Al-Qadisiyah Journal of Pure Science

Volume 27 | Number 1 Article 7

4-7-2022

Generalized Permuting Tri-derivations On Lattices

Mazen Omran Karim
Department of mathematics College of Educations .University of Al-Qadisiyah, Iraq,
Mazen.karim@qu.edu.iq

Follow this and additional works at: https://qgjps.researchcommons.org/home

6‘ Part of the Mathematics Commons

Recommended Citation

Karim, Mazen Omran (2022) "Generalized Permuting Tri-derivations On Lattices," Al-Qadisiyah Journal of
Pure Science: Vol. 27: No. 1, Article 7.

DOI: 10.29350/qjps.2022.27.1.1469

Available at: https://gjps.researchcommons.org/home/vol27/iss1/7

This Article is brought to you for free and open access by Al-Qadisiyah Journal of Pure Science. It has been
accepted for inclusion in Al-Qadisiyah Journal of Pure Science by an authorized editor of Al-Qadisiyah Journal of
Pure Science. For more information, please contact bassam.alfarhani@qu.edu.iq.


https://qjps.researchcommons.org/home
https://qjps.researchcommons.org/home/vol27
https://qjps.researchcommons.org/home/vol27/iss1
https://qjps.researchcommons.org/home/vol27/iss1/7
https://qjps.researchcommons.org/home?utm_source=qjps.researchcommons.org%2Fhome%2Fvol27%2Fiss1%2F7&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/174?utm_source=qjps.researchcommons.org%2Fhome%2Fvol27%2Fiss1%2F7&utm_medium=PDF&utm_campaign=PDFCoverPages
https://qjps.researchcommons.org/home/vol27/iss1/7?utm_source=qjps.researchcommons.org%2Fhome%2Fvol27%2Fiss1%2F7&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:bassam.alfarhani@qu.edu.iq

Al-Qadisiyah Journal of Pure Science Vol.(27) Issue (1) (2022)Math. pp. 70-81

] Al-Qadisiyah Journal of Pure Science

QJPS ISSN(Printed): 1997-2490  ISSN(Online): 2411-3514

DOI: /10.29350/jops.
http://qu.edu.ig/journalsc/index.php/JOPS

Al-Qadisiyah Journal of Pure Science

Generalized permuting Tri-derivations on lattices

Authors Names ABSTRACT
a. Mazen Omran Karim

In this paper , we present the notion of generalized permuting tri — derivations in
lattices and looking for some related properties .

Article History 2010 mathematics subject classification : 06B35 , 06899 , 16B70 , 16B99
Received on:13/1/2022

Revised on: 10/2/2022
Accepted on: 13/2/2022

Keywords:

Lattices , Poset ,
Modular lattices ,
Distributive Lattices ,
permuting tri-
derivation
generalized permuting
tri-derivation .

DOI: https://doi.org/10.293
50/ jops. 2022.27. 1.1469

1. Introduction

Information Theory , Information retrieval , information access controls and cryptanalysis
are the various branches in which the lattice algebra play's a significant role [2,3,4,11], lately the
peculiarities of lattices they uere researched .

L. Ferrari and X.L. Xin in [8] and [12] respectively introduced the notions of derivations
on lattices and debated some affectioned peculiarities . N. alshehri in [1] introduced the concept
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of generalized derivations for a lattice and debated various properties , thereafter the symmetric
biderivations on lattices notions are introduced in [5] by Y. Ceven and investigate some related
properties .

In [ 6] Y. Ceven applied the notion of generalized symmetric bidervations on lattices and
introduced some properties of it, while M.A. Ozturk in [10] introduce the notions of permuting
tri derivations in lattices and some affectioned peculiarities are studied .

In the article, we apply the notion of generalized permuting tri derivations and looking for some
related properties which is canvassed in [6] and [ 10 ] .

2. Preliminaries

Definition2.1[8]:Let I be anon-empty set endoued uith operations A and Vv , then (I" ,A,V) is
said to be a lattice if it fulfilling the following requirements for everyone a,t,n € I'

(Daha=a,aVa=a«a

(iDaAT=TAa ,aVT=1TVaQ

(i) (aAnD)An=aA(tAn) ,(aVvT)Vn=aV(tVn)
(iv)(aAt)Va=a ,(aVD)Aa=a«a

Definition2.2[3]: A lattice (I" ,A,V) is namely distributive lattice if one of the following
identities hold for all (I" ,A,V)

W) an(tvn)=(aAT)V(xAn)
i) av(zAn)=(aVvrt)A(aVn)
Remark2.3[1]: In any lattice , the properties (v) and (vi) are equivalent .

Definition2.4[3]: let (I" ,A,V) be a lattice , a binary relation < on I" is defined by «a < t if and
onlyifaeAt=aandavi=rt

Definition2.5 [8]: A lattice (I" ,A,V) is namely modular if for a,7,n € I' fulfills the follouing
requirement:

(wii) if a < timplies aV(tAn) =(aVTt)An
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Lemma2.6 [7]: let (I" ,A,V) be a lattice , let the binary relation < be as in definition 2.4 , then
(I', <) is partially ordered set (poset) and forany a,t € I' ,aAtistheglbof{a,t}anda Vvt
isthe L.ub. of {a, 7} .

Definition2.7[10] : let (I" ,A,v) be a lattice , a mapping T(.,.): ' X I' X I' — I' is namely
permuting if

T(a,t,n) =T(a,n,1t) =T, a,n) =T(t,na) =THn,a1t)=TH,T,a)

forall «,7,z €T .

Definition2.8[10]: let (I" ,A,V) be a lattice , a mapping d: I’ — I" defined by d(a) = T'(a, a, X)
is called the trace of T(.,.,.) .where T(.,.,.): ' X ' X I' — I'is permuting mapping .

Definition2.9[10] : let (I" ,A,V) be a lattice , a mapping T(.,.,.): ' X I' XxI' — I is called
permuting tri - derivationon I" if

T(aAu,y,n) = T(ay,n)Aw)V (aAT(u,1,1n))
forall a,7,n,uer.
obviously , a permuting tri -derivation on I" satisfies the relation

Ta,tAu,n) =T(a,t,n)Aw)V (tAT(a,u,n))

Ta,,nAu) =T(a, ;) A) V(AT (a,T,u))

forall a,7,n,uer.

proposition2.10[10]: let (I" ,A,V) be a lattice , T be permuting tri — derivation on I with the
trace d .thend(a) < aforalla €T .

proposition2.11[10] : let (I" ,A,V) be a lattice , T be permuting tri — derivation on I". Then
T(a,t,n) <a ,T(a,7,n) <1 and T(a,7,n) <nforalla,t,n er
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3. Generalized Permuting Tri — derivations on lattices
Definition 3.1: let (I" ,A,V) be a lattice . A permuting mapping x(.,.,.):' XI'XT' — T is
namely a generalized permuting tri-derivation onI" , if there is a permuting tri-
derivation T(.,.,.): I’'xI'xT' — I and fulfills the follouing requirement k(a A

u,7,m) = K(a,y,n) Au) VvV (xAT(w,1,1))
forall a,7,n,uer.

the mapping 9:I' — I' defined by 9(a) = x(a, a, a) is namely the trace of the generalized
permuting tri — derivation k.

Obviously that a generalized permuting tri derivation k on I" satisfies the relations
k(a,7Au,m) = (k(a,y,m) Aw) Vv (yAT(a,u,1m))
k(a,t,nAu) = (x(a,y,n) Au)V (zAT(a,t,u))

forall a,7,n,uer.

Example 3.2: let (L ,A,V) be a lattice uith least element 0 and the mapping D(.,.,. ): L X L X
L — L defined by D(x,y,z) = 0 forall x,y,z € L is permuting tri -derivation on L .Then the
mapping k(x,y,z):LXLXL — L definedby x(x,y,z) = (xAy)Azforallx,y,z€Lis
generalized permuting tri - derivation on L

proposition 3.3: let k be generalized permuting tri derivation related to a permuting tri
derivation T on a lattice I' , then the mappings p;:I’ — I ,p,:' = T and ps:" — T
defined by p;(a) = x(a,1,1) , po(7) = k(a,1,n) and p3;(n) = k(a,t,n) respectively are
generalized derivationson I .

proof :
pi(aAu) = k(aAu,y,z)
= (k&xy,2) AWV (e AT(u,1t,n))
= (P(@) Au) V(aAdi(w)
Where d,: ' — I' is a derivation on I" defined by d, (u) = T(u,t,7n) .
Hence p, is a generalized derivationon I" .

Similarly for the mappings p, and ps .
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Theorem3.4 : let (I" ,A,V) be a lattice , x be a generalized permuting tri- derivation related to a
permuting tri derivation T on I", 9 be be the trace of k and d be the trace of T .then

)  T(etn) <x(atn) Va,i,n€rl
If " is distributive lattice ,then

i x(a,,n) <a,k(a,t,n) <fandx(a,7,m) <7
) x(a,o,n) <ant,x(a,,n) <tAnandx(a,t,n) <aAnandxk(a,t,n) <aATAY
Iv) d(@)<9(a)<a
V) d(a)=athend(a) =«
Proof:

) k(a,7,n) =x(aAa,1,m)
= k(a, T, ANa)V(aAT(a,1,1))

= (k(a,t,n) ANa) VT(a,1,n)
By proposition 2.11 , then T(a,1,1) < k(a,T,7)

i)  If " is distributive , then
k(a,t,n) =x(aAa,t,1)
=@t Aa)V (aAT(a,1,1m))

= k(a, T, AN by (i) and proposition 2.11
Hence x(a, 7,n) < «a
Since k is permuting and by the same way, we get
k(a,7,m) < tandx(a,7,m) <17

i)  Sincek(a,t,n) < a,x(a,7,m) <tandx(a,7,m) <7
Thenx(a,t,n) Ax(a,T,n) < a AT

Sothatk(a,t,n) <a AT
By the same way we can prove
k(a,t,n) <tAn ,x(a,t,n) <aAn and x(a,7,n) <aATAR

iv) By (i) and (ii) we can conclude d(a) <9(a) < «a
V) It is clear by (iv)
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Corollary3.5: let (I' ,A,V) be a lattice , k be a generalized permuting tri- derivation related to a
permuting tri derivation T on I" , if 0 is the least element and 1 is the greatest element of of I" ,
then

k(a,7,0) =0and k(a,7,1) < aforalla,T €T .
Proof : trivially by (ii) of theorem 3.4 .

Theorem 3.6: let (I" ,A,V) be a distributive lattice , x be a generalized permuting tri- derivation
related to a permuting tri derivation T on I", 9 be be the trace of k and d be the trace of T .then

Y(aAnt)=O(@)AT)V(and(@)VT(a,a,1)VT(a,1,1)
foralla,7 €T .
Proof :
V(@ AT)=x(@AT,aAT,aAT)
=k(a,a AT, a AT)AT)V(aAT(T,a AT, a AT))
= {[k(a,aq,a AT)AT)V (e AT(a,T,a AT)] AT}

V{iaA[D(t,aq,a AT)AT)V (e AT(a, T, AT)]}
=[{[{0(@)ATD)V(aATAT(a,a,T)]V[(aATAT(a,a,7) V(e AT(X,T,7)]} AT]
V[aA{[(T(a,a, ) AT)V(aATAT(a,T,7)]V[(eATAT(a,1,7))V (2 Ad(T))]}]
={{@)ATD)V(aABAT(a,a,T)] AT}

V{[(aATAT(a,a,t) V(e ATX,1,7)] AT}

V{iaA[(T(aq,a,T) AT) V(e ATAT(a,1,7)]}

V{aA[(aATAT(a,t,7))V (e Ad(T))]}
=W(@)AT)V(@ATAT(a,a, 7))V (e ATAT(a, a, 1))
V(eATAT(a,1,7)V(@ATAT(a,a,7))V(@aATAT(a,1,T))
V(aATAT(a,1,7))V (aAd(T))
=0(@)AT)VT(a,a,7)VT(a,a,T)VT(a,7,7) VT (a,,T)

VT(a,7,T) VT(,1,7) V (@ Ad(T))



76 Mazen Omran Karim, Al-Qadisiyah Journal of Pure Science 27,1(2022)) math.pp. 70-81

=W(@AT)V(and@)VT(a,ar1)VT(a,1,1)
SinceT(a,a,7) <a, T(a,a,7) <7,T(a,7,7) <aand T(a,7,7) < T .

Corollary3.7: let (I' ,A,V) be a distributive lattice , k be a generalized permuting tri- derivation
related to a permuting tri derivation T on I", 9 be be the trace of k and d be the trace of T .then

i) T(a,a,7) <9(aATt)and T(a,7,7) <I(a AT)
i) Yd(@AT<I(aAT)

i) aAnd() <I9(a A1)

foralla,t €T

Proof : (i), (ii) and (iii) are directly from theorem 3.6

Theorem3.8 : let (I" ,A,V) be a distributive lattice , x be a generalized permuting tri- derivation
related to a permuting tri derivation T on I, 9 be be the trace of kx and d be the trace of T .then
()N I() <I(ant)foralla,T€T.

Proof :
Since Y(a)AT<I9(aAnTt)andI(t) < tthen Y(@)ATAI(T) <I(aAT)AT

Also since 9(a) < a , we have

J(@ATAI(T)AI(a) SI(aAT)ATA«
Hence 9(a) A9d(t) A9(a) <Id(aAT)Aa AT
Sothat9(@) AtAI(t) <I(aAnT)since (@aAT)AaAT=9(aAT).

Corollary3.9 : let (I" ,A,V) be a distributive lattice , x be a generalized permuting tri- derivation
related to a permuting tri derivation T on I", 9 be be the trace of k and d be the trace of T .then
d@) A d(t) <Id(ant)foralla,t €T.
Proof :

Since d(a) <9(a) and d(r) <9I(1)
Hence d(a) Ad(t) < 9(a) AI(T)
By theorem 3.8 , we have d(a) A d(t) <I9(aAt) foralla,f €T .

Theorem3.10: let (I" ,A,V) be a lattice , k be a generalized permuting tri- derivation related to a
permuting tri derivation T on I", 9 be be the trace of k.then

9% (a) = 9(a) foralla €T .
Proof :

Department of mathematics College of Educations .University of Al-Qadisiyah , Irag.
Mazen.karim@qu.edu.ig




Mazen Omran Karim, Al-Qadisiyah Journal of Pure Science 27,1(2022)) math.pp. 70-81 77

Itis clear that 9%(a) = 9W(a)) <V(a) <a forallaerl ..(1)
Nou
92(a) = 9P (@) = 9D (a) A @)
= @) AV (I(a)Ad(a)) vDI(a),9(a),a) VD), a,a)

= *(@)Aa)Vv (9(@) Ad(a)) vD®(a),9(a),a) VD), a,a)

IA

92 () VI(a) V8(x) V 8(x)
= 9%(a) VI(a)
Hence
9% (a) <9(a) forallaer ..(2)
From (1) and (2), we have 9%(a) = 9(a)

Theorem3.10:let (I" ,A,V) be a distributive lattice , k be a generalized permuting tri- derivation
related to a permuting tri derivation T on I", 9 be be the trace of k and d be the trace of T .

If 0and 1 are the least and greatest elements of I" respectively , then

i) whena <9(1)thend(a) =a
i) whend9(1) < athend(a) = I9(1)
liiywhena <t and (t) =7,ue haved(a) = .
Proof :
1) By corollary 3.7 (2) we have
I()Ax < 6(1AX) =8(x)
Nowifa <9(1)=2>and(l)=a

Hence a < I9(a) but9(a) < a by theorem 3.3 (iv)
So that 9(a) = «

i) whend9(1) < a thisimplies9(1) Aa =9(1)
andsince 9(D)Aa <91 Aa) = 9(a)
butd(1) Aa =9(1)
hence 9(1) < I9(a)
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iii) when a<t then aAT=a and since d(7) =7 , 9(@)<a , a<Tt and
T(a,t,n) < a,we have
I(a) = (@ AT)
=W0(@AB)VEAdE)VT(a,a,1t)VT(a,T,T)
=J9(a)VavVaVa
=9(@)Va=a

Definition3.11 : let (I',A,V) be a lattice , the mapping x:I' X I' X I' = I’ in which satisfying
k(avt,n,u)= x(a,n,u) vVk(r,nu) forall a,7,n,u € I' is called joinitive mapping .
Theorem3.12: let (I',A,V) be a lattice , the mapping x:I" X I' X I' = ' be a joinitive mapping
uith the trace 9 , then

) 9(@avt)= 9(a) VIO Vk(aar1)VklarTT)
i) (@) vI(r) <Id(aVT)
Foralla,t €T

Proof :

) Forall @, € I' ue have
Jdavrt)=xkx(aVt,aVt,aVT)

= k(a,avVt,aVTt)Vk(t,aVTt,aVrT)
= k(a,a,avVt)Vk(a,t,avt)V k(t,a,aVt)Vk(r,t,aVT)
=x(a,a,a)Vk(a,a,7)V k(a, 7, ) Vk(a,t,T)
Vk(t,a,a)Vk(t,a, 1)V k(t,7,a)Vk(r,T,T)

= Jd(a)vI(t)Vk(a,a, 1) VK(a,T,T)

i)  Directly from (i)

Theorem3.12: let x; and k, are two generalized permuting tri — derivations related to the same
permuting tri — derivation T on the distributive lattice . Then the mapping k; A k, defined by

(k; Axy)(a,1,n) = ¥ (a,T,m) Axy(a,T,m) foralla,T,n €r
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Is generalized permuting tri — derivation related to apermuting tri — derivation T .

Proof:leta,7,n,u€r
(ki A)(eAu,T,n) = Ki(aAu,T,n) AN(aAw,T,n)
= [(xy(a,T,n) Aw) V(e AT(u,t,1)]
A (a,T,m) Au) V(e AT(u,t,1)]
= [(ky (@, T, n) Au) A (kz(e,7,m) AWV (e AT (u,T,1n)
= [(xe (@, 7, m) Axa(@,7,m) AulV (@ AT(u,7,1m)
=[(k; Ax)(a,T,n) Au]V (e AT(u,t,1n)

So that x; A x, is generalized permuting tri — derivation related to a permuting tri — derivation T
on a lattice .

Theorem 3.13: let x; and k, are two generalized permuting tri — derivations related to the same
permuting tri — derivation T on the distributive lattice . Then the mapping k; V k, defined by

(x, Vi) (a,1,n) = ¥ (a,T,m) Viy(a,T,m) foralla,,n €r
Is generalized permuting tri — derivation related to apermuting tri — derivation T .
Proof: leta,7,n,u€r
(ki V)(aAu,t,n) = kKi(aAu,t,n) Ve,(a Au,T,1)
= [(y(a,T,m) Au) V(e AT(u,t,m)]
VI (a,,n) Aw) V(aATw,1,1n)]
= [(ky(a,T,n) Au) V (ky(a, 7,n) AWV (@ AT(u,T,1)
= [(Kl (a,1,m) VK (a, T, 77)) A u] V((aATu,1t,n)
=[(kx; V) (a,T,n) Au]V (e AT(u,t,1n)

So that x; V x, is generalized permuting tri — derivation related to a permuting tri — derivation T
on a lattice .
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Definition3.13 : let (I',A,V) be a lattice , k be a generalized permuting tri — derivation related to
a permuting tri — derivation T , 9 is the trace of x , 9 is called isotone mapping if whena < 7
implies 9(a) < I9(7) .

Theorem3.14: : let k; and k, are tuo generalized permuting tri — derivations related to the same
permuting tri — derivation T on the distributive lattice I' , and ¥; 9, are the traces of k; and
K, respectively .If 9; and ¥, are isotone mapping , then ¢, =¥, if and only if Fiay (I') =
Fiay (I .

Proof : suppose that 9, =1, then
Fiay (I') = {a € I'|Y;(a) = a}
= {a elY,(a) =a} sinced; =19,
= Fiay,(I')
Conversely if Fiay (I') = Fiay,(I')
Suppose that a € Fiay, (I') = Y ()=«
and 9 (0 (@)= VY (@)
= U (a) € Fiay, (I')
but Fiag, (I') = Fiag, (I
sothat 9, (a) € Fiay,(I')
hence 9, (91 (@) = VY ()
by the same way we can prove that 9 (U (@)= I, ()
since 9;(a) < aandI,(a) < a andsinceJ; and I, are isotone ,we can conclude
9, (V1 (@) < VY;(a) and 91 (9, (a)) < 9,(a)
but 9, (91 (@)= Y1 () and 9, I, (@)= 9, (a)
hence 9, (9; (@) < 9:(9, (@) and  I9; (I, (@) < 9,(9; (@)
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