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ABSTRACT

In the present paper, by making use the Horadam polynomials, we introduce
and investigate two new subclasses Hy(a,u,7) and Ry (Y, 8,4,7) of the
function class X of holomorphic bi-univalent functions in the open unit disk
A. For functions belonging to these subclasses, we obtain upper bounds for
the second and third coefficients and discuss Fekete-Szegd problem.
Furthermore, we point out several new special cases of our results.

1. Introduction

Let A symbolize the class of function f (z) which are holomorphic in the open unit disk

A={z:z€eCand|z| < 1}

and normalized under the conditions f(0) = 0 and f'(0) = 1 and having the following shape:

fz)=z+ Z a,z". (1.1)

Let § symbolize the subclass of functions in A4 which are univalent in A. Since univalent
functions are one-to-one, they are invertible and inverse functions need not be defined on the
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entire unit disk A. However, the famous Koebe one-quarter theorem [5] ensure that the image of
the unit disk A under every function f € § contains a disk of radius i. Thus, each function f € §
has an inverse f~1! defined by

fAf@)=2z (z€4)

and

PO ) =w (Wl < (s m(P 25),

where
f7Yw) = gw) =w — a,w? + (2a3 — az)w? — (5a5 — 5a,a; + a)w* + . (1.2)
Let D be the class of functions F which is holomorphic in A with
F(0)=0and |F(2)| <1 (z€ A4).

Let V'(z) and M (z) be holomorphic in A then the function V' (z) is said to subordinate to M (2)
in A written by

N(z) < M(2) (z € ), (1.3)

such that N (z) = JV[(F (Z)) (z € A). From the definition of the subordination, it is easy to show
that the subordination (1.3) implies that

N(0) = M(0) and N (4) c M(4). (1.4)

In particular, if M (z) is univalent in A, then the subordination (1.3) is equivalent to the condition
(1.4).

The function f € A is considered bi-univalent in A if together f~! and f are univalent in A.
Indicated by the Taylor-Maclaurin series expansion (1.1), the class of all bi-univalent functions in
A can be symbolized by X . In the year 2010, Srivastava et al. [10] refreshed the study of various
classes of bi-univalent functions. Moreover, many penmans explored bounds for different
subclasses of bi-univalent functions (see, for example [3,4,8,11,12]). The coefficient estimate
problem involving the bound of |a,,| (n € N — {1,2},N = {1,2,3, ... }) is still an open problem.

The Horadam polynomials hy (r) are defined by the following recurrence relation ( see [7] )
h(r) = prhg_,(r) + qhy_,(r), (reR, ke N—-{1,2},N={1,23,...}), (1.5)

with h,;(r) = e, h,(r) = br, where ¢, b, p, and q are some real constants. It is very clear from
(1.5) that hs(r) = pbr? + eq. The generating function of the Horadam polynomials hy(r) is
given by ( see [6])

e+ (b—ep)rz
1—prz—qz?

Y(r,z) = ) h(r)zk1=
kZl .
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2. Coefficient bounds and Fekete-Szego inequality for the class H;(a, u, 1)

Definition (2.1): A function f € X is said to be in the class Hx(a,u,r) for0<a<1,0<u<1
and r € R, if the following conditions of subordination are fulfilled:

2f'(2) @)+ 2" (@)
(1-a ((1 —OF @ + qu’(Z)) ta (f’(z) ¥ pzf” <z>> <Prari-e (21

and

d-o ( wg'(w) > i < g' W) +wg"(w)
1-wgw) +uwg’'(w) g'w) + uwg" (w)

> <¥Y(rw)+1-—e, (2.2)

where the function g = f~1is indicated by (1.2) and e is real constant.

We note that for ¢ = 0 in Definition (2.1), we have the following definition:

Definition (2.2): A function f € X is said to be in the class Ty (u,7) for 0 < u < 1 and r € R, if the
following conditions of subordination are fulfilled:

( zf'(2)
A -wf (@) + pzf'(2)

> <¥Y(rz)+1-e (2.3)

and

( wg'(w)

A=) + ,uwg’(w)) <¥Yrw)+1l-—e, (2.4)

where the function g = f~1is indicated by (1.2) and e is real constant.

We note that for @ = 1 in Definition (2.1), we have the following definition:

Definition (2.3): A function f € X is said to be in the class Cs(u,7) for0 <u <1 and r € R, if
the following conditions of subordination are fulfilled:

(f’(Z) +zf" (2)
f'(@) + pzf" (2)

> <Y¥Yrz)+1—e (2.5)

and

(g’(W) +wg"(w)

T T uwg”(w)) <¥Y(r,w)+1-—e, (2.6)

where the function g = f~1is indicated by (1.2) and e is real constant.
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Remark (2.1)

1) For u = 0, the function class Hj(a, u, ) shortens to the function class M, (a, r) presented and
investigated by Abirami et al. [1].

2)For a =0 and pu = 0, the function class Hj(a, u,r) shortens to the function class Wy (r)
presented and investigated by Srivastava et al. [9].

3)For ¢ =1 and u = 0, the function class Hy(a, u,r) shortens to the function class K5 (r)
presented and investigated by Abirami et al. [1].

Theorem (2.1):For0<a <1,0<u<1landr € R,let f € A be in the class Hy(a, u, 7). Then

la,|
- |br|y/|br| @7
\/|[((,u2 —2u+ 1)+ aBu? —4u+ 1))b —(1+a)2(1- ,u)zp]brz -1+ a)2(1 - ,u)zeq|
and
b?r? b
las] < A |br , (2.8)
1+a)?(1-w? 2(1+20)(A—p
and for somev € R,
( |b7|
2(1+2a)(1—w) lf
v—1] < |[((uz—2u+1)+a(3u2—4u+1))b—(1+a)2(1—;4)2p]br2—(1+a)2(1—u)2eq|
2| v - 2(1+2a)(1—p)b%r2 ( )
as; —vas| <A br B lv—1| . 2.9
[[((n2-2p+1D)+a(3u?—4p+1))b—(1+a)2(1-p)?p|br2—(1+a)?(1—u)%eq| if
1] > |[((u2—2u+1)+a(3u2—4u+1))b—(1+a)2(1—p¢)2p]br2—(1+a)2(1—u)zeq|
v - 2(1+2a)(1—-p)b2r2 '

Proof: Let f € Hy(a, i, 7). Then there are two holomorphic functions k,y: 4 - A given by

|k(2)| = kyz + kyz% + k323 + -+ (z € 1) (2.10)
and

lyw)| = yyw + y,w? + yaw3 + -+ (w € 4), (2.11)

with k(0) = y(0) = 0,|k(z)| < 1,|y(w)| < 1and z,w € 4 such that

0 a)< 2f'(2) ) o ( f'(@) +2f"(2)
A-0f@+uzf @) " “\F @ +uzf"@

> <Y¥Yrkz)+1—e

and
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(1_a)< wg'(w) >+a<g’(W) +wg"(w)
1 -wgw) +puwg'(w) g'w) + pwg" (w)
Or, equivalently,

1) ( 2f'(2) ) a ( f'@) +2f" (@) >
A-wf@ +uzf @) " “\F @ +uef @

=1+h@)—e+h,(MNk(2) + hy(r)[k(2)]?

and

- ( wg'(w) > g ( g' W) +wg"(w) >

1-wgw) + uwg’'(w) g'w) + uwg” (w)

> <¥ryw)+1-—e.

=1+~ () —e+ hy(r)yWw) + hs(M[yW)]? + -

Combining (2.10), (2.11), (2.12) and (2.13) yields

to) ( 2f'(2) ) i ( f'@) +2f" (@) >
A-w0f@ +uzf @) " “\F@ + uzf" @)

=1+ hz(r)klz + [hz(r)kz + h3(T)kf]Z2 + .-

and

- ( wg'(w) ) g ( g' W) +wg"(w) >
1-wgw) + uwg’'(w) g'w) + uwg” (w)

=14 hy(P)yw + [h,(N)y, + hs(P)yElw? + ---.

Itis clear thatif |k(z)| < 1and [y(w)| < 1,z,w € 4, then

kil <1landl|y;| <1 (i€eN).
From (2.14) and (2.15), it follows that
1+ a)(A —way = hy(rk,,
1+3a)(W?—1Da3+2(1+ 2a)(1 — wasz = hy(Nk, + hy(r)kZ,
—(1+a)(1 —waz = hy(Ny,

and

[(u? —4p+3) + aBu? — 8u+5)]as — 2(1 + 2a)(1 — waz = h,(My, + hs(r)y?.

From (2.17) and (2.19), we get

ki=-y

and

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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21+ a)*(1 — w?a3 = [h, (M (kT + ¥7). (2.22)
If we add (2.18) to (2.20), we attain
20 — 2u+ 1) + 2a(3u® — 4u + D]ag = hy (1) (ky + y,) + hs(r) (kf + y7). (2.23)
By using (2.22) in (2.23), we deduce that

20+’ A - W*hs)| , _, My +y,),  (2.24)

2(w? —2u+ 1)+ 2aBu? —4u+1) —

[, (12
which yields
|br|\/|br]
la,| <

VII@W? = 2p+ 1) + a@Bp? — 4+ 1)b — (1 + a)2(1 — w)2plbr? — (1 + @)2(1 — w)2eq|
Next, by subtracting (2.20) from (2.18), we have

4(1+2a)(1 — ) (az — a3) = hy(r)(ky — y2) + ha (M (kf — y). (2.25)
In view of (2.21) and (2.22), we obtain from (2.25)

_ [hz(r)]z(k% + Y12 hy(r)(ky — y,)
B oA+ a)2(1—p)? 4+ 20)(1—p)

Hence using (1.5), we deduce that

2..2
|a3| < bzr 2 + |br| .
1+a)?1-w? 201+ 2a0)(1—p)

Finally, by using (2.24) and (2.25) for some v € R, we obtain

2 _ ho(r)(ky — y2)
241+ 2a)(1 — p)

as —va

[h,(M]P (1 = v)(k; + y2)

TR2G2 =20+ 1) + 2a(r2 — 4 + DIh, (O — 201 + @)? (A = 23 (1)
h,(r) 1
=72 [(Q(V' Dt a2 = u)) o + (Q(V' e T e u))yz]’
where
o) [hy (121~ v)

[(u? = 2u + 1) + a(Bp? — 4u+ D][h,(M]? — (1 + @)?(1 — p)2hs(r)’

According to (1.5), we deduce that
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f—i 7 (0= 12wl < )
2 <42(1+2a)(1—/1) ORI = 90 20—
|

| terllaent i (10l =

1
21+ 20)(1 - ,u))

After some computations, we get

( |br| if

2(1+2a)(1—p)
<|V 1)< |[((uz—2y+1)+a(3y2—4y+1))b—(1+a)2(l—u)zp]brz—(1+a)2(1—u)zeq|>

2(1+2a)(1—p)b2r2
a - Vazl < < |bT'|3|V—1|

(2= 2rr D e G~ D)o+ @2 -2 b~ (s P (red]
<|v -1 = [[((k2-241) +a (32 —4u+1) )p-(1+a)* - *pbr>-(+@)* (- u)zeq|>

2(14+2a)(1—p)b?%r2

By putting @ = 0 in Theorem (2.1), we attain the corollary in the below:

Corollary (2.1): Let the function f(z) indicated by (1.1) be in the class Tx(u,r)(0<u<1,r€

R). Then
o] < |br|y/|br|
2 _
VII@W? = 2u+1)b — (1 — w)2plbr? — (1 — p)?eq|
and
.| < b?r? N |br|
as| < )
TTA-wr 21 —p)
and for somev € R,
( |br| f
—
2(1—w)
v—1] < I[(u? —2pu+ )b — (1 — w)?plbr? — (1 — p)?eq|
< - 2(1 — wb?r?
as ~vas| < b3y — 1]

G2 — 20+ Db — (1 — 2plbr? — (1 — weql 7
( I[(u? = 2u+1)b — (1 — w)?plbr® — (1 - u)zeql>
lv—1]| = )
2(1 — w)b?r?

By putting @ = 1 in Theorem (2.1), we attain the corollary in the below:

Corollary (2.2): Let f(z) indicated by (1.1) be in the class C;(u,7)(0 < u < 1,r € R). Then
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|br|y/|br

JTH — 6 + 2)b — 41— w2plbr? — 401 — p2eq]

la,| <

and

b?r? N |br|
41-w? 6(1—w’

|a3| <

and for someveE R,

( |br| _
sa-n 7
I[(2u* = 3u + )b — 2(1 — w)?plbr? — 2(1 — w)?eq|
<|v—1| = 3(1 — w)b?r2 )
as —vaz| <5 br3y — 1]

(42 —6r+ Db — 4(1— 0%plbr? — 41— peq] 7
v—1] > I[(2u? = 3u+ )b - 2(1 — p)?plbr? — 2(1 — p)?eq|
v - 3(1 — w)b2r2 '

Remark (2.2): In Theorem (2.1), if we choose

1) u = 0, then we get the outcomes which was proven by Abirami et al. [1].
2) a = 0and pu = 0, then we get the outcomes which was proven by Srivastava et al. [9].
3) a = 1and p = 0, then we attain the outcomes which was proven by Abirami et al. [1].

3. Coefficient bounds and Fekete-Szego inequality for the class R;(Y, 8,4, 1)

Definition (3.1): A function f € X is said to be in the class R;(Y,5,4,7) forY >20,0< § < 1,1 €
C\{0} and r € R, if the following conditions of subordination are fulfilled:

1+%[Y6(Zf”(z)—2)+(5(Y+1)+Y)f’(z)+(1—Y)(1—5)]¥—1 <¥Y(rz)+1—e (3.1)
and

1 " , gw)
1+E Yé(wg"w)—2)+ (¥ +1)+Y)g (W)+(1—Y)(1—5)T—1 <¥Y(rw)+1-—e,(3.2)

where the function g = f~1is indicated by (1.2) and e is real constant.

We note that for § = 0 in Definition (3.1), we have the following definition:
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Definition (3.2): A function f € X is said to be in the class B;(Y,A,7) for ¥ > 0,4 € C\{0} and
r € R, if the following conditions of subordination are fulfilled:

1+%_Yf’(z)+(1—l/)@—1 <¥Y(rz)+1-—e (3.3)
and _
1+% Yg’(w)+(1—lf)$—1 <¥Y(rw)+1—e, (3.4)

where the function g = f~1isindicated by (1.2) and e is real constant.
Remark (3.1)

For Y=A1=1 and § =0, the function class R;(Y,8,A,7) shortens to the function class 2’
presented and investigated by Alamoush [2].

Theorem (3.1): For V¥ >20,0< 6 <1,1€C\{0} and r€R, let f €A be in the class
Rs(Y,6,A,7). Then

|a2|

[Abr|+/|br|

< (3.5)
JIIAQRSEGY +1) +2Y + Db — (5(5Y + 1) + Y + 1)2plbr2 — (5(5Y + 1) + Y + 1)2eq]|

and

0] < |A|2b?r? N |Abr| 36

Bl=GEr+D+r+ D2 26Gr+D+2r+ 1)’ 6)
and for somev € R,

( |Abr| f
26(5Y +1)+2Y+1
(|V —1l < |[/1(26(5Y+1)+2Y+1)b—(6(5Y+1)+Y+1)2p]br2—(6(5y+1)+y+1)2eq|)

a5 — va%l < [A|(bT)2(26(5Y +1)+2Y +1) (3-7)

|A12|br|3|v-1] if
[[A(26(5Y +1)+2Y+1)b—(5(5Y+1)+Y+1)2p]br2—(5(5Y +1)+Y+1)2eq|
(|V 1 > |[/1(26(5}’+1)+2Y+1)b—(6(5}’+1)+Y+1)2p]brz—(6(5Y+1)+Y+1)zeq|)
\ = |A|(br)2(28 (5Y+1)+2Y+1) )

Proof: Let f € R;(Y, 5, A, 7). Then there are two holomorphic functions k, y: 4 — A given by
|k(2)| = kyz + k2% + k3z3 + - (z € 1) (3.8)
and

lyw)| = yyw + y,w? + yaw3 + - (w € 4), 3.9)
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with k(0) = y(0) =0, |k(2)| < 1,|y(w)| < 1 and z,w € 4 such that

f(2)

t43]rer@ -2+ 6o v @+ a-na-of2 ol <vera 1

and

gw)

1 +%[Y§(wg”(w) —D+EE+DH+NIW +A-NA-8H)=—=—1|<¥(ryWw)+1-e

Or, equivalently,

1 +%lY5(ZfH(Z) -2)+(¥+1) +Y')fr(z) +(1-1a —6)@_ 1]

=1+ h(r)—e+h,("k(z) + h3(r)[k(2)]? + - (3.10)
and

1 +%lY5(WgH(W) — 2D+ +D+NgW+A -1 - 5)@_ 1]

=1+h,(r) —e+ h,(r)yw) + hs(r)[yw)]? + ---. (3.11)

Combining (3.8), (3.9), (3.10) and (3.11) yields

1 +%[Y-6(zfu(2) — 2) + ((5(Y + 1) + Y)f’(Z) n (1 _ Y)(]_ _ 6)@_ 1]

=1+ hZ(T)klz + [hz(r)kz + hs(r)k%]zz + .. (312)
and
1 +%l}’6(wg~(w) — D+ +D+NgW+A-Y)(1 - 6)$_ 1]

=1+ h,(M)yw + [h, ()Y, + hs (M) yEw? + ---. (3.13)

Itis clear thatif |k(z)| < 1and [y(w)| < 1,z,w € 4, then
kil <1landly;| <1 (i€eN). (3.14)

Equating the coefficients in (3.12) and (3.13), we find that

S5y +1)+Y +1
A

266y +1)+2Y +1
A

a, = hy(rk,, (3.15)

az = hy(Nk, + hy(r)k3, (3.16)




62 N. A.]. Al-Ziadi and A. K. Wanas, Al-Qadisiyah Journal of Pure Science 26,2(2021) pp. Math. 52-65

S5y +1)+Y +1

1 a; = h,(My, (3.17)
and
26(6Y +1)+2Y +1
1 (2a5 — az) = h,(My, + h3(M)y7. (3.18)
From (3.15) and (3.17), we get
ki ==y (3.19)
and
265y + 1) +Y +1)2
Y a3 = [h, (M (kf + ¥1). (3.20)
If we add (3.16) to (3.18), we attain
2265y + 1)+ 2Y +1)
1 a5 = hy(r)(ky +y2) + ha () (kF + y7). (3.21)
By using (3.20) in (3.21), we deduce that
2265y + ) +2Y +1) 2(8(5Y + 1) +Y + 1)*h3(1)] ,
A - 22[h, (1) a; = hy(r) (ks + y2), (3.22)
which yields
[Abr|+/|bT|
lay| <

Next, by subtracting (3.18) from (3.16), we have

(2(26(5)/ +1)+2Y +1)
A

) (az — a3) = hy (1) (kz — ¥2) + hs (N (k — y1).

In view of (3.19) and (3.20), we obtain from (3.23)

2[Ry (MK + yD) Ahy () (kz — y2)
BTI6GY+D+r + 12 226(GY +1) +2Y + 1)

Hence using (1.5), we deduce that

| < [1]2b%r? N |Abr|
Bl Gr+D+r+ 102 T @2sGY+ D+ 2r + 1)

Finally, by using (3.22) and (3.23) for some v € R, we obtain

\/|[/’1(26(5Y +1D)4+2Y+1Db—-(GY+1)+Y +1)%plbr2 — (5(5Y + 1) + ¥ + 1)2eq| '

(3.23)
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o Ahy (r)(kz — y2)
BTV = o0sGY+ D +2r + 1)
+ A2 [hz(T)]3(1 - v)(ky + y,)
22286(5Y + 1) + 2Y + D [h,(M)]? = 2(6(5Y + 1) + Y + 1)%h5(r)
Ah, (1) 1
) [(Q(V'T) T eGr+ D+ 2r + 1) ke + (Q(”) 2505 + 1) +2Y + 1)y2]’
where

Alh,(M]*(1 =)
[26(5Y + 1) + 2Y + 1][h,(1)]? = ((5Y + 1) + ¥ + 1)2h3(r)

QW)= ]

According to (1.5), we deduce that

|Abr| 1
[ < <
@, — val| <{25(5Y+1)+2Y+1 i (0_ 20, _26(5Y+1)+2Y+1)
3 21 =

. 1
| |Abr||2Cv, )| if ('Q(V' Ml 2 26(6Y +1) +2Y + 1)'

After some computations, we get

‘ |Abr| .
28(5Y+1)+2Y +1 if
A(28(5Y+1)+2Y +1)b—(8(5Y +1)+Y+1)%p|br?—(8(5Y +1)+Y +1)?eq|
[Al(br)2(26(5Y+1)+2Y +1) )
|A12|br|3|v-1] ,
[[A(26(5Y+1)+2Y+1)b—(6(5Y+1)+Y+1)2p]br2—(5(5Y +1)+Y +1)2eq| Lf
(|V 1| > |[/1(26(5Y+1)+2Y+1)b—(6(5}’+1)+Y+1)2p]brz—(8(5Y+1)+Y+1)zeq|)
\ - [Al(bT)2(28(5Y +1)+2Y+1) ’

(Iv—ll < I

a; —vas| <4

By putting 6 = 0 in Theorem (3.1), we attain the corollary in the below:

Corollary (3.1): Let the function f(z) indicated by (1.1) be in the class Bz (Y, A, r)(Y =0, A€
C\{0},r € R). Then

[Abr|\/|br|

la,| <
VIIAQRY + Db — (¥ + D2plbrz — (Y + 1)2eq|

and

[1]2b%r? N |Abr|
r+12 @Qr+1)’

las| <

and forsomev € R,
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( [Abr|
er+1)
( AQY + Db — (¥ + 1)%p]br? — (¥ + 1)2eq|>
lv—-1| <

ZIGr22Y + 1)
[AI2|br3lv — 1] .
TAG2Y + Db — (7 + D2plbr? — (¥ + DZeq| 7
<Iv 1y @Y + Db = (4 Dplr - (1 + 1)2eq|>
= TIGr22Y + 1 '

as; —vai| <<

Remark (3.2)

If we put Y =1=1 and § = 0in Theorem (3.1), we get the results which were given by
Alamoush [2].
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