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ABSTRACT

In this paper, a collection of sets is investigated in such a way that the
collection splits in the collection of preopen sets and the collection of b-
open sets and also splits in the collection of semi-open sets and the
collection of b-open sets. Functions in terms of this sets is a part of this
paper and it will be considered that these collection remains invariant
under homeomorphic image.

1. Introduction

Initially the author Levine [24] in 1963 introduced the generalization of open set in topological
spaces. After that a good number of researchers have studied the generalization and introduced
more generalized open sets. Some of the generalized open sets are: preopen sets of Mashhour et al
[25], semi-open sets of Levine [24], semi-preopen sets of Andrijevic[5,6] and a-sets of Njastad [32].
In the field of generalization, the study of b-open set [3, 2, 6, 4, 8, 9, 11, 12, 17, 30, 35] is
interesting because its collection contains both the collection of semi-open sets and preopen set,
although the collection of semi-open sets and the collection of pre-open sets are not related to
each other. It is also interesting that the collection of b-open sets contains the union of the
collection semi-open sets and the collection of pre-open sets.
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For obtaining the generalized open sets, the study of ideal on the topological space is an
admissible part. This study was introduced by Kuratowski [23] and Vaidyanathswamy [34]. The
authors like Hashimoto [14], Hayashi [16], Hamlett and Jankovic [13, 18, 19], Modak [26, 27], Noiri
[20], Al-Omari [1] gave new dimension on the study of ideal on topological spaces.

Through this paper we study sets, continuity, homeomorphism, lattice in terms of ideal of the

topological space.

As preliminaries, we consider following:

Let (X, T) be a topological space. Suppose | < g(X) (the power set of X). Then | is called an
ideal on X, if (i) ASB € | impliesA€ | and (i) A,B€E€ | implies AUB € | . The study of
local function like closure operator in terms of ideal on topological spaces was introduced by
Kuratowski [23]. However, the mathematicians like Hamlett, Jankovi¢ Modak, Bandyopadhyay,
Noiri, Popa, Al-Omari, Hayashi, Hashimoto, Hatir, Vaidyanathswamy (see [1, 13, 15, 14, 16, 18,
27, 34]) have used the modern notation of this local function and its formal definition is given
below:

Definition 1.1. [23, 34] Let | be an ideal on a topological space (X, T) and A € X. The local

*

function () : p(X) = p(X) of A with respectto | and T is
A(l,7)={xeX|U nAegl U er(X)}, where Ae p(X)andt(x)={U €t| xXEU }.

Simple notation of the local function of Ais A".

Using this local function, Natkaniec has defined a set operator W [31] by the equation,
W(A) =X\ (X \A), where A € p(X).

The researchers like Hamlett and Jankovic[13, 18], Noiri [1], Bandyopadhyay and Modak [7, 27] have
studied it in details.

Now we consider following tools for the study of this paper.

Definition 1.2. Let | be an ideal on a topological space (X, t) and A € X. Then A is said to
be a

(i) b-open [6], if A < Int(CI(A)) U Cl(Int(A)).

(ii) W-set [7], if A S Int(CI(W(A))).

(iii) I -open [19], if A S Int(AY).

(iv) a-1 -open [15], if A S Int(Cl*(Int(A))).

(v) W-Cset [27], if A S CI(W(A))).

(vi) W'-set [26], if A S (W(A)).

(vii) f, -set [20], if A S (Int(A)).

(viii) A-set [29], if A C(W(A))UW(AY).

(ix) regular- 1 -closed set [21], if A = (Int(A)).

The collection of all b-open sets (resp. W-sets, | -open sets, W-C sets, a-1 -open sets, W-sets, f, -

set, A-set, regular-1 -closed set) in (X, T, | ) is denoted by BO(X, t) (resp. T°, 1 O(X,T), ¥(X, T
), al O(X, 1), ¥(X,T), f, (X,7), A(X,T), R, C(X,T)).

Theorem 1.3. Let | be an ideal on a topological space (X, T). Then the following properties
hold:
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(@) f, (X,T) S ¥(X,T).
(i) f, (X,T) € W(X,1).

Proof. (i) Let A€ f, (X, T). Then A S(Int(A)) S (W(Int(A))): € (W(A)). Therefore
A €W (X, T).

(ii) Let A€ f, (X,T). Then A C (Int(A)) S (Y(Int(A))) S (V(A)) S CI(W(A)). Therefore A
eEW(X, T).

The converse relations of the above theorem are not true and it is followed from the following
example:

Example 1.4. Let X = {01, 0y, 03}, T = {0, {01, 03}, X} and | = {0, {o3}}. Let A = {01}. Then
Int(A) =0, so (Int(A)) =0 =0. SOAZ f, (X, T). Again (W(A)) = {01, 03} = X. Therefore A €
WX, t). Also CI(W(A)) = CI({oy, 03}) = X. Therefore A € Y(X, T1).

Before starting the main section we recall followings:

Lemma 1.5. [33] Let f : X = Y be a bijection function. If | is a proper ideal on X, then f
(1)={f()| 1€l }isaproperidealonY.

Lemma 1.6. [33] Let f : X = Y be a surjective function. If | is a proper ideal on Y, then
£ ) = {F() |1 €1 }is a proper ideal on X.

2. Sets via local function

Definition 2.1. Let | be an ideal on a topological space (X, T) and A € X. Then A is said to be a
bt-set, if A C Int(A*) U (Int(A)):.

If 1 = {0}, the b*set and b-open set coincide. Again for I = p(X), A'= 0 (where A € X). In this case,
no non-empty subset of X is a b*-set. Thus, the study of b*-set will be interesting, when the ideal is
non-trivial proper ideal.

The collection of all bx-sets is denoted by bx(X, T).
Examples of a bx-set and a non bx*-set:

Example 2.2. Let R be the set of reals and R,, be the usual topology on R. Let | = {§}. Take A=[] .
Then Int(A)=0. This implies (Int(A)) =0. Also A’= CI(A)= R implies Int(A")=R. Therefore A C Int(A") U
(Int(A))*. Thus A is a bx-set.

Example 2.3. Let X=R, Tt = {0,R,[] }and | =g([! ). Take A=[] . Then Int(A)=0] . This implies
(Int(A))'=0. Also A"=f implies Int(A")=0. Therefore A & Int(A") U(Int(A))". Thus A not is a b*-set.

+-topology T* on X: for an ideal I on a topological space (X, T), one consider a new topology finer than
T by the basis B(1 ,Tt)={V\I:V €T1,l1 € 1 }and the topology is denoted as t* and it is called *-
topology [14]. In this content, more finer topologies have been obtained in [7]. We have on *topology,
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bx(X, T) € bx(X, T*), since A*(X, T) = A*(X, T*) (see [18]) and Int(A) € Int(A). Further, for any topology
v finer than T (except T') on X, we have b#(X,t) € bx(X,t’) and b*(X, t/) & bx(X, ).

Example 2.4. Let X = {0,,0,}, T = {0, X}, = 0,{o:},X}and I = {§,{o1}}. Thenbx(X,T) =
8, {023, X} and bx(X, t/) = {#}. Thus b*(X,t) & bx(X,T’).

Example 2.5. Let X = {01,0,,0s}, T = {§, {01}, X}, t/ = {8, {01}, {02, 05}, X}, and | ={3,
{0:}}. Thus b*(X,T/) Z bx(X, T).

Proposition 2.6. Let | be an ideal on a topological space (X, T) and A, Band A; € o(X), i € A.
Then followings hold:

1.0 € bx(X, 1).

2. If A,B € bx(X, 1), then AUB € bx(X, ).
3. If {A;:i €A} S bx(X,T), then UA € bx(X,T), where A is an index set.

Proof. 2. Let A,B €b+(X,T). Then A S Int(A*) U(Int(A)) and B € Int(B*) U(Int(B)). Then AUB
C [Int(A’)U(Int(A))]Ullnt(B*)U(Int(B))] = [Int(A)U[Int(B*)]U[(Int(A))'U(Int(B))] € Int(A*U B*)
U(Int(A) UInt(B)) € Int((AUB)*) U(Int(A UB)). Therefore A U B € bx(X, T).

Given that arbitrary union of bx-sets is a b*-set, although the operator * is not distributive over
arbitrary union.

Example 2.7. Let R be the set of reals. Consider the usual topological space (R, R;,). Let | ={0}.
Then for the set {= :n € Z*}, each {l}* ={3 } but (U{l})*= {2 :n € Z*}U {o}

n n n - n n
However, intersection of two b*-sets may not be a b*-set.

Example 2.8. Let X = {01, 03, 03}, T ={0, X}, | ={), {01}}. Let A = {0,, 0>}, B ={04, 03}.
Then AnB = {0;}. We have A = B* = X. ThenInt(A*) U (Int(A)) = X and Int(B*)U(Int(B)) =
X. Therefore A, B € b#(X,t). Now AnB = {o;} implies (AnB)* = 0. It follows that Int((AnB))U
(Int(AnB)) =0. Therefore AnB & bx(X, T).

However, following result holds:

Proposition 2.9. Let | be an ideal on a topological space (X, t). Then for B € b+(X, t) and U €T,
BnU CSUn(Int(B)) Ulnt(B*).

Proof. Given B C (Int(B)) U Int(B*). Then UnB S U n(Int(B)):UInt(B*) = [U n(Int(B))]
UU nInt(B*)] = [U n(Int(B))]UInt(U nB*) = (U nInt(B))* U Int(U n B*) [18]=(Int(U n B))*U
Int((U nB)).

Due to Njstad [32], we have following corollary:

Corollary 2.10. For the ideal | , on a topological space (X, 1),

T (b*(X, 1)) ={W S X : W n B € bx(X, 1), whenever B € bx(X, 1)}
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is a topology on X with T € t (b(X, 1)).

Theorem 2.11. Let | be an ideal on a topological space (X, t). Then the following
properties hold:

(@) T, (X,T) S bx(X, 1).
(ii) 1 O(X, ) € bx(X, 7).
(iii) R, C(X, T) € bx(X, 7).

Proof. (i) Follows from the fact that A € (/nt(A)) € Int(A*) U(Int(A)).

(i) Follows from the fact that A S /nt(A*) C Int(A*) U(/nt(A)).
(iii) Follows from the fact that A = Int(A))' € Int(A*) U(Int(A)).

Converse relations of the above theorem are not true in general:

Example 2.12. In the Example 1.4., the set A is a bx-set but it is not a f, -set.

More example in the infinite space is given below:

Example 2.13. Let R be the set of reals. Consider the usual topological space (R, R,). Let I = {f}.
Consider A=[] . Then Int(A)=0. This implies (Int(A))*= 0. Also A= Cl(A)= R. This implies AC Int(A*) U
(Int(A))*. Therefore A is a bx-set. But [| & (Int([! ))*. SoAisnot f, -set.

Example 2.14. Let X = {01, 05, 03, 04}, T = {0, {01}, {02}, {01, 02}, X} and | = {0, {o3}}. Let A
={01, 03}. Then A*={0,, 03, 04} implies Int(A*) = {0:}. So A & Int(A*). Therefore AZ | O(X, T).

Now (Int(A)) ={0:}* = {04, 03, 04}. S0 A Eb*(X, T).

Example 2.15. /In Example 2.14., the set A is a bx-set, but it is not a regular-1 -closed set,
since A # (Int(A)).

More example in the infinite space is given below:

Example 2.16. Let R be the set of reals. Consider the usual topological space (R, R,). Let | = {0}.
Consider A=[] . Then Int(A)=0. This implies (Int(A))*= 0. Also A'= Cl(A)=R. This implies A € Int(A*) U
(Int(A))*. Therefore A is a bx-set. Again since (Int(A))*= 0. Therefore A+ (Int(A))*. So A is not a
regular-1 -closed set.

Theorem 2.17. Let | be an ideal on a topological space (X, T) and t n | ={}. Then T S bx(X, 1).
Proof. Let U € 1. Since the space is Hayashi-Samuel, U € U *. Then U = Int(U ) € Int(U *) S
Int(U *) U (Int(U ))*. Hence U € bx(X, T1).

The above theorem may not be true, if the space is not Hayashi-Samuel. For this, we consider the
following example:

Example 2.18. Let X = {01, 0y, 03}, T={0, {01}, X} and | ={0, {01}}. Then the space is not
Hayashi-Samuel. Consider A = {o0:}. Then A*= { implies Int(A*) = 0 and (Int(A)) = .
Therefore Int(A*) U (Int(A)) = 0. Therefore A £ Int(A*) U (Int(A))". Thus A is not a bx-set, but A
is an open set.

Theorem 2.19. Let | be an ideal on a topological space (X, t) and tn |l ={0}. Then bx(X, T)
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CA(X, 1)
Proof. Let A € b *(X,T). Then A € Int(A*) U (Int(A)) € W(Int(A*)) U (Y(Int(A))) S

W(AT) U(W(A)).

The above theorem may be false if the space does not satisfy t n | = {f} and it follows from the
following example:

Example 2.20. Let X = {01, 0;, 03}, T = {0, {03}, {01, 03}, {02, 03}, X} and | = {0, {03}}. Then
the space is not Hayashi-Samuel. Let A = {0;,0,}. We see that A* = A = {04, 0,}. Therefore
Int(A*) =0 and (Int(A)) =0. Therefore A € Int(A*) U (Int(A)). Therefore A Z bx(X, T). Now
W(A) = X and (WY(A))' = {o01,0,}. Therefore A € (W(A))' UW(A*). Hence A EA(X, T).

Theorem 2.21. Let | be anideal on a topological space (X, t). Then for U €t and A € b«(X, T),
UnAEDb«(X,T).

Proof. LetU be open and A € b+ (X, T). ThenA C Int(A’) U(Int(A)).Then UNnA S Un
[Int(A’)U(Int(A))] S [UnInt(A)JUUN(Int(A))] = [Int(U)nInt(A)JUlUNn(Int(A))] S Int(U nA)U
(U nInt(A)) S Int((U nA)) U(Int(U n A))". Hence U n A € bx(X, T).

Proposition 2.22. [22] Let | be an ideal on a topological space (X,t). ThenforU € al
O(X,t)andA€e f, (X, t),UnAET, (X 1)

Corollary 2.23. Let (X, T, | ) be an ideal topological space. ThenforU € al O(X, t) and
A€ f, (X, T), Un A €EDb(X ).
Proof. Proof follows from Proposition 2.22. and Theorem 2.11. (i).

Proposition 2.24. Let | be an ideal on a topological space (X,t) andtn | = {f}. Then bx(X, 1)
C BO(X, T).

Proof. Let A € bx(X, T). Then A € Int(A*) U(Int(A)) € Int(CI(A)) UCI(Int(A)).
The converse is not true and it follows from the following example:

Example 2.25. Let X = {01, 05, 03}, T={0, X} and | = {0, {01}}. Let A = {01}. Then A €
BO(X, t). Now A* =fand Int(A) =0. Therefore Int(A*) =0and (Int(A)) =0. Therefore A¢
bx(X, T).

If we consider the collection | | (X, T) of all nowhere dense subsets of a topological space
(X, T), then we have the following theorem:

Theorem 2.26. Let | (X, T) be the ideal on a topological space (X, T). Then bx(X, t) = BO(X, T).

Proof. Let A € BO(X,t). Then A € Int(CI(A)) U Cl(Int(A)) = Int(Cl(Int(CI(A)))) U
Cl{Int(Cl{Int(A)))) = Int(A*) U(Int(A))". Hence A € bx(X, T).

Theorem 2.27. Let | be an ideal on a topological space (X, t)andt n | ={0}. Then
X € bx(X, 1).

Proof. We have X = X*. Then Int(X*) = X and (Int(X)): = X* = X. Hence X € Int(X*) U (Int(X)):.
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However, it is noted that the above theorem may not be true, if the space does not satisfy the
conditiont N | = {0}. For this, we give the following example:

Example 2.28. Let X ={01,0,,03}, T ={0,{o3},X}and | ={},{os3}}. Thentn | ={}. Now
Int(X*) =0 and (Int(X))' = X* = {01, 0,}. Therefore X € Int(X*)U(Int(X)). Hence X & bx(X, T).

Theorem 2.29. Let | be an ideal on a topological space (X, t)andA S X. If Aisa | -open
and f, -set, then A is b#*-set.

The converse is not true and it is followed from the following example:

Example 2.30. In Example 2.13., Aiis a bx-set but Ais not f, -set. Thus the converse of the
above theorem is not true.

Characterization of bx-set:

Since the interior, closure, ()* and W operators obey the following relations: Int(A) = X \
CI(X \A) and A= X \W(X \ A), then characterization of b#-set is:

Theorem 2.31. Let | be an ideal on a topological space (X, t)and A € X. Then A is a bx-set,
if and only if CHW(X \ A)) n W(CI(X \ A)) S X \A.

Proof. Let A € b*(X, T). Then A € Int(A)U(Int(A)):. Then X\[Int(A’)U(Int(A))] € X \A. This
implies [X \[Int(A)] n[X\(Int(A))] € X \A. Then CI(X\A*)nW(X\Int(A)) € X\A. Thus C({W(X \
A)) N W(CI(X \A)) S X \A.

If 1 =1_(X,7), then the characterization will be:
A subset A of X is a bx-set, if and only if CI(Int(X \ A)) n Int(CI(X \ A)) € X \ A.

We get following consequence of this section:

(i) The collection b*(X, T) does not form a topology.

(ii) The collection bx(X, T) does not form a lattice under the operations ‘union’, ‘intersection’, and
‘complement’ and the special element 0 and X. Because intersection of two b*-sets is not a bx-set
and the complement of a b*-set is not necessarily a b*-set, it is followed by the following example.

Example 2.32. Let X = {04, 03, 03}, T= {0, {01}, {02, 03}, X} and | = {, {01}}. Take A = {o,,
03}. Then Int(A?) = (Int(A)) = {0,, 03}. Therefore A €bx(X,T). Now A° = {0:}. Then Int((A°))
= (Int(A°)) = 0. Thus A° & bx(X, 1).
Furthermore, the collection bx(X, t) does not form an ideal on X, because it is not necessary that A
C B € bx(X, 1) implies A € bx(X, 1). It is followed by the following example:
Example 2.33. Let X = {01, 05, 03}, T={0, X} and | ={0, {01}}. Take A = {04, 0>}. Then (Int(A))'U
Int(A*) = X and so A €bx(X, T). Now {01} S A but {01} & b*(X, t). Hence the collection bx(X, t)
does not form an ideal on X.

However, following holds as well:

Lemma 2.34. Let f : (X,T) = (Y, o) be a homeomorphism and | be a proper ideal on (X,
T). Then

() f(1 )={f(1):1 €1 }isanideal on (Y, o).
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(ii) FlA«(1, )] = (F(A)(F(1 ), 0).

Proof. (ii) For A € p(X), let x € X with f(x) & f[A* (1 ,T)]. This implies that x ¢ A (I ,T).
Thus there exists Uy € T (x) such that U, n A € I. Therefore, f (U, N A) € f (1), hence f(U,) nf
(A[)f% f)]( (Ifz S)o, \)Ne have, f(x) Z [F(A)(F(1 ), o), since F(Uy) € o(f(x)). Therefore, FIA (I ,T)]
2 [F(A)) 1 ), o).

Converse part:

Let t € X with f(t)  (F(A)(F(1 ), o). Then thereexists U ., € o(f(t)) such that U, , n f(A) €

() f®

£(1 ). Thus, F[U,  nFA) €FH(F(1 )= 1 ,implies t & A(1 ,T), since F(U,,) €T(t). Thus, f
(t) Z F(A(1 ,T). Hence we have, [F(A)](F(1 ),o) 2 F[A(I ,T)].

Corollary 2.35. Let f : (X, T) = (Y, o) be a homeomorphism and | be a properideal on (X, T).
Then for A € bx(X, 1), f(A) € bx(Y, o).

3. Functions in terms of local function

In this section, the various types of continuity have been discussed in terms of ideal on a topological
space.

Definition 3.1. Let (X,t) and (Y, o) be two topological spaces and | be anideal on (X, T).
A function f : X = Y is said to be a

(i) continuous, if f (U ) € t, for every U € o.

(ii) b-continuous [10], if f (U ) € BO(X, t), for every U E€o.

(iii) b*-continuous, if f1(U) € b¥(X, t), for every U €Eo.

(iv) W*-function [28], if f“l(U) € Y:(X, 1), for every U Eo.

(v) | -continuous [31], if f }(U) € f, (X,T), forevery U € o.

(vi) f, -continuous [20], if f tu)e f, (X,t), forevery U €o.

(vii) W= C-function, if f"}(U) € W(X, 1), for every U € o.

(viii) R, C-continuous [20], if f u)e R, C(X, t), for every U € .

(ix) A-continuous, if f }(U ) € A(X, t), for every U Eo.
Theorem 3.2. Let (X, t) and (Y, o) be two topological spaces and | be an ideal on (X, T).
Then a f, -continuous function f : X = Y is a W-function.

Proof. Let U € T. Since f : X > Yisa f, -continuous function, therefore f 1u)e f, (X,t) S
Wi (X, t). Hence f is a W*-function.

The converse is not true:
Example 3.3. Let X ={04,05,03}, | ={0,{o>}}and t ={,{01,0,}, X}. Define a function f : X
- X by f(01) = 05, F(0;) = 03 and f(03) = 0;. Thenf(0) =0, F(X) = X and ({0, 0,}) =
{01,03}. Since {01,035} ¢ f, (X,T), f is not f, -continuous, but §, X, {01, 03} € W(X, T ). Hence
f is a Y*-function.

Theorem 3.4. Let (X, T ) and (Y, o) be two topological spaces and | be an ideal on (X, T ).
Then a f, -continuous function f : X - Y is a W-C-function.

Proof. Let U € t. Since f : X = Yisa f, -continuous function, therefore FX(U) € f, (X 1)<
W(X, t). Hence f is a W-C-function.
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For the converse of the above theorem, we consider the following example:

Example 3.5. Let X = {01,05,03}, | ={0,{0o>}}and t ={j, {01, 0y}, X}. Def/ne afunct/onf

X > X by f(o1) = 05, £(0;) = 03 and f(0s) = 01. Then f'(0) =0, F'(X) = X and f'({os,
0,}) = {01, 03}. Since {01, 03} Z f, (X, T), f is not f, -continuous, but 0, X, {01, 03} € W(X, T).
Hence f is a W - C-function.

Theorem 3.6. Let (X, ) and (Y, o) be two topological spaces and | be an ideal on (X, T ).
Then every f, -continuous function f : X = Y is a bx-continuous function.

Proof. Let U € t. Since f : X - Yisa f, -continuous function, thereforefl(U Je f, (X, 1)<
bx(X, T ). Hence f is a bx-continuous function.

About the converse of the above theorem, we discuss following example:

Example 3.7. Let X = {01, 0y, 03}, ={0, {ox}} and Tt = i {01, 03}, X} Define afunctlonf X
= X by f(o1) = 0y, fl02) = 03 andf(Os) = 01. Then () = 0, £(X) = X and f'({o, 0,}) =
{01, 05}. Since {01, 03} & T, (X, T), f is not f, -continuous, but 0, X, {01, 03} € bx(X, T). Hence f
is a bx-continuous function.

Theorem 3.8. Let (X, T) and (Y, o) be two topological space and | be an ideal on (X, T).
Then every R, C-continuous function f : X = Y is a bx-continuous function.

Proof. Let U € t.Since f : X & Yis a R, C-continuous function, therefore fFlu)e R, CX 1)<
bx(X, T ). Hence f is a bx-continuous function.

The converse is not true:

Example 3.9. Let X = {01, 05, 03}, ={0, {o,}} and T = i {01, 03}, X} Define afunct/onf X
= X by flo1) = 0, f(02) = 03 andf(Os) = 01 Then £(1) = 4, £(X) = X and £ '({or, 0,}) =
{01, 03}. Since 1§, X, {01, 03} € bx(X, T), f is a bxcontinuous function, but f is not a R, C-
continuous function, since {01, 03} # (Int({oy, 03})).

Theorem 3.10. Let (X, T) and (Y, o) be two topological spaces and | be an ideal on (X, T).
Then every |-continuous function f : X = Y is a bx-continuous function.

Proof. Let U €T.Since f: X > Y isa | -continuous function, therefore £ (U) € 1 O(X, T) € bx(X,
7). Hence f is a b*-continuous function.

Against the converse of the above theorem, we discuss the following example:
Example 3.11. Let X = {01, 03, 03, 04}, | ={0, {03}}, 71 = {0, {01}, {02}, {01, 02}, X}and r; ={j,
{o1, 03}, X}. Define a function f : (X, T, | ) = (X, T2) by f (01) = 03, f (02) = 05, f(03) = 01 and f (04)
= 0s. Then f7(8) =0, £7(X) = X and £ '({0y, 03}) = {0y, 03}. Since 0, X, {01, 03} € b+(X, T), f is a b-
continuous function, but f is not a | -continuous function, since {01, 03} & Int({o, 03}").

Theorem 3.12. Let (X, 1) and (Y, o) be two topological spaces and | be an ideal on (X, T)
with Tt n | ={0}. Then every continuous function f : X = Y is a bx-continuous function.

Proof. Let U € T . Since f : X = Y is a continuous function, therefore £ }(U) € T € bx(X, t). Hence f
is a bx-continuous function.

Converse of the above theorem may not be true:
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Example 3.13. Let X = {01, 05, 03}, | ={0, {02}} and t={0, {01, 02}, X}. Define a function f : X -

X by f(o1) = 0y, f(02) = 03 and f(os) = 01. Then () =0, £'(X) = X and f ({01, 0,}) = {os,
03}. Since {01, 03} T, f is not continuous, but §, X, {01, 03} € bx(X, T). Hence f is a bx-continuous
function.

Theorem 3.14. Let (X, T ) and (Y, o) be two topological spaces and | be an ideal on (X, T)
with Tt n | ={0}. Then every bx-continuous function f : X = Y is a A-continuous function.

Proof. Let U € T. Since f : X > Y'is a b*-continuous function, therefore £ (U ) € bx(X, ©)S

A(X, T). Hence f is a A-continuous function.

For the converse of the above theorem, we discuss following example:

Example 3.15. Let X = {041, 05}, | ={0, {01}} and t = {0, {01}, X}. Define a function f : X =
X by £(01) = 05, £(05) = 01. Then £7(0) =0, £(X) = X and £ ({o1}) = {0,}. Then A({0,}) =
(W({o 1)) UW(({0:})') = X, so 0,{0,}, X € A(X, T). Hence f is A-continuous. Since {0,} & bx(X,
T), hence f is not bx-continuous.

Theorem 3.16. Let (X, T) and (Y, o) be two topological spaces and | be an ideal on (X, T)
with t n1 ={0}. Then every bx-continuous function f : X = Y is a b-continuous function.

Proof. Let U € t. Since f : X = Y is a b*-continuous function, therefore £ (U ) € b(X, T)C

BO(X, t). Hence f is a b-continuous function.

Example 3.17. Let X = {01, 0,, 03}, ={0, {01}}, 1 = {0, X} and T = {0, {oli, X}. Define a

funct/onf X1, 1)=>(X 1) byf(x) x, for all x € X. Then £10) =0, £ '(X) = X and f
Y({01}) = {o1}. Since 0§, X, {01} € BO(X, ©1), f is a b-continuous function, but f is not a bx-

continuous function, since {01} # bx(X, 1).

Theorem 3.18. for the ideal | ,(X, T) on the topological space (X, T ), a function is bx-
continuous function if and only if it is a b-continuous function.

Proof. Proof follows from the fact that, in (X, T, | ), BO(X, 1) = b#(X, 7).
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