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In this paper, the symmetric left(right) reverse I'*-4-centralizer of a TI-
ring M with involution is presented and studied . Then we proved that
the 4-additive mapping T: M x M x M x M — M is a reverse ["-4-centralizer
of M if it satisfies one of these conditions :
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1. Introduction

Majeed and Al-Taay in 2010 [1] proved many results of symmetric reverse x-centralizer of =-ring .
Saed in 2016 [2] introduced the notion of double reverse 6*- centralizer of rings with involution and
proved basic properties of this type of mapping . Again Saed in 2016 [3] introduced the notion of
Jordan (6, 0)* - derivation pairs of rings with involution and proved basic properties of this type of

mapping . Faraj and Super in 2020 [4] these results are studied by using the concept of symmetric
reverse *-n-centralizer .

Let M be a I'-ring with involution . This paper is organized as follows . In section two , we recall
some well-known definitions , examples and results that will be used in this paper .In section three ,
we present the notion of symmetric left(right) reverse I"-4-centralizer of M , and we worked on some
results , which give the two cases that (left and right) reverse I -4-centralizer have come up with a
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concept symmetric reverse I'" -4-centralizer and showed some related results of the present concept
under certain conditions .

2. Basic Concept
Definition 2.1:[5]

Assume Mand ' be additive abelian groups. If there exists a mapping MxI'xM = M: (a
,a,b)—aab which satisfies the conditions :

forevery a,b,ceM,a,B ET:

Q) (atb)ac=aac+bac
a(a+ B)b=aab+apb
aa (btc)=aab+aac

(i) (@aab) Bc=aa (bpc)
Where M isrefer to as al-ring.

Example 2.2:

a b 0 n 0 0
0 ¢c 0):abceZ;y,andT=3{{0 0 0|:nEeZ
0 0 O 0 0 O

We use the usual addition and multiplication on matrices of

Let M =

MxI'xM—->M ,thenMisaTl-ring.
Definition 2.3: [6]

Let M, beal™-ring. Theset Z(M)={xe M: xyy=yyx, forall ye Mandy € I'}is called the
center of the I'-ring M .

Definition 2.4: [6]
AT-ring M is called semiprime if al' M T a= {0} implies that a=0, for a EM .

Definition2.5: [6]

AT-ring M is called 2-torsion-free if 2a=0 implies a=0, foraeM .
Definition 2.6: [6]

A T-ring M is called a commutative if ayb=bya, foralla,be Mandy €T.
Definition 2.7: [7]

Let M be aTl-ring, for any x,yeM and a € T, the symbol
[x,y].=X ay —y ax, will denote the commutator .
(xoy)q =X ay+yax, willdenote the additive group commutator .

Lemma 2.8: [7]
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If Mis al-ring, forall a,b,ceM and «,f €T then:
() [a blgt[b,a],=0

(i) [a+b,cle=la,clet[b cla

(i)  [a,b+cl,=[a,blt [aclq

(iv)  [a,bla+p=[a,b]st[a b]p

(V) [a b, c],=a B|b, c],*[a, c],Bb+a fc ab- a ac Sb.

Definition 2.9: [7]

An additive mapping (xax) — (xax) onaI'-ring M is called an involution if (xay) =y ax” and
(xax)” =xax forallx,ye M and a € T'. A T-ring M equipped with an involution is called a I'-
ring M with involution ( also known as I"-ring ) .

Definition 2.10: [7]

An additive mapping T: M — M is left (right) reverse I'"-centralizer of a I-ring M with involution if
Tyax) =T(X) ay (T(yax) =X aT(y))forallx,yé M anda €T .

Definition 2.11: [7]

A reverse I -centralizer of a [-ring M with involution is an additive mapping which is both a left and
right reverse I -centralizer .

Example 2.12:

Let F be a field and D3(F) be a set of all diagonal matrices of order 3 with respect to the usual
operation of addition and multiplication , then D3(F) is a commutative ring .

T : D3(F) — D3(F) be an additive mapping defined as

x 0 0 x 0 O
TX)=T((0 vy O]):[O y 0] , X,y EF
0 0 O 0 0 O
x; 0 0 xy 0 O a; 0 0
Define y=10 1y, 0] .y =0 y, of, a:{[o 0 Ol:alel“},then
0 0 O 0O 0 O 0 0 O

T(yax) =T(X) @y . Hence T isa reverse I -centralizer .
3. Symmetric Reverse - 4- centralizers

First , we introduce the basic definitions in this paper
Definition 3.1:

Let M, be the I'-ring with involution . An 4-additive mapping T: M XM XM x M — M is said to be
left reverse I"-4-centralizer if the following equations hold forall y,ri,r2,r3, 1, €M andy €T .

Ti(nyy 12,13, 13)=T1(y, 12,13 ,1a) V7Y
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To(ry,royy,r3 ,1u)=To(ry,y, 13,13 )Y 1,
Ta(ry, 1 13y yY, )=Ta(ry, 12 Y, 10)VYT3
Ta(r, 1 13,y yY)=Talry, 12, 13,Y) v 1y

T is said to be a symmetric left reverse I -4-centralizer if all the above equations are equivalent to each
other . That is,

Tryy,ro,rm3,1)=T(y, 2,73 ,13)y7y
forall y,ri,rp,r3,meM andy €T .
Definition 3.2:

Let M, be the I'-ring with involution . An 4-additive mapping T: M XM xM x M = M is said to be
right reverse I'"-4-centralizer if the following equations hold forall y,ri,r2,r3, €M andy €T .

Tl(T1Vy1T21T31T4):y**YT1(7”1 T2, T3 ,Ty)
To(ry, vy, 13 , )=y vTa(r,rp 13,14 )

T3(T11T2 1r3yy1r4):y*yT3(T1!T2 I3 ,7'4_)
Ta(ry, 1y ,rg,r4yy)=y*yT4(r1,r2 I3, 7y)

T is said to be a symmetric right reverse I -4-centralizer if all the above equations are equivalent to
each other . That is ,

T(T'l]/y,T'Z,T'3,T'4_):y*)/T(T'1,T2,T3 ,T4_)
forall y,ri,rp,r3,eMandy €T .

So, M is called symmetric reverse I'"-4-centralizer if M is symmetric left reverse I"-4-centralizer
and right reverse I -4-centralizer together .

Example 3.3:

Consider M =

0 a b
(O 0 c) ta,b,c€ (C} , where C isaring of complex numbers. Clearly, M is a

0 0 O
non-commutative ring under the usual addition and multiplication of matrices .

AmapT:MxXMxXMxM - M is defined by :

0 a by 0 a, b\ /0 a3 b3\ /0 a, b,
0 0 O 0 0 O 0 0 O 0 0 O

0 0 cycyc3cy 0 a; b 0 a, b, 0 asz bs 0 a, b,
O O O y fOI’ a" O O Cl ) 0 0 C2 ) 0 0 C3 ) 0 0 C4 (S M
0 0 0 0O 0 O 0 0 O 0 0 O 0 0 O
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b\" (/0 ¢ b
c|] ={0 0 a
0 0 0 0 O
0 0
And T=%(0 0l:neZ
0 0

Then, Tisa symmetric left reverse I'"-4-centralizer and also it is a right reverse I'"-4-centralizer

0
Suchthat | 0

O3S ooQ

Lemma 3.4:

Let M be a semiprime I'-ring with involution , let a€ M be a fixed element ,and let T (r,r2,r3 ,rs) =a
yr +r ya satisfy

T(roy)g.r2,r3,1)=(T(r 12,713, 1) o ¥y ) =" oT(y,rp,13,74))p forall y,r,rp, 13,1, €
Mandy,B €T thenaez(M) .

Proof :
T((Toy)ﬁ1r21r3 ,r4)=(T(r,r2 T3, T4)° y*)ﬁ = (r*o
T(y rrZ )r3 )r4-))ﬁ (3.1)

By hypothesis T (r,r2,rs ,r)=ayr +rya

T(rey)g. . m=@yr+rya)y +ypayr+rya) (32
Letr=r By +ypr in hypothesis, we get

T(r,r,r)=ay (rBy+ypr)+(rpy+ypr)ya (3.3)
Then, by (3.1) and (3.2) , we have

ayy'Br+rBy’ya-ryaBy -y Bayr =0

(ayy*-yvya)Br+r B(yya-ayy )=0

This implies that [[a,y*], ,r*]g=0

By [Lemma 2.3, 4] , we get aeZ(M) .

Lemma 3.5:

Let M be a semiprime I'-ring with involution . If every mappings T of M satisfy

T(roy)y 12,13 ,1)=(T(,12,73, 1) e ¥*), = (" oT(y,r2,73,1))y
forall y,r,ro,r3,;eMandy €' . Then T maps Z(M) into Z(M) .

Proof :
Let a=T(c,ry,1r3, 1p) forcez(M)andr,ry,r3,1,EM.

2T(cfr,ry 13, 14) =T(cPfr+1rPfec, 1y ,13, 13) =T(c,1y,13, 1) B r+
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rBT(c,ry,r5 1) =aB T +1 pa
T(ryy +yyr ,1;,73,1) = 2T(cB(ryy + yyr),12 ,73, 13)
=2[T(cpr,ry,13, 1) YY" +y'y T(cfr 12,73, 1) ]
=2[T(cyy, 12,713, 1) BT +1 BT(cyy,r2,73, 73]
=T(cPr,ry,13, n) Yy +y' vy T(cBr,ry 13, 14)
=T(cyy,r2 .73 ) BT +1 BT(cyy,rs .73 Ta)
=T(r,ry,m3, )y y +yyT(r,r,r 1n)
=T(Y. 7,73 1)y E+0 yT(y, 72,15 ,73)
For all y,r,r,r3,,eMandy,B €T .
By Lemma 3.4, we get : aeZ(M) .
Theorem 3.6:

Let M be a 2-torsion free semiprime I'-ring with involution,and T: M XM XxM XM — M be an 4-
additive mapping which satisfies :

T(rey)y .r2,13,18)=(T(r,ry,13, 1)o y), = (@ oT(y,ry,73,1)), foral y,r,ra,rs,r
eMandy €T .Then, Tisa reverse I -4-centralizer of M .

Proof :

T(rey)y . r2,13 ,18)=(T(r,ry,13, 7)o ¥y*), = (" oT(y,r,73,7))y
= T(yy+yyr ,1p,73,1) =

T(T',T'Z T3, T4))/y*+y*)/T(F,T2 T3, T4-): T(y’rZ 1 3 ,r4)yr*+r*yT(y,r2 13 ,T'4_)
Replacing y = (r o y); inthe last relation where f € T , we have :
T(r, 1y ,r3,m)y ((BY+YBr) +(C By +yBr) y T(r,ry ,13,1) =

T(r,ry,13,1)Y Yy B r*+y*y T(r,ry,73, 1) B r+ r*,B T(r,ry,r3, ) yy" + r*ﬁ y'yT(r,ry,rs,
73)

This implies that :

T(r, 1y, ra1)yl By +y* BryT(r,m,ms, 1) =

Yy T(r,ry,rs 1) Br +1 BT(r,ry,13 1)y y* . Then :
(T(r,ry,r3,13) 0 ((ro Y)B*)y =(T(r,ry,r3, W)o y*), B r
Also , we have :

[T(T 12,13, T'4),T'*]B Y y* = y*y [T(T'Tz T3, T4),T*]B , We get :
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[T(r,ry,73,74),7"]g €Z(M) .

Now , one will show that [T (7,7, ,73, 1),7"]z =0, and let c € Z(M)
2T(cdr,15 ,13, 1) =T(cdr+71dcC,15,13, 1)

=T(c,ry,13 1)ST +1 8T(c,1ry,13, 1) =2T(r, 15 ,13,1,)8 C
By Lemma 3.5, we have

T(cS 1,1y ,13, 1) =T(r, 1y ,13,1)8C =T(c,1y ,13, 1,)8 T

Also , for all ¢ € Z(M) , one takes that

[T(r,ry 715 14), 7716 C =T(r,15,15, 1) Br 8¢ -1 BT(r,15,73, 1) 5C =T(r, 15,73, 14) 8
CBI -FBT(r,ry,15 1)6C =T(c,ry,73, 1) BY° - ¥ BT(C,12,75, 1) 61

=T(c,ry,13, 1) B rér - r*ﬁ T(c,ry,13, 1) 0 r
=[T(c,rp,713 13),7"]p 6 r

For all c € Z(M), also one gets T(c,r, ,13, 13) € Z(M) , then
=T(c,1p,13 1) Y 61 - T(c,Ty,73, Ty) B rer
=T(c,ry,13, 1) B re - T(c,ry,13, 1) B2

One other hand , one will show that ,

2T(r?,ry,13, 13) =T(ryr+ryr ,ry,13, 1)

=T(r,ry, )Yl +0 yT(r,ry,73 1)

=2ry T(r,ry,13, 13) =2T(r,1y ,73,14)Y r

Theorem 3.7:

Assume that M be a 2-torsion free semiprime I'-ring with involution with an identity element , and
T:MXxMxMxM — M be an 4- additive mapping such that : T(r3,7, , 73, 13)= ry
T(r,r, 713, 1,)B T .Then Tisa reverse I'-4-centralizer of M. forall r,ry, 13,13 € Mand

y,BET

Proof :

Since T(r3,r,,13, 1)=r y T(r,r; 73 1)B T (3.4)
Multiply involution both sides to (3.4) to get the following
(T(r3,ry ,15,1) =1y (T(r,1, ,13, 1)L I

forall r,ro,r3,rseMandy,f €T .
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Supposethat F:MXM XM XM — M |, then

F(r,ry 13, 1) =(T(r,ry ,13, 13))", and also we get

F(r3,rp 13, 1) = (T(r% 1y 15, 1)) = (" y T(r, 75,73, T)BT°)"
=ry (T(r,rz,m3, 1)) Br=ryF(,ry,r3, i) Br

We have F is I'-4-centralizer

F(ryy,r, ,13, 1) =ry F(y,ry , 13, 1) =F(r,r, , 15, 7,) Yy . Then,
(T(ryy 12 ,13,1))" =F(ryy, 12,13, 1) =1y F(y, 15,73, 74)

=ry (T(y,ry,13, 1a))* ,forally,r,ro,rs,seMandy €I'. (3.5)
Also ,

(T(ryy, 1y ,13,14))" = F(ryy,ry 13, 1) =F(r, 15,73, 1) ¥y
=(T(ryy,ry ,1r3,13)) vy ,forally,r,ro,r3,meMandy €T’'. (3.6)
Multiply involution both sides to (3.5) and (3.6) to get
T(ryy,r2,73,78) =T, 12,73 1)V T =y y T(r,12,73, 74)
Theorem 3.8:

Suppose that M is a semiprime I'-ring with involution,and T: MXM XM XM - M is an 4-
additive mapping . If T(r,r, ,73, 1)y y =1 y T(y,r,,73 15) forally,r,rz,r3,rs € Mand
y €T, then M is a left reverse I"-4-centralizer of M .

Proof :

T(r,1r 713, T)Y Y =0 Yy T(y,75,73 Ta) (3.7)

Calculating the following equation and by (3.7) , we have

T(r+y,1ry,13 1)y z°-T(r,1y,13, 1)y 2" -T(y,12,73, )Y 2°

=(r+Y) ¥ T(z,13,713, 1) -V y T (2,75 ,73, 1) - Y ¥ T(z,73 ,73, T3)

=((r+y) -1 -y" )y T(z,73 73, 13)

=(+y -1 -y )y T(z,7; 73 14)

This implies that [T(r+y,ry 15, 13) -T(r,1ry 13, 13) -T(y, 12,73, 173) ]y 2" =0 (3.8)
Now, letzZ=z in (3.8)to get

[Tr+y,rp,rs 1) -T(,rp,13 1) -(,72,73, 1) ]yz=0

forall y, r,rp,r3,eMandy €T (3.9
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Since M is semiprime ring , one obtains that
T(I‘ + y,r; ,T‘3,T‘4) = T(I‘,T‘2 ,1"3,7‘4) + T()"Tz ,T'3,T4)
Similarly , one calculates the relation

(T(yyr,ry ,13,13) -T(r,15 ,73, 1) vy ) Bz ,then Tisa left reverse I"-4-centralizer of M.
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