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In this paper, we propose the cyclic decomposition of the factor group
cf(Q_4qxC_5),Z)/R(Q_4qxC_5), and the group cf(Q_4qxC _5) is Z-valued class
functions of the direct product group (Q_4qgxC_5) under the operation of addition, and
R(Q_4gxC_5)is the subgroup of the generalized characters of the group cf((Q_4gxC_5
),Z).Then cf(Q_4gxC_5)/(Q_4qxC_5))) is an abelian factor group denoted by
K(Q_4qgxC_5) where (Q_4q is the quaternion group of order8q and C_5 is the cyclic
group of order 5. Also, we find the rational valued characters table of the group
(Q_4gxC_5) when q is prime numbers is given as follows :

1)
and find the cyclic decomposition of group ((Q_4qgxC_5)) in this paper and prove that

=M* (Q_4gxC_5)= (=] "*(Q_4q)®="*(C_5)

K(Q_4gxC_5)=@_(i=1)"2 [K(Q_4q)] &_(i=1)"8 K(C_5) (2)

1.Introduction

"Any two elements’ of a finite group G. are said to be I' — conjugate if they generated conjugate cyclic
subgroups in G. This relation is equivalence on G and its classes are called I"-classes".

"The number of T — classes of G is equal to the rank of cf(G.Z) is the intersection of cf(G.Z) with
the group R(G) which is a normal subgroup of cf(G. Z), then, cf(G.Z)/R(G) is a finite abelian factor

group denoted by K(G)".

"Each element in R(Q44 X Cs) can be written as” v101 + v202 + --- 4+ vrOr ,"where r is the number
of I' — classes.v1.v2.....vr € Zand , where yi is an irreducible character of the group G and ¢ is any
element in Galios group Gal (Q(xi)/Q)".

a University of Kufa - Faculty of Education - Mathematics, Najaf, Iraq, E-Mail: naseer.mahmood@uokufa.edu.iq

b University of Kufa - Faculty of Education for Women- Mathematics, Najaf, Iraq, E-Mail: habeebk.abdullah@uokufa.edu.iq
¢ University of Kufa - Faculty of Education for Women- Mathematics, Najaf, Iraq, E-Mail: niran.abdulameer@uokufa.edu.iq



http://qu.edu.iq/journalsc/index.php/JOPS

52  Naseer Rasool Albakaa,Habeeb Kareem Al-Bdairi,Neeran Tahir Abd Alameer ,, Al-Qadisiyah Journal of Pure Science 27,1 (2022)) pp. 51-59

"In 1982, Kirdar M. S. [3] studied the K(C,). In 1994, Abass H. H. [1] studied the K(D,,) and found
=" (D). In 1995, Mahmood N. R. [4] studied the factor group K(Q,,,) and foun =* (Qz,).. In 2008,
Mahdi M. S. [5] studied the factor group K(Dnh) where n is an odd number."

"The aim of this paper to find" =* (Q44 X Cs) "and to determine the cyclic decomposition of the
group” K(Q4q X Cs), when q is prime numbers

A finite group G has a finite number of conjugacy classes and a finite number of distinct k-
irreducible representations, the group character of a group representation is constant on a conjugacy
class CL . (1 <x< k), the values of the characters can be written as a table known as the characters
table which is denoted by =(G)." Let T;: G; = GL(n.K) and T,: G, = GL(m.K) are two matrix
representations of the groups G, and G, . y; and y, be two characters of T; and T, respectively, then
the character of T, ®T, is x1 x> -

2 -Basic Concepts
2.1 Definition [2]

A rational valued character 0 of G is a character whose values are in Z, which is
0 (g)e Z.forallg e G

2.2 Proposition:[3]

The rational valued characters

0 = Yoe a0 o(Xi) 3)

form basis for R(G), where x; are the irreducible characters of G and their numbers are equal to the
number of all distinct I"- classes of G.

2.3 Proposition: [3]

The rational valued characters table of the cyclic group C,, of the rank 2 where p is a prime number
which is denoted by (=" (Cp,)), is given as follows:

I' — classes [1] []
0, 1 1
0, p—1 -1

Table 1. The Rational Valued Characters Table OF The Cyclic Group C,

where its rank 2 represents the number of all distinct I"-classes.
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2.4 Definition [4]

For every positive integer m, The generalized Quaternion Group Q2m of order 4m with two generators
x and y then For every element in Q2m satisfies x™ = y?,

ylx™ y~1 = x™™ which implies x™ = y* = 1Any element A€ Q2m,
can be expressed uniquely in the form Q2m = {A = x"y* |0 <h < 2m -1,k = 0,1}
2.5 Lemma [4]

The rational valued characters table of Q,,, when m is an even number is given in table(2.2)

=" (Qzm) =

I'-classes of C,,,

X2r x2r+1 vl [xky]
01 11 .. 1 1 1 1 .1 1 1 1
02 11 .. 1 1 -1 -1 .. -1 -1 -1 1
0 0
0 0
=*(Com)
61-1 0 0
0l 0 0
ol+1 1 1 1 1 -1 -1
01+2 1 1 -1 -1 1 -1

Table-2 The rational valued characters table of Q,,,, when m is an even number

Where 0 <r <m-1, 1is the number of I"-classes of C,,,,, 0j such that 1 <j <1+2 are the rational valued
characters of the group Q,,,

3. THE MAIN RESULTS

We study the rational valued characters table of (Q4, X Cs) . and find the cyclic decomposition of
K( (Qaq % Cs) ). The group of (Q4q X Cs) is the direct product of the Quaternion group  Q,,0f order
8q (number), and the group Cs. which is cyclic of order 5 the order of((Q,, X Cs) ).is = 8¢
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3.1 Theorem:

The rational valued character table of the group (Q44 X Cs) has the following form
=" (Qaq X Cs5) ==" (Quq) ®= (C5)
Proof

For each element g, € (Q4q X CS), we have gq, = gqgp Such that g; € Q44,85 € Cs =<1 > Then
ga = x'y¥,0 < t < 4q,k = 0,1, and each irreducible character of (Qsq X Cp) is x;; = x:xj, Where x;
is an irreducible character of Q4q, x; is an irreducible character of Cs,

by proposition(2.2)

01j=01j(gan)= Z o(xij(8an))

o€ Gal(Q(xij(8kn1))/Q)

ij=

- > o) D) o(yEw)

o€ Gal(Q(x;(8a)/D) o€ Gal(Q(%;(8n))/Q)
e Ifj=1,thenforall g, € Cssuchthat 6';(g) = X xj(gn) = 1. Then
0ij(gan)= Z o(xij(8an)) | = z Y (Xl-(gd)) [1]
o€ Gal(Q(xij(8kn))/Q) o€ Gal(Q(x;(84))/9)

= 0,(gq) *0'j(gn)

e Ifj=2,3,45,and g, is the identity ofCs that
0'5(gn) =20, x5(gn) =321 =141+ -+ 1) =4 Then

(4) times

Oa=| Y. ow@ad|=| Y o(uG)M

o€ Gal(Q(x;j(dh))/9Q) o€ Gal(Q(x;(8a))/2)

= 0;(ga)(4) = 6;(gq) * 0";(gn)

e Ifj=2,3,4,5, and g, is not identity of Csthat 8',(g,) = Y7, x2(gn) = (e + €2+ &2+ -+
seHr —1

Then
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0ij(gan)= z o (xij(8an)) || = 2 o (Xi(gd)) [—1]
o€ Gal(Q(xij(dh))/Q) o€ Gal(Q(x;(84))/Q)

= 6;(ga)(—1) = 0;(gq) * 6;(ga)

Where 6;;(gan) , 0:(g4), and 0;(g,)are the rational valued characters of the groups (Q4q X
Cs), (Quq)and (Cs) respectively.

Then we get (6;;(gan) = 0;(8q) = 0';(gp) foralli,j, gqn € (Q4-q X CS):gd € Q4q8n € Cs
=" (Q4q X Cs) == (Q4q) ®="(Cs) o

To calculate the rational valued characters table of ( Q4q X Cs)

5 6
011 =y, 012 = § _ 2W1i'921:\|141 1022 = § _ 2\If4,l-'
i= =

5 5
671=W21 ’972=Z' ZWZii981=W31 i982= . 2W3i'
1= 1=

5
051 = Xs1 , 652 = Z Xsi»
=2

The elements of Gal (A 11)/Q are:

{ 01i »03i, ,02q-1i }
01i (1) = X1 503 = X300 =y 02¢q-1 Q) = X2q-1i
and i=1,2,345

06i = 01;(x11) + 03, (1) +- + O02¢9-1 i1i)y 061 =x11 t Xzt + X2g-11 =061 = X11 +
Xzit ot Xoq-11, B2 = Y 201i(rna) + 03 () + - + 02g-1i(X14)

04 =021'()(11')+06i()(1i)+“'+02q—2i()(1i); + ot Xog-2i0 = 0041 = X2 +
Xei o+ Xog—2i, Ba2= Y2 02i(ai) + 06 (rap) + -+ + 02q-4i(X1 1)

03; = 04;(X1i) + 08i(X11) + -+ 02g-ai(X1:), =031 = Xai + Xgi + "+ X2g-4i» » 032
5
= Z 04i(X11) + 0gi(xa) + -+ + 02¢-4:(t1 1)
-
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We can write the rational valued characters table of =* (Q,4 X Cs) as follows:

an an x3n x4n xtrxte xX2rx%4rxn xr x50 x3r oyl r X?’ X?"

= 4 g-1 49-4 9-1 4g-4 1 4 g-1 494 g-1 49-4 2q 80 29 8q
classes|

01, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
01, 4 -1 4 -1 4 -1 4 -1 4 -1 4 -1 4 -1 4 -1
0> 1 1 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 1 1
0, 4 -1 4 -1 4 -1 4 -1 -4 1 -4 -1 4 1 4 -1
031 g-1 g-1 -1 -1 -1 -1 g-1 g-1 -1 -1 g-1 g-1 0 0 0 O
02 49-4 1.9 -4 1 4 1 494 19 4 1 44 19 O 0 0 O
O g-1 g-1 -1 -1 -1 -1 gl g1 1 1 19 1q 0 0 0 0
01 49-4 1.9 -4 1 4 1 494 1q 4 -1 449 gl O O 0 O
05, 2 2 -2 -2 2 2 -2 -2 0 0 0 0 0 0 0 0
05, 8 -2 -8 2 8 -2 -8 2 0 0 0 0 0 0 0 0
O 20-2  2g-2 2 2 -2 2 229 229 O 0 0 0 0 0 0 0
Os2 8g-8 2-2q 292 -2 22q 2 880 202 O 0 0 0 0 0 0 O
01 1 1 1 1 1 1 1 1 1 1 1 1 -1 -1 -1 1
07, 4 -1 4 -1 4 -1 4 -1 4 -1 4 -1 -4 1 41
Og 1 1 1 1 1 1 1 1 -1 -1 -1 -1 1 1 -1 -1
Og, 4 -1 4 -1 4 -1 4 -1 -4 1 -4 1 4 -1 -4 1

Table-3 The rational valued characters table of the group (Q4q X CS)
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The Cyclic Decomposition of the Group K(Q4q X Cs)

3.2 Theorem:

If m =2q , q isprime numbers and q # 5, then the cyclic decomposition of K(Q4q X Cs) s

K(Qqq. X Cs ) =L, K(Quq) BL, Cs
Proof;

Let A and B be matrices defined as follows

‘/1 0 00\10' /1 0 00\00
0 1 ooloo 0 1 ooloo
:A=k0 0 10/00 B=|l0o o0 10/00
0 0 0 1/ 0 o 0 0 0 1/ 0 o
0 1 00 10 1 .. 10 .. 0 1 0
L0 -1 00 0 1. L1 ... 10 .. 0 0 1

Such that ( 1) is an identity matrix dimension which is equal to the

dimension of =" (C,,).We will define two matrices L,, and W}, where

e IR ) A )

Lg.=* (Co).Ws = [(5) (1’

By using Remark (2.3.9) and proposition (2.3.13) we get:

Such that E is a matrix of degree =" (Cy,,), and if we denote c;;as the
elements of =* (C,,) which defined by:

(AX Lg).=" (Qaq X Cs5).(B x W)

the invariant factors of the matrix(4 x Ls).=" (Q4q X Cs). (B x Ws)will be the same invariant factors
of the following matrix:
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0 0 1
0 2
—>SE 0 0
0 0
0 0 [—10 0
(AX Lg). =" (Quq X Cs)- (B x Wg) = | o Lo -10 o
|0
E |0
0 s
lo
0 0 lz
0 0 lo
[29-2) 2 -(q-1) -1 (q-1) 1]
2 0 -1 0 1 0
-1) 1 -1) 1 0 0
Then E = (@-1) (9-1)
1 0 1 0O 0 0
(-9 1 0 0 0 O
1 0 0 0 0 0
[-1 -2 -2 -2 -2 =-2] 2-1) 2 —(q-1) -1 (@-1) 1T
0 0 0 0 1 @) 1 (g-) 1 0 O
Ly = W, =
0 0 0 0 0 -1 1 0o 1 0o 0 o0
0 0 1 1 1 1 @-) L 0 0 0 0
0 0 0 -1 0 -1 1 0 0 0 o0 O]
Such that

Ly .E.W, = diag{8q,4,29,2,q,1},2,2

Lq.(—pE).W, = diag{—40q, —20,-10q,-10,—5q, -5 },10,10

 K(Q4q. X Cp) =@y, Cs Bf-, Cq Di1 G Bi, C P, C)

K(Qaq. X Cs ) =@F1 K(Caq) D=1 Cs Bf=y Cq Di=q Cs iy C2/ By Ca)

K(Qqq % Cs ) =L, K(Quq) L, Cs
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