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a. Erhan Pigkin

b. Veysel Butakin In this paper, we consider a viscoelastic wave equation of Kirchhoff type with

variable exponents. We show that under suitable conditions on the initial data
and initial energy, the energy of solutions blow up in finite time with negative
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1.Introduction
In this paper, we study the following viscoelastic wave equation of Kirchhoff type:
ug — M(||Vul|?Aw) + fotg(t — DAu(D)dT + |u PP 2 uy = |u]1®2y, (x,t) € A x (0,T), (1)
with the initial conditions
u(x,0) = up(x), us(x,0) =uy(x), x€ Q, (2
and boundary condition
u(x,t) =0, x € 09, (3)
where Q is a bounded domain in R™ (n = 1) with smooth boundary 9Q, and M(s) = a + Ss?,
a,f =0,y = 1. Without loss of generality, we can assume that « = § = 1.
The variable exponents p(.) and g(.) are given as measurable functions on Q satisfying

2<p <p)<p"<qg <qx)<q*<q" (4)
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here
p~ = essinfye op(x), p* = esssupye qp(x),

q~ = essinfyeaq(x), q* = esssupyeoq(x),

and

We state some assumptions on g:
(Al) Let g € C? function satisfying

1—f gr)dr=1>0.
0

(A2) g(t)dt = 0, g'(t)dT < 0 and
qg(1-&-2

- —, 0<é<1.
A== 24my

The problems with variable exponents arises in many branches in sciences such as nonlinear

fooog(r)dr <

elasticity theory, image processing, electrorheological fluids [2, 3, 15].

When p(x) and g(x) are constants, (1) become the following form
ug — M(||Vu||?)Au + fotg(t — D) Au(t)dr + |u P2 up = |u|9?u. (5)
The problem (5) has been discussed by many authors and several results concerning blow up have
been established for p = 2. See in this case, [6, 8].
When M(||7u||?) = 1, (5) become the following form
U — Au + fotg(t —D)Au(t)dt + |uy|P~? up, = |ul9%u. (6)
In [9], the author proved blow up and global existence of solutions, for the equation (6). In [10], the
same author extended this result in the case of positive initial energy.
When M (||7u]|?) = 1 and g = 0 the problem (1) reduces to the following form
Upe — A+ [u, [P0 2y, = |u| 1092y, (7)
Messaoudi et al. [11] studied the local existence and blow up of the solutions of the equation (7).
Recently, Pigkin [12] investigated (1) and established the blow up result with negative initial energy
for g = 0. In [13] the same author investigated (1) and proved the blow up result for M (||Vul|?) = 1.
Motivated by the above results, in this work, we prove the blow up result of solutions (1) under
some conditions. To the best our knowledge, this is the first paper that deals with blow up of solutions
to problems involving a viscoelastic wave equations of Kirchhoff type with variable exponents.
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The outline of this work is as follows. In part 2, we recall the definitions of the the variable
exponent L) () Lebesgue space and W1P™)(Q) Sobolev space. In part 3, we state and prove the

blow up results.

2. Preliminaries

In this part, we state some results about the variable exponent Lebesgue and Sobolev spaces
LP(Q) and WP (Q) (see [3, 4, 7, 14]).
Let p:Q — [1,) be a measurable function, where Q is a domain of R™. We define the variable

exponent Lebesgue space by
PO (Q) = {u: Q = R,u is measurable and f lu|P@dx < oo},
Q

endowed with the Luxemburg norm

u|p(x)

ellpe = inf {A > 0: j 5
Q

where LP™)(Q) is a Banach space.

dx < 1},

The variable exponent Sobolev space WP® () is defined by
WP®(Q) = {u € LPX(Q) : Vu exists and |Vu| € LPP(Q)}.
Variable exponent Sobolev space is a Banach space with respect to the norm
lull1peo = Tullpey + VUl

The space WO”’(")(Q) is defined as the closure of C°(Q) in WP (Q) with respect to the norm
llwlly,px). FOru € Wol’p(x) (Q), we can define an equivalent norm

lullypey = IVullpe)-
Let the variable exponent p(.) satisfy the log-Holder continuity condition:

lp(x) —p(y)| Sﬁ,forallx,yeﬂwith lx —y| <6, (8)
x-y

whereA > 0and 0 < § < 1.
Lemma 2.1: [3] (Poincare inequality) Let Q be a bounded domain of R™ and p(.) satisfies log-Hdélder
condition, then
lull,oy < cllVull,,  forallu € W, P9 (Q),
where ¢ = c(p~,p™,[Q]) > 0.
Lemma 2.2: [3] (Embedding) Let p(.) € C(Q) and q: Q — [1, ) be a measurable and satisfy
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essyeninf (p"(x) — q(x)) > 0.
Then the Sobolev embedding Wol’p(') (Q) & L10(Q) is continuous and compact. Where

np(x)
p*(x) = {essyeasup(n —p(x))’
0, if p =2n

if p~ <n,

The local existence and uniqueness of solutions for the problem (1) which can be established by
combining arguments of [1, 5, 11].
Theorem 2.3: (Local existence and uniqueness). Suppose that (Al), (A2), (4) and (8) holds. Then for
any initial data (ug, u;) € (HE(Q) N H2(Q)) x L2(Q), problem (1) has a solution

u € C([0,T); HE(Q) N H2(Q), u, € ¢([0,T); L2(Q)) n LPO(Q x (0,T)),

forsome T > 0.

3. Blow up
In this part, we will consider the blow up of the solution for problem (1). Firstly, we give
following lemmas:
Lemma 3.1: [11] If g: Q — [1, o) is a measurable function and
2<q" <q)<qt <23 ©)

holds. Then, we have following inequalities:

)
pi)(u) < c (IVull2 + pgyw)) (10)

i)
hallg- < c(Ivull? + llulld-), (11)

iii)
pi)(u) < c(IH®I + llueliZ + pgey (W), (12)

iv)
hellg- < c(IHEO)! + el + Nl ), (13)

V)
cllullg- < pgoy(w) (14)

foranyu € H}(Q) and 2 < s < g~. Where pPqy(w) = fﬂ |u|90) dx, and ¢ > 1 a positive constant and
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1 1 t
fﬂ0=—§waW—§(r—fguﬁhywmv— 172|207+
0

2y + 1)

1 1
—~(ao - )
5 (g o Vu)(t) + 'I;z 700 |9 dx.

Lemma 3.2: Assume that (Al), (A2), (4) and (8) hold. Then

1 1 t 1
E — 24 -(1= Tull2 + ———— [|[7ull20+D
0 =gl + (1~ [ g ae)iwat® + 5 v

L(go — [ L ya®
+2(g W@ - [, o 1 dx

is a nonincreasing function and

1
E'(t) = —f lue [P® dx — Eg(ﬂf |[Vu(t)|? dxdt
Q Q

+%J:g’(t — 7:)j;1 [Vu(z) — Vu(t)]? dxdr.

Proof. We multiply (1) by u;, and integrate over Q, we have
1 1
q(x) 2r+1)

- fot fg gt — 1) Vu(r)Vu, (t)dxdr = — fﬂ lu, [P dx.

1 1
lluell? + 5 |7ull? —J lu|9®dx + (|7 |20+
Q

a[z

We estimate the last term in the left-hand side as follows
t
f f gt — 1) Vu(r)Vu,(t)dxdr
0 JQ

= [L g9t =D [, Tu (O[Vu@) - 7u(t) + 7u(®)] dxd

t

= f gt — T)f Vu,(t)[Vu(r) — Vu(t)] dxdt
0 Q

9| vu©Vu(t) dxd
+LMtﬂL w (OVu(e) dxde
= —2 [y gt =)< |f, Tu(@) - vu()Pdx| dr

1 (¢ d
+§f0 g(0) [&fn [Vu(t)]zdxl dr

1d

= _EaU:g(t - 1')‘1;2 [Vu(t) — Vu(t)]zdxdrl

t

+% fo Jt-1) fﬂ (7u(t) — Vu()2dxdr

(15)

(16)
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+32 |15 9@ [, Pu®Pdxdr| -39 (@) f, [Pu(®))dx. (17)

2dt
Inserting (17) into (16), we obtain
1 1 t 1
o[z 5 (1 [ ac)imare + 5 e v
7

1
| —f —— |u|9®dx +
Q

[[Vu |20+ D |
q(x) |

2(vy+ 1)
1
= —f [ue [P dx——g(r)f [Vu(t)|? dxdt
Q 2 Q

+2J, 9'(t=1) [, [Vu(x) - Vu(t)]?dxdr < 0, (18)

where

t

(g o Tu)(t) = j 9(t—1) f V(D) — Pu(o)dxdr.
0 Q

Now, we state and prove the blow up result:
Theorem 3.3: Suppose that the assumptions of Theorem 2.3 hold. If E(0) < 0, then the solution (1)

blows up in finite time T*, and

1—0
T"<——.
§owi-a(0)
Proof. We set
H(t) = —E(t).

By (18), we see that H(t) = 0. By the definition H(t), we obtain

1 1 t 1
H(t) = —= 2 _Z 1_] d Tull? = ———— [|[yull2+D
(0 = =3l 2( 9@ r) 7l ~ e 17l

N Lot L a0
~(goTw)(®) + Jo q(x)lul dx < [, pre |u|9%) dx

1
Let
w(t) = H'77(t) + & [, uu, dx, (20)
for £ small to be chosen later and
. q -pt q -2
0 <o <min {m,zq—_} (21)

By differentiating (20) and then using (1), we get



118 Erhan Piskin, Veysel Butakin, , Al-Qadisiyah Journal of Pure Science 27 , 1 (2022) )math. pp. 112-123

v (t)=1—-0)H °(t)H'(t) + el (u? + uug)dx
Q

=1 = a)H7OH' () + ellull® — el Vull?

—e||7u 20D 4+ ef
0

t
gt —1) J Vu(t)Vu(t) dxdt
Q
+ef [u|?0 dx — ef uwy |ug [PO~2dx
Q Q
= (1= )H 7 (OH'(t) + ellucll® — ellVull® - el|7u|2T+V
+£f |90 dx — ef uu, Ju PO 2dx
Q Q
t+e [ g@dr Ivull? + & [ g(t — ©) [, Vu(®[Vu(r) — Vu(t)]dxdr. (22)

To estimate the last term of (22), we use Cauchy-Schwarz and Young’s inequalities

ftg(t - T)f Vu(t)[Vu(r) — Vu(t)]dxdr
0 Q

t
SJ 9 =) ITu@®llIVu(r) - Vu(®)lldr
0

< A(g o Vu)(®) + — f; g@drl|vull?, 1> 0. (23)
Substituting (23) into (22), we have
w'(t) = (1 = O)H 7 (OH' () + ellugll® — ellVull® — el 7ul2+D

t
+e.f |u]?0) dx — ef uug |u PO 2dx + sf g(@)dr ||Vul|?
Q Q 0

< t
—eMg e VW(®) == | g(Ddr IVull?.
0

By using the definition of the H(t), it follows that

-(1- -(1- t
ceq(1— @) = LT e B <1— f g(r)dr) 17u]2
0

2 2
gczlg)/(l—+_1§) | 7u][20+D + eq‘(;——f)(g o 1) (t)
~eq~ (1~ 9 f, =5 ul"dx, (24)

where 0 < & < 1.
Adding and subtracting (24) on the right hand side of (22), we have
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() =21 —o)H P(OH'(t) +eq~ (1 - EH(0)

q~(1-¢§) 2 qa (-89 2(y+1)
+g( +1) el +g(2(y+1) 1) 7wl

+& [q_(;_f) (1 - fotg(r) dr) -1+ (1 - —)f g(1) dr] (|7l

+e (@ - /1) (g o Vu)(t)

+e€ [ ul®Odx — ¢ [ uu, [u,[PY2dx. (25)
Then, for & small enough, we obtain

W' () 2 eB[H(E) + llull® + I7ull® + 17ull>Y*D + (g o Vi) (£) + pgcy (w)]

+(1—0)H(OH'(t) — & [, uu, lu |PO-2dx, (26)
here
_ q (1 —f) q‘(l—f) qg1-8) )
'B_manq (1_5) 2 _/115' 2(y+1)_1'l>0
R Bl O PR _ _1 |
k > 1 J;)g(r) dt 1 + 1 f g(r)dr J
and

o @) = [ Il dx.
Q

By the following Young’s inequality, we have
Skxk 5yt
XY < + :
k l
where X,Y >0, § > 0,k,l € R* such that % + % = 1. Consequently, applying the previous, we obtain

1 —1 __px
j u|ut|p(.)—1deJ _5p(x)|u|p(x)dx+J &5 PC-1 |y, |[PO) d
Q o pP() o pl)

+_ __pX)
< pi f, 879 uP®dx +’“p—+1 [, 8771 Ju, PP, 27)
where § is constant depending on the time t and specified later. Inserting (27) into (26), we have
w'(t) = eB[H(E) + lluell® + [Vull> + IVul2Y*D + (g o Vu)(£) + pay (W]
+(1—0)H?°(t)H'(t)
+_ I C))
—epi_fﬂ §POD |y [P dx — epp—ffﬂ 8 P01 |y, |PX)dx, (28)

__p®
Let us choose &, so that § »0-1 =k, H=9(t), where k; > 0 is specified later, we get
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@' (6) = eB[H(®) + lluell® + 1Vull? + [IVul 29+ + (g o Vu)(£) + pg(y (W]
+(1—a)H°(t)H'(t)
p"—1
p+
> eB[H(@®) + lluell® + 7ull? + [[Vul 20+ + (g o Vu) () + pgy (W]
+(1—0)H °(t)H'(t)

1 -
—EFJ. ki PO HI@O-D (1) [y |P@ gy — ¢ f kH=(t)|ue |P® dx
) )

ki_p +_ p+ -1 -
—e—Lt—polp 1)(t)f |u|P™ dx — ¢ — | kH "(t)f [ue|P™ dx
p Q p Q

> eB[H(E) + llull® + I7ull® + I7ulPT*D + (g o Vu)(8) + pgey(w)]

1-p~

[(1 —0)—¢ <p+ _ 1) kl Ho(OH' () — £ 2 ot =1)(p) f [u[P® dx.
p p Q

Using (14) and (19), we obtain

Ha(p+—1)(t)f [ulP® dx < HOP*=1)(1) U lulP” dx + Iul”+dxl
Q Q_ Q4

p- pt

< Ho(p*-1) < g >q__ ( g )q__
< (t)c L_Iul X + fQIuI X

= Ho®' D Oc [l + i}

1 a(pt-1) - pt
<<(Fra0®) o)+ aow)]

+

N

2 o(pt—1) 22 o(pt-1)
= (Pq(.)(u))q T (Pq(.)(u))q ’ ]
where ¢, = c(qi_)a(p _1), O ={xeQu<1}andQ, ={x € Q:|ul =1}

By Lemma 3.1 and (21), for

s=p +oq (pt—-1)<q
or

s=ptoq (-1 <q
to deduce, from (29),
Ho@ -1 (p) Jo [ulP® dx < c[lI7ull® + pgy (W)]-

Thus, inserting estimate (30) into (26), we obtain

(29)

(30)
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1-p~
w'(t) =€ (ﬁ s Cl) [H(®) + lluell® + 1Vull? + [Vl 20+ + (g o Vu)(£) + pgy (W]
+la-o) - (Z2) K Ho@H'®. (31)

k1P~

Let us choose k large enough so thaty = 8 — c; > 0, and picking € small enough such that

(1—0)—£(p;_1)k20

m
and

w(t) 2 w(0) = H'77(0) + ¢ [, uouydx >0,vt > 0. (32)
Consequently, (31) yields

w'(t) = ey[H(®) + llull® + [I7ull® + 7ull?Y*D + (g o Pu)(£) + pgy (W]
> ey[H () + lluell? + I7ull? + [7ull2*D + (g o V) (6) + llullZ-], (33)
due to (14). Therefore we get
w(t) >w(0) >0, forallt >0.

On the other hand, applying Holder’s inequality, we have

1
1-0

1 1
[ | <l
Q
1 1
<C <”u”(11_—0”utllm>-
Using Young’s inequality gives
e & o
[fy w7 < ¢ (1l + hell=), (34)
for i +% = 1. We take 6 = 2(1 — 0), to obtain = = 1_2? < g~ by (21). Therefore, (34) becomes
1
= ]
f uuedx| < C(lluell®+llull-).
Q
Thus,
1
1 1-0
wi-o(t) = [Hl“’(t) + ef uu; dx
1
1o

o 1
< 27 | H(t) + £1-

f uuydx
Q
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< C (Il + ulld- + H(p))

< C(H® + lluell® + I7ull? + [[Vul2Y+D + (g o Vu) () + [lulld-) (35)
where
(a+ b)? < 2P71(aP + bP)
is used. By combining of (33) and (35), we have

W' () = Ewia(), (36)

where ¢ is a positive constant.

A simple integration of (36) over (0, t) yields wﬁ(t) = o';ft which implies that the solution
v 1-0(0) ==

1o
blows up in a finite time T*, with
1—-0
T" < ——.
§owi-a(0)
This completes the proof of the theorem.

Conclusion
In this work, we considered a viscoelastic wave equations of Kirchhoff type with variable
exponents. Under the suitable conditions, we showed the blow up of solutions in a finite time with

negative initial energy.

References

[1] S.N. Antontsev, J. Ferreira, E. Pigkin, S.M.S. Cordeiro, Existence and non-existence of solutions for Timoshenko-
type equations with variable exponents, Nonlinear Anal.: Real Worl Appl., 61 (2021) 1-13.

[2] Y. Chen, S. Levine, M. Rao, Variable Exponent, Linear Growth Functionals in Image Restoration, SIAM Journal
on Applied Mathematics, 66 (2006) 1383-1406.

[3] L. Diening, P. Hasto, P. Harjulehto, M.M. Ruzicka, Lebesgue and Sobolev Spaces with Variable Exponents,
Springer-Verlag, 2011.

[4] X.L. Fan, J.S. Shen, D. Zhao, Sobolev embedding theorems for spaces W*?™)(Q), J. Math. Anal. Appl., 263
(2011) 749-760.

[5] Y. Gao, W. Gao, Existence of weak solutions for viscoelastic hyperbolic equations with variable exponents,
Boundary Value Problems, (2013) 1-8.

[6] L. Jie and L. Fei, Blow up of solution for an integro-differential equation with arbitrary positive initial energy,
Boundary Value Problems, 96 (2015) 1-10.

[7] O. Kovacik, J. Rakosnik, On spaces LPe) (Q), and wkp () (Q), Czechoslovak Mathematical Journal, 41 (1991)
592-618.



Erhan Piskin, Veysel Butakin, , Al-Qadisiyah Journal of Pure Science 27, 1 (2022) Jmath. pp. 112-123 123

[8] G. Li, L. Hong, W. Liu, Global nonexistence of solutions for viscoelastic wave equations of Kirchhoff type with
high energy, Journal of Functional Spaces and Applications, (2012) 1-15.

[9] S.A. Messaoudi, Blow up and global existence in a nonlinear viscoelastic wave equation, Math. Nachr., 260
(2003) 58-66.

[10] S.A. Messaoudi, Blow-up of positive-initial-energy solutions of a nonlinear viscoelastic hyperbolic equation, J.
Math. Anal. Appl., 320 (2006) 902-915.

[11] S.A. Messaoudi, A.A. Talahmeh, J.H. Al-Shail, Nonlinear damped wave equation: Existence and blow-up,
Comp. Math. Appl., 74 (2017) 3024-3041.

[12] E. Piskin, Finite time blow up of solutions of the Kirchhoff-type equation with variable exponents, Int. J.
Nonlinear Anal. Appl. 11(1) (2020) 37-45.

[13] E. Piskin, Blow up of solutions for a nonlinear viscoelastic wave equations with variable exponents, Middle East
Journal of Science, 5(2) (2019) 134-145.

[14] E. Piskin and B. Okutmustur, An Introduction to Sobolev Spaces, Bentham Science, 2021.

[15] M. Ruzicka, Electrorheological Fluids: Modeling and Mathematical Theory, Lecture Notes in Mathematics,
Springer, 2000.

‘@ @ @ \ © 2022 by the authors. Licensee MDPI, Basel, Switzerland. This article is an
open accessarticle distributed under the terms and conditions ofattribution

-NonCommercial-NoDerivatives 4.0 International (CC BY-NC-ND 4.0).



https://creativecommons.org/licenses/by-nc-nd/4.0/?ref=chooser-v1
https://creativecommons.org/licenses/by-nc-nd/4.0/?ref=chooser-v1

	Blow Up Of Solutions For Viscoelastic Wave Equations Of Kirchhoff Type With Variable Exponents
	Recommended Citation

	tmp.1678986039.pdf.2Sv07

