ቁ ‖∇𝑣(𝑡)‖ଶቃ  

       ≥
఑ାଵ

ଶ(఑ାଶ)
[𝑙ଵ‖∇𝑢(𝑡)‖ଶ + 𝑙ଶ‖∇𝑣(𝑡)‖ଶ + (𝜇ଵ ⋄ ∇𝑢)(𝑡) + (𝜇ଶ ⋄ ∇𝑣)(𝑡) + 𝑚ଵ

ଶ‖𝑢‖ଶ + 𝑚ଶ
ଶ‖𝑣‖ଶ].  (14) 

From (7) and (8), we have 

𝑙ଵ‖∇𝑢(𝑡)‖ଶ + 𝑙ଶ‖∇𝑣(𝑡)‖ଶ ≤
2(𝜅 + 2)

𝜅 + 1
𝐽(𝑡) 

≤
2(𝜅 + 2)

𝜅 + 1
𝐸(𝑡) 

              ≤
ଶ(఑ାଶ)

఑ାଵ
𝐸(0),    ∀𝑡 ∈ [0, 𝑡଴].     (15) 

By (11) and (12), we reach at 

2(𝜅 + 2) ∫ 𝐹൫𝑢(𝑡଴), 𝑣(𝑡଴)൯𝑑𝑥 ≤ 𝜌(𝑙ଵ‖∇𝑢(𝑡଴)‖ଶ + 𝑙ଶ‖∇𝑣(𝑡଴)‖ଶ)఑ାଶ
Ω

  

        ≤ 𝜌 ൬
ଶ(఑ାଶ)

఑ାଵ
𝐸(0)൰

఑ାଵ

(𝑙ଵ‖∇𝑢(𝑡଴)‖ଶ + 𝑙ଶ‖∇𝑣(𝑡଴)‖ଶ)  

               ≤ 𝑙ଵ‖∇𝑢(𝑡଴)‖ଶ + 𝑙ଶ‖∇𝑣(𝑡଴)‖ଶ  

        ≤ ቀ1 − ∫ 𝜇ଵ(𝑠)𝑑𝑠
௧

଴
ቁ ‖∇𝑢(𝑡)‖ଶ + ቀ1 − ∫ 𝜇ଶ(𝑠)𝑑𝑠

௧

଴
ቁ ‖∇𝑣(𝑡)‖ଶ.  

Then, since (9) we have 
𝐼(𝑡଴) > 0 

which contradicts to (13). So, 𝐼(𝑡) > 0 𝑜𝑛 [0, 𝑇]. 
 
Teorem 3.3. Assume that the conditions of Lemma 3.2 hold, then the solutions (1) is bounded and 
global in infinite time.  
Proof. It suffices to show that 

‖(𝑢, 𝑣)‖ு ≔ ‖∇𝑢(𝑡)‖ଶ + ‖∇𝑣(𝑡)‖ଶ + 𝑚ଵ
ଶ‖𝑢‖ଶ + 𝑚ଶ

ଶ‖𝑣‖ଶ 
is bounded independently of 𝑡 (time). For this purpose, we apply (7), (8), (10) and (15) to get 

𝐸(0) ≥ 𝐸(𝑡) = 𝐽(𝑡) +
ଵ

ଶ
(‖𝑢௧‖ଶ + ‖𝑣௧‖ଶ)  

         ≥
఑ାଵ

ଶ(఑ାଶ)
[𝑙ଵ‖∇𝑢(𝑡)‖ଶ + 𝑙ଶ‖∇𝑣(𝑡)‖ଶ + (𝜇ଵ ⋄ ∇𝑢)(𝑡) + (𝜇ଶ ⋄ ∇𝑣)(𝑡)  

             +
఑ାଵ

ଶ(఑ାଶ)
[𝑚ଵ

ଶ‖𝑢‖ଶ + 𝑚ଶ
ଶ‖𝑣‖ଶ] +

ଵ

ଶ
(‖𝑢௧‖ଶ + ‖𝑣௧‖ଶ).      (16) 

Thus, 
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‖(𝑢, 𝑣)‖ு ≤ 𝐶𝐸(0), 
where positive constant 𝐶, which depends only on 𝜅, 𝑙ଵ, 𝑙ଶ. 
 
4. Growth 

In this part, our purpose to show that the energy grow up as an exponential function as time 
goes to infinity. 

 
Theorem 4.1. Assume that 
 2(𝜅 + 2) > 𝑚𝑎𝑥{𝑘 + 𝜂 + 1, 𝑙 + 𝜂 + 1, 𝜃 + 𝜐 + 1, 𝜚 + 𝜐 + 1},  
and the initial energy 𝐸(0) < 0. Then, the solution of the system (1) grows exponentially. 
 

Proof. We set 
𝐻(𝑡) = −𝐸(𝑡), 

from assumption 𝐸(0) < 0 and (8) gives 𝐻(𝑡) ≥ 𝐻(0) > 0.  
Then, define 𝛷(𝑡) by 

                𝛷(𝑡) = 𝐻(𝑡) + 𝜀 ቀ∫ 𝑢௧𝑢𝑑𝑥 + ∫ 𝑣௧𝑣𝑑𝑥
ΩΩ

ቁ       (17) 

where 0 < 𝜀 ≤ 1.       

By differentiating (17) and using Eq.(1), we have 
         𝛷′(𝑡) = 𝐻′(𝑡) + 𝜀(‖𝑢௧‖ଶ + ‖𝑣௧‖ଶ) − 𝜀(‖∇𝑢‖ଶ + ‖∇𝑣‖ଶ)  

          +2𝜀(𝜅 + 2) ∫ 𝐹(𝑢, 𝑣)𝑑𝑥 − 𝜀(𝑚ଵ
ଶ‖𝑢‖ଶ + 𝑚ଶ

ଶ‖𝑣‖ଶ)
Ω

 

          +𝜀 ∫ ∫ 𝜇ଵ(𝑡 − 𝑠)∇𝑢(𝑠)∇𝑢(𝑡)𝑑𝑠
௧

଴Ω
𝑑𝑥 + 𝜀 ∫ ∫ 𝜇ଶ(𝑡 − 𝑠)∇𝑣(𝑠)∇𝑣(𝑡)𝑑𝑠

௧

଴Ω
𝑑𝑥 

          −𝜀 ቀ∫ 𝑢(|𝑢|௞ + |𝑣|௟)𝑢௧|𝑢௧|ఎିଵ𝑑𝑥 − ∫ 𝑣൫|𝑣|ఏ + |𝑢|ద൯𝑣௧|𝑣௧|జିଵ
ΩΩ

𝑑𝑥ቁ.   (18) 

We would like to estimate the last two terms right hand side in (18) by using the following Young’s 
inequality                

 𝐴𝐵 ≤
ఋഀ஺ഀ

ఈ
+

ఋషഁ஻ഁ

ఉ
,  

where 𝐴, 𝐵 ≥ 0, 𝛿 > 0, 𝛼, 𝛽 ∈ 𝑅ା such that  
ଵ

ఈ
+

ଵ

ఉ
= 1.  Therefore, we have for all 𝛿ଵ > 0 

                |𝑢𝑢௧|𝑢௧|ఎିଵ| ≤
ఋభ

ആశభ

ఎାଵ
|𝑢|ఎାଵ +

ఎఋభ
ష

ആశభ
ആ

ఎାଵ
|𝑢௧|ఎାଵ,  

and therefore 

               ∫ (|𝑢|௞ + |𝑣|௟)|𝑢𝑢௧|𝑢௧|ఎିଵ|
Ω

𝑑𝑥 ≤
ఋభ

ആశభ

ఎାଵ
∫ (|𝑢|௞ + |𝑣|௟)|𝑢|ఎାଵ

Ω
𝑑𝑥  

             +
ఎఋభ

ష
ആశభ

ആ

ఎାଵ
∫ (|𝑢|௞ + |𝑣|௟)|𝑢௧|ఎାଵ

Ω
𝑑𝑥.      (19) 

Similarly, for all 𝛿ଶ > 0 

               |𝑣𝑣௧|𝑣௧|జିଵ| ≤
ఋమ

ഔశభ

జାଵ
|𝑣|జାଵ +

జఋమ
ష

ഔశభ
ഔ

జାଵ
|𝑣௧|జାଵ,  

which gives 

               ∫ ൫|𝑣|ఏ + |𝑢|ద൯|𝑣𝑣௧|𝑣௧|జିଵ|𝑑𝑥 ≤
ఋమ

ഔశభ

జାଵ
∫ ൫|𝑣|ఏ + |𝑢|ద൯

ΩΩ
|𝑣|జାଵ𝑑𝑥  

           +
జఋమ

ష
ഔశభ

ഔ

జାଵ
∫ ൫|𝑣|ఏ + |𝑢|ద൯

Ω
|𝑣௧|జାଵ𝑑𝑥.     (20) 

Inserting the estimates (19), (20) into (18), we have 
𝛷′(𝑡) ≥ 𝐻′(𝑡) + 𝜀(‖𝑢௧‖ଶ + ‖𝑣௧‖ଶ) − 𝜀(‖∇𝑢‖ଶ + ‖∇𝑣‖ଶ)  
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            +2𝜀(𝜅 + 2) ∫ 𝐹(𝑢, 𝑣)𝑑𝑥
Ω

− 𝜀(𝑚ଵ
ଶ‖𝑢‖ଶ + 𝑚ଶ

ଶ‖𝑣‖ଶ) 

            +𝜀 ∫ ∫ 𝜇ଵ(𝑡 − 𝑠)∇𝑢(𝑠)∇𝑢(𝑡)𝑑𝑠
௧

଴Ω
𝑑𝑥 + 𝜀 ∫ ∫ 𝜇ଶ(𝑡 − 𝑠)∇𝑣(𝑠)∇𝑣(𝑡)𝑑𝑠

௧

଴Ω
𝑑𝑥 

            −𝜀
ఋభ

ആశభ

ఎାଵ
∫ (|𝑢|௞ + |𝑣|௟)|𝑢|ఎାଵ

Ω
𝑑𝑥 − 𝜀

ఎఋభ
ష

ആశభ
ആ

ఎାଵ
∫ (|𝑢|௞ + |𝑣|௟)|𝑢௧|ఎାଵ

Ω
𝑑𝑥 

            −𝜺
ఋమ

ഔశభ

జାଵ
∫ ൫|𝑣|ఏ + |𝑢|ద൯|𝑣|జାଵ𝑑𝑥 − 𝜀

Ω

జఋమ
ష

ഔశభ
ഔ

జାଵ
∫ ൫|𝑣|ఏ + |𝑢|ద൯

Ω
|𝑣௧|జାଵ𝑑𝑥.   (21) 

Now, the ninth term in the right hand side of (21) can be estimated, as follows (see [12]): 

              ∫ ∇𝑢(𝑡) ∫ 𝜇ଵ(𝑡 − 𝑠)∇𝑢(𝑠)𝑑𝑠𝑑𝑥
௧

଴Ω
  

 ≤
ଵ

ଶ
‖∇𝑢‖ଶ +

ଵ

ଶ
∫ ቀ∫ 𝜇ଵ(𝑡 − 𝑠)(|∇𝑢(𝑠) − ∇𝑢(𝑡)| + |∇𝑢(𝑡)|)

௧

଴
𝑑𝑠ቁ

ଶ

Ω
𝑑𝑥.     

Thanks to Young’s inequality and assumption (H1), we have, for any 𝜉ଵ > 0, 

∫ ∇𝑢(𝑡) ∫ 𝜇ଵ(𝑡 − 𝑠)∇𝑢(𝑠)𝑑𝑠𝑑𝑥
௧

଴Ω
≤

ଵ

ଶ
‖∇𝑢‖ଶ +

ଵ

ଶ
(1 + 𝜉ଵ) ∫ ቀ∫ 𝜇ଵ(𝑡 − 𝑠)∇𝑢(𝑠)𝑑𝑠

௧

଴
ቁ

ଶ

𝑑𝑥
Ω

  

                       +
ଵ

ଶ
ቀ1 +

ଵ

కభ
ቁ ∫ ቀ∫ 𝜇ଵ(𝑡 − 𝑠)|∇𝑢(𝑠) − ∇𝑢(𝑡)|𝑑𝑠

௧

଴
ቁ

ଶ

𝑑𝑥
Ω

  

                   ≤
ଵା(ଵାకభ)(ଵି௟భ)మ

ଶ
‖∇𝑢‖ଶ 

                                                            +
ቀଵା

భ

഍భ
ቁ(ଵି௟భ)

ଶ
(𝜇ଵ ⋄ ∇𝑢)(𝑡).     

Similar calculations also yield, for any 𝜉ଶ > 0, 

∫ ∇𝑣(𝑡) ∫ 𝜇ଶ(𝑡 − 𝑠)∇𝑣(𝑠)𝑑𝑠𝑑𝑥
௧

଴Ω
≤

ଵା(ଵାకమ)(ଵି௟మ)మ

ଶ
‖∇𝑣‖ଶ  

                                                              +
ቀଵା

భ

഍మ
ቁ(ଵି௟మ)

ଶ
(𝜇ଶ ⋄ ∇𝑣)(𝑡).     

 

Then, add 2𝐻(𝑡) to both side of (21), we have 
𝛷′(𝑡) ≥ 𝐻′(𝑡) + 2𝜀(‖𝑢௧‖ଶ + ‖𝑣௧‖ଶ)  

            +𝜀 ቆ(1 − 𝑙ଵ) +
(𝟏ାకభ)(𝟏ି𝒍𝟏)𝟐ି𝟏

ଶ
ቇ ‖∇𝑢‖ଶ  

           +𝜀 ቆ(1 − 𝑙ଶ) +
(𝟏ାకమ)(𝟏ି𝒍𝟐)𝟐ି𝟏

ଶ
ቇ ‖∇𝑣‖ଶ  

            +2𝜀(𝜅 + 1) ∫ 𝐹(𝑢, 𝑣)𝑑𝑥 + 2𝜀𝐻(𝑡)
Ω

 

            +𝜀 ቆ1 +
ቀଵା

భ

഍భ
ቁ(ଵି௟భ)

𝟐
ቇ (𝜇ଵ ⋄ ∇𝑢)(𝑡) 

            +𝜀 ቆ1 +
ቀଵା

భ

഍మ
ቁ(ଵି௟మ)

ଶ
ቇ (𝜇ଶ ⋄ ∇𝑣)(𝑡) 

            −𝜀
ఋభ

ആశభ

ఎାଵ
∫ (|𝑢|௞ + |𝑣|௟)|𝑢|ఎାଵ

Ω
𝑑𝑥 − 𝜀

ఎఋభ
ష

ആశభ
ആ

ఎାଵ
∫ (|𝑢|௞ + |𝑣|௟)|𝑢௧|ఎାଵ

Ω
𝑑𝑥 

            −𝜺
ఋమ

ഔశభ

జାଵ
∫ ൫|𝑣|ఏ + |𝑢|ద൯|𝑣|జାଵ𝑑𝑥 − 𝜀

Ω

జఋమ
ష

ഔశభ
ഔ

జାଵ
∫ ൫|𝑣|ఏ + |𝑢|ద൯

Ω
|𝑣௧|జାଵ𝑑𝑥.    (22) 

Then, by using Young’s inequality, we get 

              ∫ (|𝑢|௞ + |𝑣|௟)|𝑢|ఎାଵ
Ω

𝑑𝑥 ≤ ∫ |𝑢|௞ାఎାଵ𝑑𝑥
Ω

+ ∫ |𝑣|௟|𝑢|ఎାଵ𝑑𝑥
Ω

  

                                                           ≤ ∫ |𝑢|௞ାఎାଵ𝑑𝑥
Ω

+
௟

௟ାఎାଵ
𝛾ଵ

೗శആశభ

೗ ∫ |𝑣|௟ାఎାଵ𝑑𝑥
Ω
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                                                                +
ఎାଵ

௟ାఎାଵ
𝛾ଵ

ି
೗శആశభ

ആశభ ∫ |𝑢|௟ାఎାଵ𝑑𝑥
Ω

  

                                                           = ‖𝑢‖௞ାఎାଵ
௞ାఎାଵ

+
௟

௟ାఎାଵ
𝛾ଵ

೗శആశభ

೗ ‖𝑣‖௟ାఎାଵ
௟ାఎାଵ  

                                                                +
ఎାଵ

௟ାఎାଵ
𝛾ଵ

ି
೗శആశభ

ആశభ ‖𝑢‖௟ାఎାଵ
௟ାఎାଵ  

and 

 ∫ ൫|𝑣|ఏ + |𝑢|ద൯
Ω

|𝑣|జାଵ𝑑𝑥 ≤ ∫ |𝑣|ఏାజାଵ𝑑𝑥
Ω

+ ∫ |𝑢|ద|𝑣|జାଵ𝑑𝑥
Ω

  

                                                            ≤ ∫ |𝑣|ఏାజାଵ𝑑𝑥
Ω

+
ద

దାజାଵ
𝛾ଶ

ഞశഔశభ

ഞ ∫ |𝑢|దାజାଵ𝑑𝑥
Ω

  

                                                               +
జାଵ

దାజାଵ
𝛾ଶ

ି
ഞశഔశభ

ഔశభ ∫ 𝑣దାజାଵ𝑑𝑥
Ω

  

                                                            = ‖𝑣‖ఏାజାଵ
ఏାజାଵ +

ద

దାజାଵ
𝛾ଶ

ഞశഔశభ

ഞ ‖𝑢‖దାజାଵ
దାజାଵ  

                                                               +
జାଵ

దାజାଵ
𝛾ଶ

ି
ഞశഔశభ

ഔశభ ‖𝒗‖దାజାଵ
దାజାଵ

.  

Then, (22) deduce to 
𝛷′(𝑡) ≥ 𝐻′(𝑡) + 2𝜀(‖𝑢௧‖ଶ + ‖𝑣௧‖ଶ) + 2𝜀𝐻(𝑡)  

           +𝜀 ቆ(1 − 𝑙ଵ) +
(ଵାకభ)(ଵି௟భ)మିଵ

ଶ
ቇ ‖∇𝑢‖ଶ  

           +𝜀 ቆ(1 − 𝑙ଶ) +
(ଵାకమ)(ଵି௟మ)మିଵ

ଶ
ቇ ‖∇𝑣‖ଶ  

           +2𝜀(𝜅 + 1)ቂ‖𝑢‖
ଶ(఑ାଶ)
ଶ(఑ାଶ)

+ ‖𝑣‖
ଶ(఑ାଶ)
ଶ(఑ାଶ)

ቃ 

           +𝜀 ቆ1 +
ቀଵା

భ

഍భ
ቁ(ଵି௟భ)

ଶ
ቇ (𝜇ଵ ⋄ ∇𝑢)(𝑡) 

            +𝜀 ቆ1 +
ቀଵା

భ

഍మ
ቁ(ଵି௟మ)

ଶ
ቇ (𝜇ଶ ⋄ ∇𝑣)(𝑡) 

            −𝜀
ఋభ

ആశభ

ఎାଵ
൬‖𝑢‖௞ାఎାଵ

௞ାఎାଵ
+

௟

௟ାఎାଵ
𝛾ଵ

೗శആశభ

೗ ‖𝑣‖௟ାఎାଵ
௟ାఎାଵ

+
ఎାଵ

௟ାఎାଵ
𝛾ଵ

ି
೗శആశభ

ആశభ ‖𝑢‖௟ାఎାଵ
௟ାఎାଵ

൰ 

            −𝜺
ఋమ

ഔశభ

జାଵ
൤‖𝑣‖ఏାజାଵ

ఏାజାଵ +
ద

దାజାଵ
𝛾ଶ

ഞశഔశభ

ഞ ‖𝑢‖దାజାଵ
దାజାଵ

+
జାଵ

దାజାଵ
𝛾ଶ

ି
ഞశഔశభ

ഔశభ ‖𝒗‖దାజାଵ
దାజାଵ

൨ 

            −𝜀
ఎఋభ

ష
ആశభ

ആ

ఎାଵ
∫ (|𝑢|௞ + |𝑣|௟)|𝑢௧|ఎାଵ

Ω
𝑑𝑥 − 𝜀

జఋమ
ష

ഔశభ
ഔ

జାଵ
∫ ൫|𝑣|ఏ + |𝑢|ద൯

Ω
|𝑣௧|జାଵ𝑑𝑥.   (23) 

By using 2(𝜅 + 2) > 𝑚𝑎𝑥{𝑘 + 𝜂 + 1, 𝑙 + 𝜂 + 1, 𝜃 + 𝜐 + 1, 𝜚 + 𝜐 + 1} assumption and the following 
algebraic inequality 

                𝑥ఙ ≤ 𝑥 + 1 ≤ ቀ1 +
ଵ

௔
ቁ (𝑥 + 𝑎), ∀𝑥 ≥ 0, 0 < 𝜎 ≤ 1, 𝑎 ≥ 0,     (24) 

we obtain for all 𝑡 ≥ 0 

               ‖𝑣‖ఏାజାଵ
ఏାజାଵ ≤ 𝑐ଵ‖𝑣‖ଶ(఑ାଶ)

ఏାజାଵ ≤ 𝑑 ቀ‖𝑣‖
ଶ(఑ାଶ)
ଶ(఑ାଶ)

+ 𝐻(𝑡)ቁ,  

where 𝑑 = 1 +
ଵ

ு(଴)
.  In the same way, we obtain 

               ‖𝑢‖దାజାଵ
దାజାଵ

≤ cଶ‖𝑢‖
ଶ(κାଶ)
దାజାଵ

≤ d ቀ‖𝑢‖
ଶ(఑ାଶ)
ଶ(఑ାଶ)

+ H(t)ቁ,  

               ‖𝑣‖௟ାఎାଵ
௟ାఎାଵ

≤ 𝑐ଷ‖𝑣‖
ଶ(఑ାଶ)
௟ାఎାଵ

≤ 𝑑 ቀ‖𝑣‖
ଶ(఑ାଶ)
ଶ(఑ାଶ)

+ 𝐻(𝑡)ቁ,  

               ‖𝑢‖௟ାఎାଵ
௟ାఎାଵ

≤ 𝑐ସ‖𝑢‖
ଶ(఑ାଶ)
௟ାఎାଵ

≤ 𝑑 ቀ‖𝑢‖
ଶ(఑ାଶ)
ଶ(఑ାଶ)

+ 𝐻(𝑡)ቁ,  
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               ‖𝑢‖௞ାఎାଵ
௞ାఎାଵ

≤ 𝑐ହ‖𝑢‖
ଶ(఑ାଶ)
௞ାఎାଵ

≤ 𝑑 ቀ‖𝑢‖
ଶ(఑ାଶ)
ଶ(఑ାଶ)

+ 𝐻(𝑡)ቁ,  

and 

               ‖𝑣‖దାజାଵ
దାజାଵ

≤ c଺‖𝑣‖
ଶ(κାଶ)
దାజାଵ

≤ d ቀ‖𝑣‖
ଶ(఑ାଶ)
ଶ(఑ାଶ)

+ H(t)ቁ.  

Selecting 𝐶ଵ, 𝐶ଶ, 𝐶ଷ, 𝐶ସ, 𝐶ହ as follows 

               𝐶ଵ =
ఎఋభ

ష
ആశభ

ആ

ఎାଵ
,   𝐶ଶ =

జఋమ
ష

ഔశభ
ഔ

జାଵ
,  

               𝐶ଷ =
ఋభ

ആశభ

ఎାଵ
൬1 +

ఎାଵ

௟ାఎାଵ
𝛾ଵ

ି
೗శആశభ

ആశభ ൰ +
ఋమ

ഔశభ

జାଵ

ద

దାజାଵ
𝛾ଶ

ഞశഔశభ

ഞ ,  

               𝐶ସ =
ఋమ

ഔశభ

జାଵ
ቀ1 +

జାଵ

దାజାଵ
𝛾ଶ

ି
ഞశഔశభ

ഔశభ ቁ +
ఋభ

ആశభ

ఎାଵ

௟

௟ାఎାଵ
𝛾ଵ

೗శആశభ

೗ ,  

and 

               𝐶ହ =
ఋభ

ആశభ

ఎାଵ
൬1 +

௟

௟ାఎାଵ
𝛾ଵ

೗శആశభ

೗ +
ఎାଵ

௟ାఎାଵ
𝛾ଵ

ି
೗శആశభ

ആశభ ൰  

                       +
ఋమ

ഔశభ

జାଵ
൬1 +

జାଵ

దାజାଵ
𝛾ଶ

ି
ഞశഔశభ

ഔశభ +
ద

దାజାଵ
𝛾ଶ

ഞశഔశభ

ഞ ൰.  

where we pick 𝛿ଵ, 𝛿ଶ, 𝛾ଵ and 𝛾ଶ to find small enough 𝐶ଵ,  𝐶ଶ,  𝐶ଷ,  𝐶ସ and 𝐶ହ. 
This implies 
𝛷′(𝑡) ≥ 𝐻′(𝑡) + 2𝜀(‖𝑢௧‖ଶ + ‖𝑣௧‖ଶ) + 𝜀(2 − 𝑑𝐶ହ)𝐻(𝑡)  
           +𝜀𝜔ଵ‖∇𝑢‖ଶ + 𝜀𝜔ଶ‖∇𝑣‖ଶ  
           +𝜀𝜃ଵ(𝜇ଵ ⋄ ∇𝑢)(𝑡) + 𝜀𝜃ଶ(𝜇ଶ ⋄ ∇𝑣)(𝑡)  

           +(1 − 𝜀𝐶ଵ) ∫ (|𝑢|௞ + |𝑣|௟)|𝑢௧|ఎାଵ
Ω

𝑑𝑥  

           +(1 − 𝜀𝐶ଶ) ∫ ൫|𝑣|ఏ + |𝑢|ద൯
Ω

|𝑣௧|జାଵ𝑑𝑥  

           +𝜀(2(𝜅 + 1) − 𝑑𝐶ଷ)‖𝑢‖
ଶ(఑ାଶ)
ଶ(఑ାଶ)

+ 𝜀(2(𝜅 + 1) − 𝑑𝐶ସ)‖𝑣‖
ଶ(఑ାଶ)
ଶ(఑ାଶ)

    (25) 

where 𝜔௜ = ቆ(1 − 𝑙௜) +
(ଵାక೔)(ଵି௟೔)మିଵ

ଶ
ቇ > 0 and 𝜃௜ = ൭1 +

൬ଵା
భ

഍೔
൰(ଵି௟೔)

ଶ
൱ > 0 (𝑖 = 1,2) for choosing 

𝜉௜ =
௟೔

ଵି௟೔
. 

We can find positive constants 𝐾ଵ, 𝐾ଶ, 𝐾ଷ and 𝐶଺ such that 
𝛷′(𝑡) ≥ (1 − 𝜀𝐶଺)𝐻′(𝑡) + 2𝜀(‖𝑢௧‖ଶ + ‖𝑣௧‖ଶ) + 𝜀𝐾ଵ𝐻(𝑡)  

             +𝜀𝜔ଵ‖∇𝑢‖ଶ + 𝜀𝜔ଶ‖∇𝑣‖ଶ + 𝜀𝐾ଶ‖𝑢‖
ଶ(఑ାଶ)
ଶ(఑ାଶ)

+ 𝜀𝐾ଷ‖𝑣‖
ଶ(఑ାଶ)
ଶ(఑ାଶ)

.     (26) 

We pick 𝜀 small enough such that (1 − 𝜀𝐶଺) ≥ 0  and 

               𝛷(0) = 𝐻(0) + 𝜀 ቀ∫ 𝑢௧𝑢଴𝑑𝑥 + ∫ 𝑣௧𝑣଴𝑑𝑥
ΩΩ

ቁ > 0.  

As a result, there exists 𝑀 > 0 such that (26) deduce to 

𝛷′(𝑡) ≥ 𝜀𝑀ቀ𝐻(𝑡) + ‖𝑢௧‖ଶ + ‖𝑣௧‖ଶ + ‖∇𝑢‖ଶ + ‖∇𝑣‖ଶ + ‖𝑢‖
ଶ(఑ାଶ)
ଶ(఑ାଶ)

+ ‖𝑣‖
ଶ(఑ାଶ)
ଶ(఑ାଶ)

ቁ.    (27) 

Thus, 𝛷(𝑡) is strictly positive and increasing for all 𝑡 ≥ 0. 
Now, by applying Holder’s and Young’s inequalities, we have 

 ቚ∫ 𝑢௧𝑢𝑑𝑥
Ω

ቚ ≤ ‖𝑢௧‖‖𝑢‖  

      ≤ 𝐶൫‖𝑢௧‖‖𝑢‖ଶ(఑ାଶ)൯  

      ≤
஼

ଶ
൫‖𝑢௧‖ଶ + ‖𝑢‖ଶ(఑ାଶ)

ଶ ൯  
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      ≤
஼

ଶ
ቆ‖𝑢௧‖ଶ + ቀ‖𝑢‖

ଶ(఑ାଶ)
ଶ(఑ାଶ)

ቁ

భ

ഉశమ
ቇ.  

Applying (24) for ቀ‖𝑢‖
ଶ(఑ାଶ)
ଶ(఑ାଶ)

ቁ

భ

ഉశమ
, we get 

               ቚ∫ 𝑢௧𝑢𝑑𝑥
Ω

ቚ ≤
஼

ଶ
ቆ‖𝑢௧‖ଶ + ቀ1 +

ଵ

ு(଴)
ቁ ቀ‖𝑢‖

ଶ(఑ାଶ)
ଶ(఑ାଶ)

+ 𝐻(𝑡)ቁቇ.  

Likewise, we get 

 ቚ∫ 𝑣௧𝑣𝑑𝑥
Ω

ቚ ≤
஼

ଶ
ቆ‖𝑣௧‖ଶ + ቀ1 +

ଵ

ு(଴)
ቁ ቀ‖𝑢‖

ଶ(఑ାଶ)
ଶ(఑ାଶ)

+ 𝐻(𝑡)ቁቇ.  

 
Then, we have 

𝛷(𝑡) ≤ 𝐶ቀ𝐻(𝑡) + ‖𝑢௧‖ଶ + ‖𝑣௧‖ଶ + ‖∇𝑢‖ଶ + ‖∇𝑣‖ଶ + ‖𝑢‖
ଶ(఑ାଶ)
ଶ(఑ାଶ)

+ ‖𝑣‖
ଶ(఑ାଶ)
ଶ(఑ାଶ)

ቁ     (28) 

and from (27) and (28), we reach 

 
ௗః(௧)

ௗ௧
≥ 𝛤𝛷(𝑡), ∀𝑡 ≥ 0         (29) 

where 𝛤 is a positive constant. 
Integration of (29) over (0, 𝑡), we obtain 
𝛷(𝑡) ≥ 𝛷(0)𝑒𝑥𝑝(𝛤𝑡)  

and this completes the proof. 
 

Conclusion 

In this work, we are interested in the exponential growth of solutions for coupled of Klein-
Gordon equations with degenerate damping and viscoelastic term. This kind of problem is mostly 
found in some mathematical models in applied sciences. What interests us in this current work is the 
combination of  Klein-Gordon system with these terms of damping (viscoelastic term, degenerate 
damping and source terms), which dictates the emergence of these terms in the system. 
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