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Authors Names ABSTRACT

a.Naseer Rasool Albakaa
b.Habeeb Kareem Al-Bdairi In this paper, we propose the cyclic decomposition of the factor group
cf((Q_14%xC 2p),Z)/R ((Q_14xC 2p)), and the group cf((Q_14xC 2p),Z) is Z-valued
class functions of the direct product group ((Q_14xC_2p)) under the operation of

c.Neeran Tahir Abd Alameer

Article History addition, and R((Q_14xC_2p)) is the subgroup of the generalized characters of the
Received on:2/1/2022 group cf((Q_14xC_2p),Z).Then cf((Q_14xC 2p),Z)/R(Q_14xC 2p) is an abelian
Revised on: 21/1/2022 factor group denoted by K((Q_14xC_10)) where (Q_14 is the quaternion group of
Accepted on: 26/1/2022 order28 and C_2p is the cyclic group of order 2p. Also, we find the rational valued
Keywords: matrix characters table of the group ((Q_14xC_2p)) when p, and g prime numbers and

representation, character tables| SEZ*+ is given as follows :

Quaternion groups, the cyclic
decomposition of group. =M*(Q_14xC_2p )= (=] " (Q_14)®="*(C_2p) (1)

and find the cyclic decomposition of group (Q_14x [[C 2p C] _10) in this paper and

DOI: https://doi.org/10.29350/ prove that

jops.2022.27. 1.1475
K(Q_14xC_2p)=@®_(i=1)"2 [K(C_14)®C_4] @ (i=1)"8 K (C_2p)(2)

1.Introduction

"Any two elements' of a finite group G. are said to be I'- conjugate if they generated conjugate cyclic
subgroups in G. This relation is equivalence on G and its classes are called I'-classes".

"The number of TI'-classes of G is equal to the rank of c¢f((G.Z) is the intersection of c¢f(G.Z) with the
group R(G) which is a normal subgroup of ¢f(G.Z), then, cf(G.Z)/R (G) is a finite abelian factor group
denoted by K(G)".

“Each element in R((Q44 X C3,)) can be written as" v161 4+ v2682 + -+ + vror ,"where r is the
number of I' — classes.v1.v2.....vr € Zand , where yi is an irreducible character of the group G and
o is any element in Galios group Gal (Q(xi)/Q)".

a University of Kufa - Faculty of Education - Mathematics, Najaf, Iraq, E-Mail: naseer.mahmood@uokufa.edu.iq

b University of Kufa - Faculty of Education for Women- Mathematics, Najaf, Iraq, E-Mail: habeebk.abdullah@uokufa.edu.iq
¢ University of Kufa - Faculty of Education for Women- Mathematics, Najaf, Iraq, E-Mail: niran.abdulameer@uokufa.edu.iq


http://qu.edu.iq/journalsc/index.php/JOPS

42 Naseer Rasool Albakaa,Habeeb Kareem Al-Bdairi,Neeran Tahir Abd Alameer ,, Al-Qadisiyah Journal of Pure Science 27,1 (2022)) pp. 41-50

"In 1982, Kirdar M. S. [3] studied the K(C,). In 1994, Abass H. H. [1] studied the K(D,,) and found
=" (D). In 1995, Mahmood N. R. [4] studied the factor group K(Q,,,) and foun =* (Qz,).. In 2008,
Mahdi M. S. [5] studied the factor group K(Dnh) where n is an odd number."

"The aim of this paper to find" =" (Q;4 X C,)) "and to determine the cyclic decomposition of the
group” K(Qq4 X C2p)), When p is primes number Preliminaries. We review some definitions and
results which is need in this research.

"Let T1: G1 —» GL(V1)and T:: G2 — GL(V2) be two irreducible representations of the groups ¢ G1

and G2 respectively, then T1 @ Tt is irreducible representations of the group Gt X G."

"Let T be a matrix representation of a group G over the field F, the character y of a matrix
representation T is the mapping y: G — F defined by y(g) = Tr(T(g)) for all geG where Tr(T(g))
refers to the trace of the matrix T(g) and y (1) is the degree of y ."

"A finite group G has a finite number of conjugacy classes and a finite number of distinct k-irreducible
representations, the group character of a group representation is constant on a conjugacy class CL «
.(1 <x< k), the values of the characters can be written as a table known as the characters table which
is denoted by =(G)."

2 -Basic Concepts
2.1 Definition [2]

A rational valued character 0 of G is a character whose values are in Z, which is
0 (g)e Z.forallg e G

2.2 Proposition:[3]

The rational valued characters

0 = Yoe a0 o(Xi) 3)

form basis for R(G), where x; are the irreducible characters of G and their numbers are equal to the
number of all distinct I'- classes of G.

2.3 Proposition: [3]

The rational valued characters table of the cyclic group C,, of the rank 2 where p is a prime number
which is denoted by (=" (Cp,)), is given as follows:

I' — classes [1] []
6, 1 1
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0, p—1 -1

Table 1. The Rational Valued Characters Table Of The Cyclic Group C,

where its rank 2 represents the number of all distinct I'-classes.
2.4 Definition [4]

For every positive integer m, The generalized Quaternion Group Q.,, of order 4m with two
generators x and y then For every element in Q2m satisfies

x™m =y2  ylxMm y~1 = x=™ which implies x™ = y* = 1Any element A€ Q,,, ,
can be expressed uniquely in the form Q,,, = {A=x"y* |0 <h <2m -1,k = 0,1}
2.5 Proposition: [4]

The rational valued characters table of Q,,,when m is an odd number is given as follows:

43

X2r X2r+l [y ]
01 1 1 ... 1 1 1 ... 1 1
02 0
=*(Cp) =*(Cp)
0 (1/2) 0
e(l 12) 0
1 1 ... 1 1 1 .. 1 -1
e(l 12)+1
o (1/2)+2 =*(Cn) H °
0

el—l
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0
0 |

2 2 2 -2 -2 . -2 0
9I+1

Table-2 The rational valued characters table of Q,,,, when m is an odd number

Where 0< r < m-1, | is the number of T- classes of C,,,,, 0 such that 1< J < I+1 are the rational

*

valued characters of group Q,,, and if we denote Cij the elements =(Cm) and h;; the elements of H as
defined by :

UT\-c; if i=1

and where | is the number of I'- classes ofC,,, .

2.6 Theorem: [4]

If m is an odd number, then K (Q5,,) = K(Cm) © C, .

3. THE MAIN RESULTS

We study the rational valued characters table of (Q14 X CZp)- and find the cyclic decomposition K (Q14 X
Cyp)-

The group of @, X Czp) is the direct product of the Quaternion group @Q,,of order 28 (number), and the group Czp.
which is cyclic of order 2p the order of(Q14 X Czp).is 28p

3.1 Theorem
The rational valued character of the group (Q14 x Cyp), has the following form

=" (Q14 x C2p) ==" (Q12) ®=" (C2p)
Proof
For each element gy, € (Q14 % C2p), We have gyp; = gr8ng:, SUCh that gq € Q14,81 € C =<1, >
=<-1> , g€ Cp —<r>and r=e"/s Then g =x'y/,0<t<14,f=0,1, and each
irreducible character of (Qq4 X C2p) is xijx = xixjxi, Where y; is an irreducible character of Qy4, x;

is an irreducible character of C;, and y;, is an irreducible character of C,,
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by Proposition (2-2) we get

Oiji=ijk(g,,)= Z ot (8an))
o€ Gal(Q(xyjx (84n1))/D)
= z o (Xi(gd)) Z o (Xj (gh)> Z o (Xk(gl))
oe Gal(Q(x,;(8))/9) oe Gal(Q(%;(8,))/D o€ Gal(Q(x, (8))/Q)

. If j=1, and k=1, then for all g, € C,and for all g, € C, such that 6/(g,) =

Oijk(gan)= Z oty (8an)) | = Z 0 (Xi(gd)) (1{1}]
o€ Gal(QCxyjy (84n))/D) o€ Gal(Q(1;(gy))/2)

= 0;(gq) * Qf(gh) * 0" (81

o Ifj=1,and k = 2,3,..,p, for Avery g, € C,and g, is the identity of Cp that 6/ (gp) =

Y xy(gn) = 1,6¢(g) = Xh_, xk(g) = p — 1 Then

Oiik(e,)- > ot (&) | = > o(n(e) ]
o€ Gal(Q(Xijk(gdhl))/Q) o€ Gal(Q(Xi(gd))/Q)

= 0;(g)(D—1) =0;(ga) = 6;(gn) * 6 (g)

e Ifj=1,and k = 2,3,4,5, for Avery g, € C,and g; is not identity of Cs that 6;(g,) =

Y (gn) =1,60/() =20 _,xi(g) = (e+ e+ +eP ) -1

O (gn)= Z o8 )) || = Z o (Xi(gd)) [1{=1}]
o€ Gal(Q(Xijk(gdhl))/Q) o€ Gal(Q(xi(gd))/Q)

By = (1) = 6,(g)(D(=1) = 6,(g,) * 6;(g,) * Ou(g)
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o If j=2and k=1, g, isthe identity of C, and forall g, € C,

6.8 = ) x(80) . O@) =x@) =1,  6ie)= xi(e) =1

Oijn(gan)= Z 0Oty (8an))|| = Z o (Xi(gd)) [1{1}]
o€ Gal(Q(Xijk(gdhl))/Q) o€ Gal(Q(xi(gd))/Q)

= 0i(g,)(D(1) = 6i(g,) * 6;(g,) * Ou(g)
o If j=2andk =234,5, g isthe identity of C, and g, is the identity C,

2

14 5
080 = Y x(g). G = rE) =1, 6 =) xi@= )y 1=p-1
k=2 k=2

k=2

o (x,(g,) [1{p — 1}1N

Oijic(gan)= 2 ol (8am))| = ﬁ

o€ Gal(Q(xyx (84n1))/D) oe Gal(Q(x;(82))/9)

= 6,(g,) (V- 1) = 6,(g,) *6;(g,) * 6x(g)

e If j=2andk = 2,3,...,p, gy isthe identity of C, and g, is not identity of Cp
2
0:(80) = ) x(ga). 6(ew) =) x() = 1,

k=2

P
0 (81) = Z)(l'c'(gl) = (et+e?+-+eP ) =-1
k=2

gijk(gdhl)z z G(Xijk(gdhl)) = z o (Xi(gd)) [1{—1}]
o€ Gal(Q(Xijk(gdhl))/Q) o€ Gal(Q(Xi(gd))/Q)

= 0i(g)(D(=1) = Oi(g,) * 9}(8}1) * gllé(gl)
e If j=2andk =1, g, isthe notidentity of C, and forallg, € C,

2 14
0:(80) = ) x(8a). 6@ =) x(@) = 1, 6= ) x() =1
k=2 k=2
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eijk(gdhl): z cy()(ijk(gdhl)) ﬁ
o€ Gal(Q(Xijk(gdhl))/Q) oe Gal(Q(x;(8))/9)

= 0:(8,) (=D (1) = 6i(g,) * 0;(g,) * Ok(g))
e If j=2andk =23,..,p, gy isnotidentity of C, and g, is the identity of C,

o (1,(8,) [1{1}]”

0;(gq) = Z)(i(gd): 6;(gn) = X;(gh) = -1, 0 (g1) = Z)( (g1) = Z =4

o (1.(2) [—M}]N

01k (g )= z otk (8am)) ﬁ
o€ Gal(Q(xyi(84n1))/Q) o€ Gal(Q(x;(84))/Q)

= (1)) 6:(g,) = 6:(g,) * 6;(g,) * Ou(g,)

e If j=2and k=2.3,..,p , g, isnotidentity of C,and g, is not identity of C,

0:(80) = ) x(8a). 6(&n) = Xy (an) = 1

14
00 (gD = ) xi(g) = (e + &2+ 4207 = =1
k=2

gijk(gdhl)= z G(Xijk(gdhl)) = Z o (Xl-(gd)) [—1{—1}]
o€ Gal(Q(xjx (8an))/Q) o€ Gal(Q(x;(8.))/D)

0;(8a)(—1)(—1) = 6;(ga) * 6;(gn) * 6, (g1)
We have 6, (8an) = 0:(8,) * 9}(gh) * H}L(gl) foralli,j,kand forall g,,g,,g, where
0:jk(8an), 0:(8,), 9'-(gh)and 9;(&) are the rational valued character of the group (Qy4 X
C2p), (Q14),(Cz)and, (Cp) respectively and e is the identity of group

( 0i(g,).ifj = 1,Ak =1,AVg, € C;Avg, € C,
W)x,(g,).ifj = 1, Ak = 2,3,4,5,AVg, € C; \g, = e
—0:(g,).ifj = 1, Ak = 2,3,4,5,A Vg, € C Ag, # e

6,(g,) ifj =2,Ak=1,g, =eAvg € C,
Oiji(8yy) =3 @Dx;(g,)ifj =2,A\k=23,45/Ag, =elg =e
—x,(8,),ifj = 2,Ak = 23,4,5,Ag, = e Ag, # e

—x,(g,),ifj =2,Ak = 1,8, # eAvg, € C,
(—Dx,(g,) ifj =2,ANk = 2,345 #eNg =e
x,(g,)ifj = 2,Ak = 2,34,5,8, #elg # e
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then

=" (Q14XC2p) =="(Qu)®=" (CZp) o
Then, the rational characters table of (Q14 x Cy) is given in the following table

2 q q [
I- [, [, [: [:’ x[z [x3 ¥ [rXr, 41 xS [Xr [Xr [x, [x, [x, [r); [ y, [y.r [y.r
classes ] rn] o] o] 2 ] rn] ' 11 r] r] 2 Yoo ] r]
1 rl 1] 1 1 rl I 1] 1
- 6(p-  6(p- - p- 6(p-  6(p- l4(p-  14(p-
lel,| 1 L I 1 v 7T e 6 ) ) 14 14 ) )
6y 1 1 1 1 1 1 1 1 1 101 1 1 1 1 1 1 1 1 1
0p 1 1~ 1 1 1 1 1 1 1 - 1 1= 11— 1 - 1 1 1 1-
0 pl pl1 1 -1 pl1 pl -1 -1 pl pl -1 -1 pi1 pl -1 -1 pl' p1 1 -1
0, p1 1p -1 1 pl 1p -1 1 p-1 p -1 1 pl 1p -1 1 pl' 1p -1 1
0o 6 6 6 6 -1 -1 -1 -1 6 6 6 6 -1 -1 1 - 0 0 0
0 6 6 6 6 -1 1 11 6 6 6 -6 -1 1 -1 1 0 0 0 0
02 6%’ 6%’ 6 6 1p 1p 1 1 6(pd) 6%’ 6 6 1p 1p 1 1 0 0 0 0
0 69)’ 61 6 6 1p pl 1 -1 6(p-1) 68 6 6 1p pl 1 1 0 0 0 0
CE | 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 -1 A4 -1
0 1 - 1 1- 1 - 1 1 1 -~ 1 1 1 1 1 1. 1 1 4 1
0 p1 p1 -1 -1 pl1 pl -1 -1 p-1 p-1 -1 -1 pl pl1 -1 -1 1p' 1p 1 1
0y p1 1p -1 1 pl1 1p -1 1 p-1 1p -1 1 pl1 1p -1 1 1p' pl 1 -1
0nq 6 6 6 6 -1 1 -1 -1 -6 6 6 6 1 1 1 1 0 0 0 0
0, 6 6 6 6 -1 1 1 1 -6 6 6 6 1 -1 1 -1 0 0 0 0
0 6%’ 6%’ 6 6 1p 1p 1 1  6(lp) GS 6 6 pl pl 1 -1 0 0 0 0
0u Gg’ GS 6 6 1p pl 1 -1 6lp) 6%’ 6 6 pl 1p -1 1 0 0 0 0
0 2 2 2 2 2 2 2 2 -2 2 2 2 2 2 2 2 0 0 0 0
0, 2 2 2 2 2 2 2 2 -2 2 2 2 2 2 =2 2 0 0 0 0
2(p-  2(p- 2(p-  2(p- 2(1- 21-  2(1-
0 2 2 2 2 2 2 2 2 2 0 0 0 0
51 1) ) ) D p
2(1-
2(p-  2(1- 2(p-  2(1- 2(p- 2(p-
0 2 2 2 2 2(1- 2 2 8 2 2 0 0 0 0
“ 1 ) p Pt ) 1)
Table-3 the rational characters table of (Q14 % Cyp)
3.2 Theorem

the cyclic decomposition of the group (@14 X C;p)is given by

K(Q14 X C10) =@7-; K(C14) Bz, C, B2, C, B Gy
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K(QZm X CZp) =@i; K(Q14) @i5=1 K(Cyp)

Proof: Let A and B be matrices defining as follows:

[10101] [100 OO]

01010| |010 ool

=11t o1 00 ,B=l-1 01 00

l01000J [0—1000]

10 0 0 0 0 0 -1 -1 1

A A A A B 0 0 0 Ez 0 0 0
0 A 0 A|_. B B 0 0 0 E, 0 0
00AA=(Q2’"XC2P)(19—1)B 0 B o= oo E o
0 0 0 A (p—1B (p-1)B B B 00 0 E

Such that Ey E; , E, E3 of degree A and B the invariant factors of the matrix=" (Q,4 X Cy,) it's the

same invariant factors of the matrices E E; , E,, E3, so as will the proof

I

—_

\]

[en)

[e)
Co oo

(e)

(e}

(e)
I

Juy
e —

such a (E3 = —2pE,), (E, = —pE,), (E; = 2E;) And we will defined two matrices Lp and Wp ,
such that :

20 0 0 6 1 0 0 0
0 1 0 0 Of |10000|
Lq—{00120},%=00610
00010 [00100“
0000 1 [00001

Such that; L. Ey. W, = diag(—28,2,—-14,1,—1)
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L4 .Ey. W, = diag(—56,4,—28,2,—2)

Lqy.E;. W, = diag(28p, —2p, 14p, —p, v)

Ly.E3. W, = diag(56p, 4p, 140, —2p, 2p)

Then: K(Q14 X C10) =Biz; K(C1a) iy €4 B2, C, Bi21 C,

K(Q14 X Cy9) =@?=1 K(Q14) @i5=1 K(Cyp)
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