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1.Introduction

Random dynamical systems (RDSs) are the most widely used in the modeling of many phenomena in
physics, climatology economics, biology, etc. The random effects frequently reproduce essential
properties of these phenomena before just to reward for the faults in deterministic models. The history
of the study of RDSs energies backbone to Ulam and von Neumann in 1945 [7] and succeeded since
the1980s due to the detection that the solutions of stochastic ordinary differential equations profit a
cocycle over a metric dynamical system which models randomness, i.e. a random dynamical system.
For deterministic dynamical system on metric spaces, the concept of almost periodic point is
established well for details see [4]. Throughout this paper, X =metric space, (Q, F, ) is a probability
space, X the set of all measurable functions from Qto X, N the set of all nbds. In section 2, we
present some definitions and the results [1], [2],[4].[5],[6]. In section 3, the concept of almost random
periodic point is introduced and some essential properties of such set are proved.
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2.Preliminary

Definition 2.1[1]: A subset E € R is said to be relatively dense in R ,if there exists a positive number
leRsuchthat EN[a,a+1] # @ foralla € R.Where [a,a+!l]:={teERia<t<a+l}
Definition 2.2[6]: The 5-tuple (R, Q, F, P, 8) is called a metric dynamical system(Shortly MDS) if
(Q, F, P) is a probability space and

MHO:Rx Q- Qis (B(R) ® F,F) —measurable ,

(i) 6(0,w) =w, Vo € 2,

@[i)o(t+s,w) =6(t,0(s,w)) V,t,sER,w €N

(iv) P(6,(F)) = IP(F) ,forevery F € F and every t € R.

Definition 2.3[6]: A topological RDS on the topological space X over the MDS (T, Q, F,P,0) is a
measurable RDS which satisfies in addition the following property: For each w € Q the function

eG,w, ) RxX - X, (t,x)+ @t w,x),Iiscontinuous.

Definition 2.4[6]: A measurable random dynamical system on the measurable space(X, B(X)) over
(or covering, or extending) an MDS (R, Q, F, P, 8) with time isamapping ¢:RXx QXX - X,
with the following properties:

Measurability, ¢ is B(R)QF B, B — measurable.

Cocycle property: The mappings ¢(t, w) = ¢(t,w,"): X - X forma cocycle over 6(-), i. e. they

satisfy
@(0,w,x) =x forallw € 2,x € X. @
p(t+s,wx) =@t 0()w)ep(s,wx)forall s,te R, w e, x€X, 2

If there is no ambiguity the RDS is denoted by (8, ¢) rather than (R, Q, X, 6, ).

Definition 2.5[6]: Let (Q, F) be a measurable space and (X, d) be a metric space which is considered a
measurable space with Borel o- algebra B(X). The set-valued function A: Q - B(X),w — A(w), is said to
be random set if for each x € X the function w — d(x, A(w))is measurable. If A(w)is connected closed
(compact) for all w € Q, it is called a random connected closed(compact) set.

Definition 2.6 [2]: Let D:w +— D(w) be a multifunction. We call the multifunction w — y}(w) =

Uest @(T,0_,0)D(6_,w), the tail (from the moment t) of the pull back trajectories emanating from D. If
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D(w) = {v(w)} is a single valued function, then w — y,(w) = y)(w) is said to be the (pull back)
trajectory emanating from v. w +— y,(w) = Uz @ (7, 0_;0)v(0_; w).

In the deterministic case ( is a one-point set and ¢ (t, w) = @(t) is a semigroup of continuous mappings.

Therefore in this case the tail y}, has the form:

Vb = Urse @(0)D = U0 (D) (@()D) = ¥ (1)p-

Definition( Invariance Property) 2.7[6]: Let (6, ¢) be a measurable RDS and a multifunction w +
D(w) is said to be invariant with respect to (6, @) if @(t, w)D(w) = D(Bw) forallt > 0Oandw € Q.
Definition 2.8[8]: A random variable v € X% is said to be random periodic point of a RDS (8, ¢) if

vt e R,3 1 # 0suchthat (7t +t, w)x(w) = @(t, O,w)x(6,w).

Definition 2.9[3]: Let (8, ¢) be a random dynamical system. A random subset M (w) of X is called
minimal whenever it is non-empty random invariant set and random closed set while no proper random

subset of M (w) has these properties.

Corollary 2.10[4]: Let X, Y and Z be topological spaces and f: X X Y — Z be continuous mapping

and let A and B be compact subset of X and Y respectively, then Vw € N,,53(u,v) € Ny X Ng such that
u X v € w, consequently¥ w’ € Nr4)x )3 (W, v) € Npay X Np(py such that f(u X v) € w'.
Theorem2.11[5]: Let (X, 7) be any topological space, let A € X be any open set ,and let B < X be any
other set (not necessarily open or closed ). IfFAN B # @then AN B # Q.

3.MainResults

In this section the concept of almost random periodic point is stated and some new properties of such
concept are studied.

Theorem3.1: Let M (w) be anon-empty random set in X the following properties of M(w) are

equivalent :

Q) M (w ) is minimal in X
(i)  yi(w)=M(8,) forevery v € M(w)

(ili)  M(w) is closed and invariant and for every non- empty random open subset U of X either

M(w) N (VU{p(r,0_,0)U0_w):T € R}) =0 or M(w) c (U{p(r,0_,w)U(0_,w):T € R})
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Proof: (i) - (ii) if v € M(w) then y{(w) € M(6,) and ¥ (w) € M(8,) because M (w) is closed
and invariant. Since y(w) is closed and invariant set we must have Y. (w) = M(8,).i.e. ¥} (w)

will be a non-empty proper subset of M(8,,), a contradiction to minimality of M(w) . y{(w) #
M(6,,)

(ii) — (iii) if (ii) is holds then M (w) is closed and invariant , suppose U is anon-empty random

open set in X such that
M(w) N {U {o(t,0_,0)U(6_,w):T E R}} # @ if v e M(w) then by (ii)

Y (@) n{U{p(t,0_,w)U(6_,w):T € R}} # @, since ¢(r,6_,w): X — X is homeomorphism vz € R and
Yo € 0, we get ¢(t,0_,w)U(6_,w) is open ¥z € R and Vo € 2,since v (w) N ¢(T, 0_,0)U(0_,0) # @
vt € Rand Vw € 2, then by Theorem2.11 we get yf(w) N ¢(7,0_,0)U(O_,w) # @ then there exist

y €vi(w)andy € ¢(t,0_,w)U(0_,w) VT € Rand Yw € 2 .Since y € yf(w) then there exist 7o > 7 3
y=¢(t,0_rw)vandt, =73y € ¢(71,0_;,)U(6_;,w) then ¢(z, O_r.w)v € ¢(11,0_, 0)U (6., ),

since (p(rl,e_rlw)U(H a)) cU {p(r,0_,0)U(0_,w):T € R},

—-T1

Then ¢(7, 0_,.w)v € U {¢(7,6_,w)U(0_,w): T € R}

=vVEU {(p(ro, B_Toa))_l o (1,0_,0)U(0_,w):T € R}
EU{p(—To,w) o p(1,0_;0)U(0_;w):TER}D w:=0_,w
EU{p(T—1,0) 0 p(1,0_;0)U(B_;w):TER}D b :=0_,w

= v eU{p(r,0_,0w)U(O_,w):T € R}

= M(w) c U {p(t,0_,w)U(0_,w):T € R}.

(iii) — (i) let N(w) be closed random invariant subset of N(w),N(w) # M(w). ThenU(w) =X /
N (w) is anon-empty random set Then by (iii) either M(w) N (U {¢(7,0_,w)U(O_,w):T € R}) =@

Or M(w) cU {p(t,0_,w)U(6_,w):T € R}.
Now if M(w) N (U {p(t,0_,0)U(0_;w):TER}) =0

M(w) N (U{p(t,0_,0)U0_w):TER}) =0
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M)n(U{U(w):teR) =0= Mw)NU(w) =0
M(w)n X/ N(w) =@ = M(w) = N(w) orif

M(w) cU {o (1, 0_,0)U(6_,w): T € R} then

M(w) cu ({p(7,0_;0)U(0_,w): T € R})

= M(w) c (U{U(w):T ER})

= M(w) c U(w)

= M(w) € X / N(w) .Then N(w) € M(w) c X / N(w) ie

N(w) =@ . Thus M(w) is minimal m

Theorem 3. 2: )/J(—w) is minimal if and only if Vy € X such that thenv € m

Proof: Suppose that m isminimal .Lety € X, ify € Mthen by Theorem3.1 M =
W SOV E )/Jf(—w) , conversely suppose that vy € X:y € M thenv € M.We show
that y,f(_a)) is minimal , and is non-empty closed invariant random set. Suppose that M (w) be anon-
empty closed invariant subset of m If y e M(w) then y € m and by hypothesis v €
¥£(6_,w).Since M(w) is closed and invariant then y£(w) < M(8,w) s0 £ (f_ w) < M(w).Then v €
M (w) by a similar argument we have y£(6_,w) € M(w) but yf(w) € M(w) = y£(6_,w) € M(w),

thus we have y!(w) = M(w). This means that ¥} (w) is Minimal m

Definition 3.3: A random variable v is said to be random almost periodic point if for each open
random set U(w) with v(w) € U(w) ,Vw € Q, the set D(v,U) := {t € R: ¢(t,0;w)v(w) € U(w)}is

relatively dense.

Theorem3.4: If v € X is a random almost periodic point then ¢ (s, w, v) is also random almost
periodic point.

Proof: let U(w) be an open random set with v(w) € U(w) ,Vw € Q one has

:D(p(s, 6iw)v(w),U) ={t+s€ER:p(t+s w)v(w) € U(w)}

={t+seR: @t b:w, ¢(s,w))v(w) € U(w)}
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={t+seER: @t b:w)e°p(s,w)v(w) € U(w)}
={t+seR: ot lw)v(w) € @p(-s,6,0w)U(w)}
= D(v,<p(—s, Bta))U(a)))

Since D (v, U) is relatively dense, then D(v, o(—s, etw)U(a))) is also relatively dense. Hence

@ (s, w,Vv) is random almost periodic point m

Theorem 3.5: The set of all random almost periodic point in RDS (6, ¢) is a random invariant set.
Proof: Let M be the set of all random almost periodic points define

M:Q — 2%to show that w — M(w) # @ is measurable, let x € X and § > 0

then {w: d(x, M(w)) < 8} = {w: M(w) N B(x,8) # @}. Set U := B(x, ) be an open set implies
{w: M(w) N U # @} is measurable and hence w — d(x, M(w)) is measurable and hence M is
random set. Now since v € M then v is random almost periodic points i.e. V open random set
U(w) withv(w) € U(w) ,Vw € Qtheset D(v,U) = {t € R: ¢(t, 6, w)v(w) € U(w)} is relatively

dense, then ¢(t, 6,w)v(w) € M. Hence M is random invariant set m
Theorem 3.6: If v is random periodic point in X, then v is a random almost periodic point.

Proof: Let v be a random periodic point and let U(w) be a random open set with v(w) € U(w) and

@(t,0:w)v(w) € U(w) and let [ € R be a positive number and s € [0, []. Now

@(s,w) o (t,0;w)v(w) € p(s,w)U(w), t € R, impliesp(t + s, w)v(w) € ¢(s,w)U(w)
= ¢(t, 6;0)v(0;w) € (s, w)U(w)
= ¢(=s,6;w) ° ¢(t, Os0)v(6;0) U (w)
= @(t — 5,04 ;0)v(0sw) € U(w)

Sett:==t+s
= ot —s,0;,w)v(f;w) € U(w)
={t—seR:p(t—-s,0w)l;w) € U(w)}
=t—s e€D(,U)impliesthat [t — ,t]n D(v,U) # 9,

so D(v, U) is relatively dense and hence v is random almost periodic point m

Theorem3.7: Let (6, ¢) be a continuous RDS , A € R and B(w) € X .If A is compact and B(w) is

closed then
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C(w) = {{o(t,0_;w)B(O_;w):t € AV w € Q}}
is closed random set.
Proof: Letx € X/C(w),s0 x &€ C(w). Then
x & @(t,0_w)B(O_;w) ,forsomet € A,w € Q.
So
p(t,w)x & p(t,w) o @(t,0_w)B(06_;w) = B(w) ,
forsomet € A, w € Q. This implies that
{p(s,0_sw)x :s € —A,w € Q} € X/B(w)

As —A is compact subset of R( y:R - R 3 y(x) = —x is continuous and A is compact in R then
y(A) = —Ais compactin R) and X/B(w)

is open in X it follows from the Corollary2.10 then there exists anon-empty u(w) open set such that
{o(s,0_sw)u(b_,w):s € —A,Vw € Q} c X/B(w)

= ¢(s,0_sw)u(6_sw) € X/B(w) forall s € —Aandall w € Q
= ¢(s,w) ° ¢(s,0_s0)u(0_;0) < ¢(t, w)(X/B(w))

= u(f_s0) c {p(s,w)(X/B(w)):s € =4, w € O}

= {o(s,w)(X)/¢(s,w)B(w):s € —4,w € Q}

=X/C(w)

Then U(w)NC(w) = @.Thus each point of X/C(w) is interior point of X/C(w)then X/C(w) is

random closed set =

Theorem 3.8: Let (8, ¢) be a continuous RDS with X is regular Hausdorff space and let v € X.

i. If visarandom almost periodic point, then yf(w) is a minimal random subset of X.
ii. If yL(w) is compact and minimal, then v is a random almost periodic point.

iii. If X is locally compact space, then v is a random almost periodic point iff y!(w) isa

compact minimal random set .



110 Qays Arif.lhsan Jabbar, Al-Qadisiyah Journal of Pure Science 27,1 (2022) )math. pp. 103-111

Proof: (i) By Theorem 3.2. let y € y; (w),in order to prove that v € y; (w), consider an open random
set U(w) with v € U(w).As X is regular, U(w) may be assumed to be closed in X .Since v is a random

almost periodic point, we have R = K + D (v, U) for some compact subset K of R then

¥ (@) = {o(r, 0)v(w):T € R}

={p(t,0)v(w):T€ K+ D(v,U)}
“teEK+DwU)=3keK,deD31=k+d
= yi(w) = {pk + d,w)v(w):k € K,d € D}

={pk,0,0)° p(d, w)v(w):k € K,d € D} € @(k, w)U.

Now Theorem 3. 7 impels that ¢ (k, w)U is a closed subset of X hence y,f(—w) c

¢ (k, w)U,consequently,y € @(k, w)U when y;(w) N U(w) # @. This shows that v € m [

(ii) let U(w) be an open random set with v € U(w) Yw € Q. By assumption that y,f(w) is a compact
and minimal random there is a finite subset K of R such that m cU {p(r,0_,w)U(0_,w):T € K}.
Now if s € R,then (s, 0_,@)v(w) € ¥{(w), s0 ¢(s,0_,w)v(w) € ¢(T,0_,w)U(6_,w) for some

T € Kthatiso(—t+s,0_w)v(w) € U(O_w) = @(—1,0_sw) ° (s, w)v(w)) € U(O_,w),
hences € T+ D(v,U) € K + D(v, U). This show that D(v, U) is relatively dense in R m

(iii) Since X is locally compact space .Then V x € X 3 neigherborhood V to x such that V is compact
set in X.Recall that vV v € X 3 an open random set U(w) with v € U(w) such that closure of U(w) is
compact in X.Now if v is random almost periodic point then m is minimal random set by (i) Since
Vi (@) = Upse (1, 0_;0)v(0_,w) thus ¥ (w) is a compact minimal random set. Conversely, if 3. (w)
is compact and minimal random set then by (ii) we get v is random almost periodic point m

Corollary 3.9: If X is compact and x € X ,then x is a random almost periodic point iff yf(w) isa
minimal random set.

Proof: Since X is compact and x € X then X is locally compact then by Theorem 3.8 (iii) we get x is

a random almost periodic point iff y!(w) is a minimal random set m

Conclusion
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The main objective of this work is to study the almost periodic point in random dynamical
systems, where some of its characteristics have been studied as well as its relationship with certain

concepts in random dynamical systems such as periodic points as well as minimal sets.
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