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1. Introduction

Let ¢ and S be real numbers with ¢ < 1and § > 1.

The function S, 3 (z) defined by

o (1

Hailog % , 1.1
1—e 6-

where z is the unit disk A = {z € C, |z| < 1}, is analytic and univalent in A with S, 3(0) = 1. (For

more details see [2]). In addition the function S, ;(z) maps A onto the strip domain w such that

a < Re(w) < pB.

S(x,ﬁ(z) =1+ ﬁ

The function S, 3 (z) can be written as follow:

aDepartment of Mathematics, Payame Noor University, Post Office Box: 19395-3697, Tehran, Iran,
E-Mail: najafzadeh1234@yahoo.ie



http://qu.edu.iq/journalsc/index.php/JOPS

Shahram Najafzadeh, Al-Qadisiyah Journal of Pure Science 26, 5(2021) PP.math 66-71 67

+p B 1 “'Iﬁ;_?z + (=) izg;;—o;)z _izzg—o;)z
(04 —a . le -a —l)e -a) e -a
Sap(z) = 5 + T ilog ~Go, 1.2)
1—e G-o
Also, it is easy to see that
Sap(z) =1+ Z B, z"
=l e (1.3)
=1+Byz+ Ean",
n=2
where
2(B — a) nll(1 — a)
B, = [ =12, ..). 14
n Tln Sln( B —a ) (Tl 14 ) ( )
We consider
H(z) = Sqp(z) — 1. (1.5)
We define the operator G, ,,(H(2)) = G, ,(2) as follow:
. “H(t)
Gp,n(z) =({—Bm)z+ nf Tdt. (1.6)
0
Definition (1.1): A function f(z) is said to be parabolic starlike function in A denoted by PS
zf' zf’)
— —1|<Re |—], z € A. .7
o] < (5

Definition (1.2): A function f(z) is said to be uniformly parabolic convex function in A denoted by
UPC if,

Zf” Zflll)
—,—1 < Re 1+—, (18)
] < (105

For other subclasses of univalent functions, one may refer to [1,3,4] and [5].

2. Main Results

In this section we give some relations between PS an UPC.

Theorem (2.1): GBIL(Z) isin UPC ifand only if H(z) € PS.
B

Proof: By (1.6) after a simple calculation we have

400
Gp,n(2) =z + Z Apz™, (2.1)
n=2

where,

Ay = =2 (2.2)
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Since G, 1 (z) € UPC, then by (1.8) we have:
g,

26y, 1 () 26y, 1 ()"
G @ |~ TG |

or equivalently by putting (1.6) in the above inequality we have

H(z) \,
2(=>)

< Re| 1+ o) ,
Tz

HH(D)' HH @)
() _1‘<Re<fum )

H(Z) \/
2(=7)
)

zZ

or equivalently

then by definition 1.1, H(z) € PS. |

Definition (2.2): A function H(z) defined by (1.5) is said parabolic of order y type 6 in the unit disk 4
denoted by P(y, 6) if

z(Gp, n(2))"
(Gp, 5 (2))

where Gg, ,(2) is defined by (1.6).

z(Gp, n(2))"

1= +0) Con @) |

(2.3)

<(0—y)+Rel1+

Theorem (2.3): H(z) € P(y, 6) if and only if for every z € 4, the values of

z(Gp, n(2))"
(Gp, 5 (2))

lie in the interior of the parabolic region.

Proof: By definition 2.2, if we pot the values of

z(Gp, n(2))"

Gry@y T

equal to w, we have
lw—(y+60)<(O—vy)+Re(w), or
|Re(w) — (y + 6)|? + (Im(w))2 <[(8 =) + Re(w)]? or
(Re(w))” + (¥ + 0)2 — 2(y + O)Re(w) + (Im(w))” < (8 —y)?

+(Re(a)))2 +2(6 —y)Re(w), or
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[Im(w)]? < [2(y —0) + 2(6 — y)]Re(w) — 4y6, or
[Im(w)]? < 46[Re(w) — ],

and that is the interior of the parabolic region in the half-plane (right side) with vertex at (y, 0) and 46
is the length of the latus rectum. O

For more details about this region see [6].

Theorem (2.4): If H(z) are Gg,,(z) and defined by (1.5) and (1.6) respectively. Then H(z) is
univalently starlike of order v if and only if GBli(Z) is univalently convex of order v.
B

Proof: Let G 5, 1 (z) be univalently convex of order v, then
B

el S22 D1 1), @4
But by (1.6) we have
G, 2@ =5, ("2), @5)
and
65,z =5 ("2), 9)
Thus by putting (2.5) and (2.6) in (2.4) we conclude
rel G

So H(z) is univalently starlike of order v. All the relations are reversible and so the proof is complete.
O

Theorem (2.5): Let Hy € P(yy,0;) with 0 <y, <1, Xiv,ve <1, 0<6, <o, k=12,..,m,
e >0(k=12,..,m)and YJ= . = 1. Then

F@) = [amor @)
k=1

isin P(y,0), wherey = Y7 iy and 6 = Y-, 1.6k

Proof: We prove this theorem when n = Bi. Since Hy, € P(yy, 0y), k = 1,2, ..., m, then by definition
1
2.2, we have
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2(Gy 1 ()" 2, 1 (@)
m 1_(yk+6k) < Re 1+W +(9k—)/k).

Now we must show

z(Fy 1 (2)" z(Fy 1(2))"

m 1—(]/+9) < Re 1+W +(9—)/)

where

Pyt (2) =Ty s @D(F() =T, 1) (]_[mkyk).

k=1

But by a direct calculation we obtain

z(Fg, 1(2))" JF
m t1-0+0|=|7-Ur+0)
= zrk<__(yk+0k) ‘
k=1

le

With a simple calculation on (2.8) we obtain

zH' zH'
T_(Vk-l'ek) <Re T + (O — Vi),

and so

z(Fy 1 (2)" m 2H!
m +1-@+6) <2[7”k<H—k)+(Yk+9k)l

k=1

_ zF' 0
= €<T>+( -7,

soF € P(y,6), (whenn = Bi). The proof is now complete.
1

(2.8)
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