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1. Introduction

We present a study on two types of sets, the first of which is the Borel sets is any sets in a topological
space that can be formed from open or closed sets through union, counted intersection and
complementary sets, so it was named as Emile Borel .In the topological space €2, the family of all sets
of Borel on Q the form o— field is defined as Borel field or Borel o— field , but Borel field on Q is
the smallest o— field that contains all open sets (or equivalent all closed sets). The second type is Bayer
sets were introduced by Kunihiko Kodaira (1941), Shizuo Kakutan , Kunihiko Kodaira (1944) and
Halmos (1950), and named them as Baire functions, which are defined as René-Louis Baire. There are
several of equivalent definitions for Baire sets, but in the most widely used, the Baire sets of a locally
compact Hausdorff space form the smallest o-field such that all compactly supported continuous
functions are measurable. Borel sets are important in measure theory because any measure open or
closed sets of space is such that the definition of Borel sets in that space, any measure defined on Borel
sets, is called the Borel measure. Borel sets are sometimes defined as collections generated by sets
compacted in topological spaces rather than open clusters. Bayer sets on a topological space are Borel
sets and vice versa always incorrect, and congruence is achieved on metric spaces. This research
includes three items, the first one is locally compact spaces , the second one is A -Borel sets and the
last item is A —Baire sets on topological space.
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2. A -Borel Sets

In this section, we generalized Borel sets concept to A -Borel sets so that we got some important
results for dealing with these concepts.

Definition 2.1 [2]
A nonempty family F of subsets of a set 2 is A - system if it satisfies the following axioms:
1.O€e F.
2.1fA,B € F AC B then B/A €F.
3. If A, € F is an increasing sequence of sets in F , Then U;~, 4, € F.
Proposition 2.2
Let (Q, F) be a A-measurable space . Then A°e F, if A€ F.Hence Q€ F.
It easy:
Let A € F,since Q € F and Q /A€ F, since A /A=A ,then A°€ F.
since Q€ F ,then Qe F, Q=0 ,then® € F.
Example 2.3
Let Q={ 1,2 3}and F ={ Q, {1},{2},{3},{1,2},{1,3},{2,3},0} is A-system
Proof :
AB €F and A={1},B={1,2} , AcB,B/A={2} € F
Remark 2.4
If FisA—systemon Q, itis clear to show that:
1.1f A, ,A,,..A, € FthenUp_,A, € Fand NL A, EF
2.1f A,eF ,n=12,.. then N2, 4, EF.
Theorem 2.5
Let Q, and Q, be nonempty sets, and f: Q; — Q, is any function .
1If Fisa A—systemon Q,, then #={ A € Q,:f"1(A) € F}isa\—systemon Q,.
2.1f Gisaa A—systemon Q,, then f~1(G) ={ f1(4): A € G} is a L — system on (,.
Proof:
1.Since f71(Q,)=Q,and Q€ F =0, #

LetAe H = f1(A) e F= (fLA)€E F
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But (f1(4)) = f1(A) = f 1A e F= A€ H

Letd, € H,n=12,.. = f14,)€ Fn=12..=

Un=1f7'(4n) € F,but f71(UpZ14n) = Unzi 14 =

fA(Ug1Ap) € F= U A€ H
2.Since Gisal—systemon Q,=0, € G =f"1(Q,) € f71(§)

But f~1(Q,) = 0, = Q€ F

LetBe f1(G) =B = f"1(A)whereAe = A€ G
= fTHAY) € f7H(G), but f71(A°) = (f1(A))° = B°= B € f ()

LetB, € f~1(§),n=12,..=B,=f"1(4,), where 4, € Gn=1.2,..
= Unz14n € G=f1(Unz145) € F71(G)

But f'(Un=14n) = Un=1 f 1 (4n) = Upz1 B, = U= B, € F71(G)
Theorem 2.6

If {F1}1ea be an arbitrary family of A — system on aset Q where A = @ ,then F = N ep Fpisa
A — system on ().

Proof:
SinceQeEF,EF; = Q€ENpAnFr=0Q€FlLetAeF=AcF,forall 1e A
= AeFforall Le A=A € NyepFr = A EF

Let A, €eF,,n=12,.= A4, €eFforall L e A=>U,;_, 4, € Fyforall1 € A

= Upe14n € NpenFr = Up1 4, EF.

Definition 2.7

Let G be a family of sets of a set Q0 . The smallest A — system Containing G called the

A — system generated by G and it is Denoted by A(G).
Theorem 2.8

Let Q, and Q, be # 0 sets, and f: Q; — Q, is any function .If G is a family of set in Q,. Then
A(f71(9)) = £ (A(G)) Where £1(G) ={ £ (A): 4 € G}.

Proof:

Sinceg € A(G) = 16 < F1(AUD)
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And f71(A(G))is a A —system on Q,and A(f1(G) )is smallest A — system contain £~2(g),
then A(f () € fH(AD) - (D)

Now put #={ A € Q,:f "1(A) € A(f~1(G))}, by using part (1) of theorem (3.1)

we have L —systemon Q,. LetA € G = f1(A) e fFHGO S AMf1G)) = AG S H
fHA@) s AFHS) - @)

From (1) and (2), we have A(f~*(§)) = f~*(A(®))

Definition 2.9

Let G be a family of subsets of a set 2, and let A c 0. The restriction (or trace) of G on A is the
collection of all sets of the form A N B, were B € G, and it is denoted by G4(or AN §)

G,=AnG={ANnB:Be€ G}

G, is family of subsets of A. The fuzzy A — systemo(G,) generated by G,. Some time denoted by
A(ANG),ie.AMGa) =2q(ANG).

Example 2.10
1.1f2 ={ab,c,d},G = {{a},{b,c},{c,d}},A={a b}, thenG, = An G = {0, {a}, {b}}.
2.1fN=R,G={[a,b]: —0o<a<bh<x},A=[01], then

Ga=AnG={[abl:0<as<b<1}

Theorem 2.11

Let G be a family of subsets of a set 2, and let A € 2. Then A N A(G) = A(A N G).
Proof:

Since G €A (G),thenANnG < ANnA(G). Since A NA(G) is a A — system of subsets of A.
Therefore A(AN G) € AN A(G)

To prove A N A(G)<S A(A N G) we must to show that An B € A(AN G) forall B € A(G).
This is not obvious, so we resort to the following basic reasoning process.

Which might be called the good sets principle.

Let F be the family of good sets , i.e. let F consist of those sets B € A(G) such that
ANBeAANG),Since A(G)and A N A(G) are A — system,

it follows quickly that F is a A — system. Since G € F, so that A(G) < F, hence A(G) = F
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and the result follows , Briefly , every set in G is good set and the family of good set form a
A — system, consequently, every set in A(G) is good.
Definition 2.12

Let (2, T)be a topological space. The A — system generated by 7 is called the Borel

L — system and it is denoted by B(£2), i.e. B(2) = A(t). The member of B(Q2)are called Borel sets
in 0.

Remark 2.13

Let 2 be a fixed locally compact Hausdorff space. We shall denote by C the family of all compact
subsets of 2, by S the A — system generated by C; i.e. S= M(C) , and by G the family of all open sets
belonging to S, then the sets of S are the Borel sets of 2 , so that, for instance, G may be described as
the class of open Borel sets.

A real valued function on 2 is Borel measurable if it is measurable with respect to the A — system S.
Theorem 2.14
Let 2 be a locally compact Hausdorff space
1.1f A€S,then Ais o —bounded
2. If A is ¢ —bounded and open setin 2 , then A € S.
Proof :
1. Let A € S, then A is compact set
Since every compact set is bounded , then A is bounded set
Since every bounded set is ¢ —bounded, then A is ¢ —bounded.
2. The family of all bounded sets is A — system
Since this A — system includes C, it contains every set of the A — system generated by C.

Let A be ¢ —bounded and open set in (2, then there exists a sequence {4,,} of compact sets such that
A< Uy-14, ,Since, forn =1,2,.. ,A,|A is compact, it follows that

B = Uy-1(A,|A) €S, Since B = (Uy-1 A4,)|A , it follows that
A= (Unt1 4n)|(Unz1(4n]A)) €S
3. A —Baire Sets on normal topological space

In this section, let 2 be a normal topological space. The family of all continuous real valued
function on 2 will be denoted by of C(12).
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Definition 3.1

Let 2 be a normal topological space. The family of Baire sets of (2, denoted by A (2) or simply by
A, is defined as the smallest A — system of subsets of £2 making all continuous real valued functions
(Borel) measurable, that is, A is the minimal A — system containing all sets f~*(B) where B ranges
over B(R) and f ranges over the family C(£2).

AW) =A=2{f""(B):B € B(R),f €CU}
Theorem 3.2
Let 2 be a normal topological space, then A is the smallest

A — system making all bounded continuous functions measure, i.e. if F is a A — system that makes all
bounded continuous functions measurable, then A S F.

Proof:
Let f € C(2)

Since f: 2 —» R is continuous function, then min{ f*,n} is bounded continuous function and
min{f*,n} T fTasn—- co.

Thus f* is F- measurable and similarly f~ is F- measurable.
Hence f = f*- f~lis F- measurable. Thus A S F.
Remark 3.3

Let 2 be a normal topological space. The family of all bounded continuous real valued function on 2
will be denoted by C, ()

Theorem 3.4

If 2 is a normal topological space. Then A(R) € ()

Proof:

Let G be an open set in R, and f € C(£2),Since f: 2 —R is continuous function,
then £ ~1(G)is an open set in £2, hence f~1(G) € B(Q).

But the set £ ~1(G) generate A (£2), from theorem (4.2)

Since any A — system containing the sets f~2(G)for all open sets G must contain the sets f ~1(A) for all
Borel set A4, It follows that A () € L(2).

Definition 3.5
Let 2 be a topological space

1. An Fg set in 2 is a countable union of closed sets in .
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2.An Gg set in £ is a countable intersections union of closed sets in 2 .

i.e. A subset A of topological space 2 is called a G if there exists a sequence {A,,}of open sets such
that A = N2, Ay,.

The family of all Gg’s is closed under the formation of finite union and countable intersections.
Remark 3.6

Let 2 be a fixed locally compact Hausdorff space. We shall denote by C, the family of all those
compact subsets of 2 which are Gs’s, by S, the A — system generated byCy; i.e.

So = A(Cyp), and by C,, the family of all open sets belonging to S, then the sets of S, are the Baire sets
of 2, so that, for instance, C;, may be described as the class of open Baire sets.

A real valued function on 2 is Baire measurable if it is measurable with respect to the A — system S,,.
Definition 3.7

Let 2 be a topological space . A set A € 2 is called a zero set if A = f~1({0}) for some continuous
real valued function f on £ ; we often write A(f) for f~1({0}).

Theorem 3.8
Let 2 be a normal topological space. Then
1. Every closed Gg set is a zero set.
2.1f A € S, , then A is zero set.
3.IfA €S, ,then Ais a Baire set.
4. Let A(N) is the smallest A — system of subsets of (2 containing all zero sets in 0.
Proof :
1. let A be closed Gg set
Since A is G set then there exists a sequence {A,} of open sets such that A = N;_; A,.
Since A is closed set , then A" = (ﬂ;‘{’zlAn)( = U¥_, A, isopen where A, is closed sets.

By Urysohn’s lemma , there are functions f;, € C(Q)with0 < f, <1, f,(x) =0 forallx € A and
f(x)=1forall x € A, =A = £, ({0}).

2.Let A € S, , then A be compact Gg set in 2

Since every compact subset of Hausdorff space is closed , then A is closed, hence A be closed Gg set,
so that A is zero set.

3. LetA €S, , then A be compact Gs set in 2. We have 2 = U; -, B, Where each B,, is compact . For
each n, there is an we obtain compact Gs’s such that 2 = Uj—; B,.
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Thus A = U;-,(A N By,) isa countable union of compact Gs ’s and consider a zero set A , clearly A is
a 65 .

Theorem 3.9

Let 2 is a normal topological space. Then
1. A(N)is the is the minimal A — system containing the openFg sets.
2. A(N)is the is the minimal A — system containing the closed Gg sets.

Proof:

l.Letfec();then{f>a}=U;—{f =a+ (%)} is an open Fg sets.
As above, the sets{ f>a}, },a€ R, fe€ C(2), generated A, hence A is included.
2. Same proof, first point.
Corollary 3.10
If 2 is a normal topological space, the open Fg sets are precisely the sets{ f > 0} where
feC,),f=0.
Proof :
By theorem (3.9)
Corollary 3.11
If 2 is a metric space, then A(2) = L(N).
Proof
A(N) < L) this direction was proven by (3.4).

Conversely , B(2) € A(2) let F be a closed subset of 12, since every closed set in a metric space is
a Gg , then F is a Gg set. Since Gg set in £2 is a countable intersection union of open sets in 2, then

F = ﬂ{x:d(x,F) < %};

hence every open subset of 2 is an Fg , The result now follows from (4.7).
Theorem 3.12
Let A be an open Fg set in the normal space (, then
1. A= {f > 0}wheref € C,(2),f =0.

2. 1, isthe limit of an increasing sequence of continuous functions .
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Proof
1.From corollary (3.10) ,We have A{ f > 0} where f € C, (), f = 0.

2.5ince {f > 0} = Up=.{f = l/n}, then by Urysohn's lemma there are functions f C(2) with 0 <
m<1l,fp(x)=0forallx e{f =0}and f(x) = 1forall {f = [/n}.

Take g,= max(f, ..., fn), then gn, T I r 5 o).
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