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1.Introduction
Let A be the class of functions f of the form
f(2)=z+ X5 ,a,z%, (z € W) (1.1)
which are holomorphic and normalized in the unitdisk U = {z € C: |z| < 1}.

Definition:1.1. Let g(z) be holomorphic and univalent in U and f also holomorphic in U, then fis
subordinate to g if there be a Schwartz functions w(z) it is also holomorphic in U with w(0)= 0 and
|w(z)| < 1,vz€ U suchthat f(z) = g(w(z)).
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This denoted by f < g. Furthmore, assume g is univalent in ‘U. Then the next part holds[4,5,8,10]:

f<g & f(0) =g(0) and f(U) c g(W).

For the function f of the form (1.1) ,we will present result the following: fis starlike and convex,
respectively, with respect to the origin, if and only if

zf'(2)
f(@)

Re{ }>0,|Z|<1,

and

zf"(2)
R€{1+m}>0, |Z| <1,

fis starlike and convex, respectively, of order t,if only and if

zf'(2)
f(2)

Re{ }>T,0ST<1,|Z|<1,

and

zf" (z)
Re {1+,—}>T,0ST<1, z| < 1.
f'(2) 2]
Remark1.1 The function f is convex, if and only if zf'(z) is starlike. This is according to the
Alexander's Theorem[3].

Definition:1.2.Let fe A and g is starlike of order t,i.e. g € S*(7), then f € K (¢, 7), if and only if,

Re {Zg (S)} > ¢,z € U, we named this function closed-to-convex function of order ¢, type t . For

f € A, the next subclasses of starlike, convex and closed-to-convex functions S*({, @), C({, @) and
K(¢,p; @, ) of order ¢,with many authors have studied[7,8,9,10] ,and respectively defined by:

5" 9={f € cﬂﬁ(;(()) ~n) <9(2),z € U}

comno) ={f e =(1+ Z}f(()) —1) < 9(2), z €U}

1

kg 9.9) = {f € A (L2 -5) < 9(), € Ug(D) € 50,0

From (1.1),we have

a(a
2

f(2)* = z* [1 + alayz + azz® + a,z + ) + 71) (ayz + azz® + a,z> + - )* + ]
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ala—1 ala—1 ala—1)(a—2
=z“+aazz“+1+(aa3+ (2' )a§)2“+2+<aa4+ (2' )2a2a3+—( 3)'( )>z“+3

+ <aa5 + a(az— D) (2a,a, +a?) + —a(a — 13)I(a —2) 3a3a; + 6 + (@ - 1)(0(4'— 2)(a - 3)) zott
=z% + aa,z%" + aa;z%"? + aa,z%t3 + -
definition we give (f(z))“by
f%(z) = 2% + N5, ap(a)z%F1, (1.2)

Thus as a = 1, to have :

f(z)=z+ Z:):Zakzk

For f € A, the generalized differential operator 7},{?5: Ay = Ay s defined

Tm6f(z)a _ T(T’?;‘l"sf(z)“) (1 (y— 6)) (Tr’r;l—l Sf( )a) _|_ (Tm 1,6 (Z)a)l (13)

u+é

_ (1+@-) -\ 4 I (1+(1—a)(a+k—1))m atk—1
_( U+s ) 2% + Xi=2 U+ ar(a)z ’

and
where (u > 0,8,y = 0;m € N, = NU {0}; a > 0,z € U). For more details see[6].

From equation (1.3),we get

m+16 ()/ 6) m,6 m,§
f(z)= ( T )w f@)+1 +5w f@)

(Tl (@) =T f (@) - (FE2) (7 F @) (1.4)

[L+5 u+é

We indicate by H, the class of all function 9 which are holomorphic and univalent in U each of
them 9(U) is convex such that 9(0) = 1 and Re(9(z)) > 0,z € U.

In this paper, we present differential operator from in relation to (1.1) and (1.2).We must use the
principle of subordination between holomorphic functions to present the subclasses of starlike, convex
and close-to-convex functions S*(n,9),C(n,9) and K(n,&;@,9) of order n respectively, for the
function 9, ¢ € H which are defined by:

Sa (9 = {f(2) € AT f(2) € §*(n,9)}
Capum®) = {f(2) € AT f(2) € Cn, )},

Ko, (0.8 9,9) = {f(2) € A:TF(2) € K(n,&; 9,9)).
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Next ,we will give introductory results that will be used in the show that of the main results of the
paper.

Lemma:1.1.[1,2,10] Let @ be convex, univalent in U with @w(0) = 1 and Re{rw(z) + n} = 0,7,y €
C.If P is holomorphic in U with P(0) = 1, then

zP' (2)

< w(z), z€Umeans P(z) < w(z),z€eU.
P (z)+n

P@)+

Lemma:1.2.[8,10] Let w be convex, univalent in U and w be holomorphic in U with Re(w(z)) = 0.
If 7 is holomorphic inU with P(0) = w(0), then

P(z) + w(z)zP'(z) < ®w(z),z € U, means P(z) < ©(z),z € U.

We will introduce some inclusion properties of the operator J}f’ﬁ‘sf(z)“,by the principle of
subordination.

2.Main Results
Theorem:2.1 Let f € Aand let 9 € H with Re <(1 —mIz)+n+ %) > 0. Then,

ST (i, 9) € Spve,(1,9)

Proof: Let f(z) € S(’x"]fi‘s(z) and let

1 (2R @)
P(z) = T ( f]"ms I n). (2.1)
Applying (1.5) in (2.1), we get:
m+16 (2) — 1-(y-98) Tma
= f@-(=52) @ ﬂ@)n

1-— /15 mS
7 T 5 ()

m+15f( ) — (1 (v- 5))(Tmé‘f(z))

m,§
@

—-n|= A -nP()
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( m+16f( ) (1 (4 5)) (Tm,Sf(Z))

Y—o § +mé
2 T F(2)

) = A-mMP@) +n

m+16 1-(r=9) Tmaf( )
( f(2) ( u+s )( 2 = (1-nP&) +7n

PR (OB AR 1)
m+16 _ _s
Tm 5f;?) = A-mP@)+n+ <%> : (2.2)
,u+6 Vi

Differentiating (2.2) logarithmically with respect to z

m+16
Log <¢> = Log ((1 -mP(z) +n+ %)

E @)
Log (T *°f(2)) — Log (TgT'y"f f(Z)> = Log ((1 —MP@) +1n+ %)
(@) (@) a-pre
(77 @) (D)0 /@) a-nP@+ 52
(75 r@) _ (5 f@) a-mP@) 23)
(77f@)  (FEf@) a-nPp@)+=52 |
On the other hand:
([T f@) _ A=n)P@+n
(5°F @) z ’ @
using (2.3) and (2.4)
(7 f@) _ A-mP@+n __ A-mP'@
(70 f(@) z (1-n)P) + =52

(Tm+15 f(z)) (1 — n)?(z) + (1-nP'(2)
(g;/r,;ztﬂs f(z)) Z z (1-nP() + 1—;)_/;5)
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(™ r@) = 2 (1-mP@) + D

(7 °f@) _n_(-mP@ _ (A-mP@

(Tm+1,6f(z))' (1 —) [?(z) <(1 — P +n + 20 ‘”)] + 2P (2)

71

(73 r @) (@ -mP@ +n+ %}
, _ 1- (V )
1 Z(g}r‘r:il,é £(2) ) P(Z) ((1 mP) +n+ ) N 2P (2)
L=n \ (7419 f(2)) -

<(1—T])P(z)+n+1 (y- 6)) <(1 n)?(z)+n+1 (y- 5))

i in<z( T f @) '@ 23)

m+1 -n|= P(Z) + .
(7419 F(2)) ) <(1—77)7’(Z)+77+1 - 5))

Applying Lemma (1.1) to (2.5),we get
Re{md(z) + 1} > 0,

mRe (9(z))+1t=0
Since 9 convex, order t

2" @) @

.’Re{1+m} > n| Wl +71,zeU0<1t<],r=20,r+7=0
.‘Re{(l—n)ﬁ(z)+n+%}>0,6,]/20

(1-nRe(®(2)) +1 +$ >0,9(0) = 1,Re(9(2)) > 0,z € U,

Y-

(1—n)+n+ﬂ > 0,
y—96
then
P(z) + 2P (2) o= = 9(z),z € U,means P(z) < 9(2),z € U,
A-mP@) +n+=55~

ie. f(2) € T7° £(2).
Thus,
Serilf(z) S (D),

Theorem:2.2. Letf € A and let 9 € H with Re {(1 —mI(2) +1n + (V 6)} > 0.Then,
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Z{n;;sf( ) © Cayuf(z)

Proof: From Remark 1.1, we have: f € A is starlike and convex, respectively, order <, if and only if
zf'(z

Re { f'(2)

f(2)

}>T,OST<1,|Z| <1,

and

zf"(z)
f' (@)
A function fe€ A is uniformly starlike and uniformly convex, respectively, of order =, if and only if

[5]

Re{1+ }>T,OST<1,|Z|<1.

—1|+T,ZE‘U

'@y 2f' @)
Re @ f> ! @

and

7" )}>7I|Zf”(Z) | +71,z €U,

f'(2) f'(2)
wherer >0, 0<t<1and m+1t=0.

The relation between the classes of starlike and convex functions, obviously ,led us to the next
relation .

R{1+

fecHyYmo) e zf € Sptln,9).

From Theorem 2.1,we get

f ey’ mo) e zf € Si’(m9) Sy, m,9)

= zf' € Sayﬂ(n,ﬁ)
= zf' € Cglyaﬂ(n,ﬁ).
Thus,

Cor () < sl (9.

The function 9(z) = 1:—‘;22 is holomorphic and satisfies 9(0) = 1.Thus,we get the next corollaries:

1+Az
—Bz

,—1<B<A<1inTheorem2.1.Then:

Corollary:2.1.Letfe Aand 9 =

g’;f(n,cﬂ B) c Spv0, (1, A,B).

A2 1 < B <A <1inTheorem 2.1.Then:

Corollary:2.2.Letfe Aand 9 =

?;i‘g(n,cﬂ B) c Kayu(n,cﬂ B).
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Theorem:2.3 Let f € A and let 9, ¢ € H with Re{(l @) +n+ = (Y 5)} > 0. Then:

Kis 2, & 9,0) © Ko, (0, 9,9).

Proof : Letf € Kooy 0, & 9,),and let g € Sgorv? (n,9) such that:

m+1,8 !
Re {Z( T, (z))

>¢&,zeU.
Tm+18g(z) } g

The next should, we get

1 Z( Tm+1'6f(Z)),
1-¢

Tm+16g(z) _E)<(plzeu

Let

z( m+18f(z)) ~

Tm+18

1
P(z) =+
=13 LS 0 (2)

m+16
(G100 ) - g

Tm+1,6 !
d mm f ((Z))) = (1-9P() +¢.

From (1.6),we get

m+16f( ) — (1 = 6)) (Tm‘sf(z)

Y-o

m+16f( ) — (1 (v- 5))(Tmé‘f(z))

=1-9P@+¢

= =[(1-9P@ +¢1 (77 9(2)

u+é

i (550)

u+é u+é

= (T f@) = [0 - 92@ + €1 (7 9(@).

73

(2.6)
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Mean that

m+16 1 — 5 . )
i uf(z)) ( ,ff 5 ))(Tyﬁ'5f<z>) +[A-OP@ +E(HL 9(2)

u+é

+a - 9P @] (7 9) .

Z(u+5> (g1 f(z))' _ (%) 2(Te f(z))' +[(1 = OP@) + &lz(T)° g(z))'

+(1 - 927 @](7%° 9(2)). (2.7)
Also, by Theorem 2.1, g € S "°(n,9) » g € S)%0 (n,9).

Thus, let

B Z(T g(z))
4(z) = —n( T 9(2) n)- (2.8)

Using (1.6) in (2.8),we get

( 2(7° 9(2)

@) )= (1-maq(z) +7

7;’31“'59@ (1 52 )(7309(@)

m,é

Tm+1 0 9(2) (1_,5:6) ) (7;/7;[69(2))

= (1-mq(2) +n

=1 -mag2) +n

= 6 m,§ y—=6 +m6
©+s 7]'/11 g(Z) m Ty,u g(Z)
m+16
9(2) (1-G-9)
ﬂ s = (1=maq(z) +n+ s (2.9)
u+s "M

And further, from (2.7) and (2.9), we get

#+6(Tm+1 Sf(Z)), ((1 (r— 6))) (Tm ‘Sf(z)) 41— ).'P(Z) n S( Z( (Z)),
s i o) [ -ma() +n+ =52
y=8 T 59(2)

L A=z O 7% 9(2))

= mae +1 e




Huda F.Hussian , Abdul R.Salman Al-Qadisiyah Journal of Pure Science 26,2(2021) pp. Math. 66- 76 75

B0 (1S () ((1 D) (7 F (@) + 1A - OP@) +Ea( T g(2))

Y-8
Ws (T g(2)) (72 9(2)) [(1 —mag(2) +n+ (1}%5))]

(=927 @) (T3 )
+
(T29@)[(1 - ma@ +n+L ‘”)]

((1—@—6)) )2 (T f(z))’ [(1 - OP(2) + ¢z (( Ty’,’ﬁ‘sg(z)))’

(7m89) [ - ma@ +n+ LD (1m0 [(1 - mat) +n+ 5]

-8

[(1- f)z?’(z)]( Tm 69(2))
(%ma (2)) [(1 —mgz) +n +—22 (1-¢-9) (V 6))

-(y-9))
o) 5 1A= 9P@) +¢] L0 -92@ + €0 -ma@ +nl | [(1 - )zP'(2)]

[a-ma@+n+EEA] T - na@ 40+ CEA] T - g+ + D

(=52 [ - HP@ + €1+ (1 - OP@) + 11 —n)a() +71] (4 = 527 @)]
+
[ -mato) 10+ 5T [0+ 0+ EED

2(7 F@) (- 922' @)
p—re =[A-OP@) +¢&]+
(g;/.u L8 (Z)) z [(1 _ n)q‘(z) +n+ (1- (V 5))

(2.10)

Algebraic manipulation in (2.10 ) gives:

2(T2 £ (2)
(T g(2))

1 ( 2T F @)

(g-]'/TL+1 0 g( ))

[(1 - ©)zP'(2)]
(1= ma@) +7+ X2

—¢&=[A-HP@]+

2P (2)]
[ =ma@ +n+

f) = P(2) + )
y-§6

So, we get
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1

w(z) =
(1= +n+ Y]
y—4
Applying Lemma 1.2, we get
m+1,6 .
P(2) < ¢(2), meanthat f € K} "°(1,&9, 9) O

3. Conclusion: In this article we concluded that in this case of applying the  differential operator
for univalent function using a Faber polynomial it remains preserving it's geometric properties and
there are other conditions added to obtain results inside the unit disk.
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