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1. Introduction

The function f = u +iv is said to be continuous in the complex domain F c C
harmonic if real harmonic is u and v in F, we can write f = h + g, In any simply
connected domain F, where h and g are analytic in F. See Clunie and Sheil-Small [3].

Denote by H(m) the family of all multivalent harmonic functions f = h + g, that
are sense-preserving in the open unit disc U = {z: |z| < 1}, where

h(z) =z™ + Zl?:z ak+m—1zk+m_1 ) g(Z) = Zlio:l by +m-1 Zktm=1, (1)
Recently Mohammed and Darus [5] defined by

I(bi; dj;n)f(z):A —>A:

A — ,m 0 (b1 -1 (Bt W k—1 k+m—1
I(b;d;n)f(2) =z™ + X7, s S Giym-1Z . (2)

The Srivastava-Attiya operator H, ,: A - A is defined in [6]:

w 1+b -
Hepf(2) = 2™ + B0 (op)® uymor 2™, (3)
wherez € U,b € C/{0,—1,-2,...},c € Cand f € A. This linear operator H. , written
Hepf(2) = Gep * f(2) = (1 +b)(D(z,¢c,b) —b™) * f(2),
the Hadamard product (convolution). Here,
oo z*
(D(Z) (o8 b) - Zk:om )
the well-known Hurwitz -Lerch zeta function (see[6 ], [7]), defined by :
) z*
H;.(z) = Zk:o@ =z9(z,c,1).
The linear operator HS” (b,d;)(f): A — A and given by [4] as
1+b

chbep g — ,m oo (byM)g—1 (bW g—1 1+D05 ¢ k+m—1
Hn (bl’d])f(z) =z + Zk=2 (nln)k—l -"(dl'n)k—l ---(dr'n)k—1 (k+b) ak+m—1Z 4 (4)

(zeU,b €C/{0,-1,-2,..},c€Cd; € C/{0,—-1,-2,-3,..},|n| < 1and

t=r+17r€N,=1{0123,..}).

The class of multivalent harmonic functions denotes by H; (m, a4, i), satisfying
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z(HEP (bi’dj)h(z))'—Z(Hﬁ'b (bi,dj)g(z))'

Re (H,Cl'b(ai,bj)h(z))+(Hﬁ'b(bi,dj)g(z))

= my, (5)

form=>1,0<u<1, |zl=r<1.

The multivalent harmonic functions f in Hy(m, @4, i) such that f and g are function of
the from

h(z) =z™m — Z}?:zlak+m—1lzk+m_1 , 92) =X |brym-1l Zktm-1 (6)
2. The Main Results

In this section, we prove that sufficient coefficient conditions for the class
H;(mt aluu)'

Theorem 2.1. Let f € H;(m, ay, 1) given by (1). If

o0 _ _ (b1, M)g—1 (BN k-1 1+by¢
Zk:z(k + m(1 H) 1) RN S N S (k+b) Iak+m—1|

o _ (b1 g—1 (bW g1 1+b\¢ _
+ 2 (k+m(1+p) —1) D ry (b ks (b rs (k+b) |besm-1] <m@A—pw), (7)

(zeU,b €C/{0,-1,-2,..}, c€C,d; € C/{0,-1,-2,-3,..},In| <1 and

t=r+1reN,=1{01,23,..}), then f € H);(m,ay,pn).

Proof: We must prove that if (7) holds, then

2(Hy" (byd)h @) ~2(Hg” (bd) )9 @) | _ , T(2)
(H,ﬁ’b (byd j)h(z))+(H,§'b(bl,d ,)g(z)) N(z)

Re

)

where

T(z) = z(Hy" (by, d))h(2)) — z(H (b, D) g(2)),

N(2) (H" (b d)h(2)) + (H" (b, d))g(2)).
Now,

IT(2) +m (1= wWN@)| = |T(2) —m (1 +uN(2)|

>
(2m — mu)|z™| -
o _ . (b1 W)n-1 - (be,MW)n-1 1+b\ ¢ k+m—1
Lic=z(Zm + k= mp = 1) e e s s o). | Fieem-112
= X (mp ke — 1) e eCetes  (Eyep T kT gy |27

(M1 (1)1 drm)—g D
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D T B I el Cuvo L IR P
=B @m et kot mp = 1) B e (0 Ty g [
>

2m(1 — p)|z™| -

Zieam o+ 2k = 2mu = 2) s B A () wamaa
SR k= o e e T
=

2m(1 — p)|z™| -

25750+ m(1 = ) = 1) o PRI B () @)y 2947
~2 871 (k M1+ ) — 1) o P R (O [y [

>

2m(1 — w|z™| x {1 —

Zicwa(k +m( =) = 1) 255 (n(fz;:_)f T.?(giiﬁzii_f.(dr,n)k_l Gevn)*laem-s!

o b4, _1 -.(bg, _ 1+b -
_Zk=1(k +m(1+p) — 1) (b1 g—1 (bW k-1 (m)c |bk+m—1|}-

M=) (M)je—y (A1 ~(drM—1

This completes the proof of the theorem.

Theorem 2.2: Suppose f € H;(m, a4, 1) if and only if

o N (b1, M)g—1 - (bt.M) k-1 1t+byc
Zicma(k +m( =) = 1) G s @y Ger) |esmal®

I°) by, _1 -(bt, _ b
Tyl +m( + ) — 1) e e, | <m(1 - ),

M)g-1 (d1W)—1 - (drM)g-1

(zeU,b €C/{0,-1,-2,..},c €Cd; € C/{0,-1,-2,-3,..},In| < 1land

t=r+17r€N,={0123,..}).

(8)
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Proof: Given a necessary and sufficient condition for f by (5) and we have

(b1.m) (bt m)
m(l :u)zm_Zk 2(k+m(1 #) 1) (nn) L (lzlln)ktl (T;rln)k_l

k+m-1
Re{ (b1 M)j—q - (btn)k 1 (b ¢ Zktm-1 4 B

1+b
\k+b)c|ak+m—1|2

M=Yi=2 Mg—q ~(b1Mg_1 ~(brMp—1 Gerp) | @he+m—1]
500 (bln)k 1 -1 1+b
k=1mn)j_q .(ding_q ~(drm)g_q \k+b

) |bgym—1lzkFm=1

(b1 MW)g—q (Pt e—1 1+b, ¢ m+k-1

Yhe (k+m(1+p)— ll(nn)k L Aoy (Ar g \k+b) |br+m-1lz
m_ye0 (b1M)g—q bt M) 1 1+b) la |
k=2 (nn)_; ~(A1M)—q ~([@Armg_q k+b’ 'Tktm=1

500 (b1n)k 1 -BeMg—q /1+b)C|b |zk+m—1
k=1(nn)y_q (d1Wg_q ~(ArMg_q kb’ '“k+m=1

Zk+m—-1 4

1
I} 0 (9).

The condition be due above all values z, when choosing z the values on the positive
true axis where 0 < z = r < 1 we should have

(b1n) (b.n) 14b _
M=) =Xl (ktm(1-w)—1) s =~ () “lakem—1 177
(b1 W1 - (btn)k 1 +b k-1
1-Yi%, Mg—1 (A1 W -1 ~(ArMg_1 Gerp) 10k 4m—112%77 +
(bln)k 1 -beM)g_1 1+b ¢ k=1
L1ty (bimn1 (drm_y Gerp) |Phtm=1lZ
(b1, M) q (Bt 1+b. ¢
Zk 1(k+m(1+u)— 1’(nn)k . (d111)n 1 --(drlin)k_1 \k+b) [Dtm— 1|Z
T e Br1mn— - Grmn__ (1+hg o g 2 0. (10)
k=2 (nn)g_q ~(b1mg—q ~(brm)g_q k+b’ 'kFm=1
(blm)n 1 bt MW)g—_1 1+b ¢ k=1
Y= nn)g—y (domg—q Adrmr_q Gexp) € [Pr+m-1l2

The condition (8) doesn't hold, at that point the numerator in (10), when it moves to
1 is negative. This contention with the condition for f(z) € H;(m, ay, 1), and
consequently the verification is finished.

3. Extreme Point

Theorem 3.1: Suppose f(z) given by (6). Then f € H;(m, a4, ) if and only if

f(@) = 21 Kiam-1 hkam-1(2) + Yeam-19k4m-1(2)),

where
hp(z) =z™
. .m o0 m(1-u) k+m-1 _
hiem-1(2) =z™ = X, (et m(i—i)—1) B1r—1 ~PeMp—1 1+b)CZ (k=
s MM g—q (A1 Mg ~ArM—1 Gerp
2,3,...)
and

e m(1-p) Zk+m-1 (k _
=1 _ (bl,n)k_l ...(bt,n)k_l 1+b c ) -
(ntm(1+m)-1) (MM—g AW g—q (ArMg_1 Gerp)

gk+m—1(z) =zMm—

23,..)
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hk+m—1(z) = O 'gk+m—1(Z) = 0 yXm = 1- ZZO=2 Xk+m—1 + Zlio=1 Yk+m—1 .

The extreme points of f € Hy(m, ay, u) are { hgym—1} and {Gr+m-1}-
Proof: Suppose

f(2) = 2ios Kiam—-1 heam—-1(2) + Yism—19k4m-1(2))

Zl?:l(Xk+m—1 + Yk+m—1)Zm -

D2 (l:n(l) £) NCIED) Xpsm—rzFtm1
= 1Wg—1 WO Wg_q 1+b,. m-
(k+m(1-p)-1) Mg—1 (A1 p—q ~(ArM—1 Gerp)
0 m(1-p) k+m—1
R e — o e —
Mn)g_q (A1 _q (drMg_q Lk+b
— Y=z (bm% £) NCIED) Xem—pzFtm1
= 1Wg—1 Ot Wg—1 1+b, m-=
(k+m(1-p)—1) (k-1 AL —q ~(ArMg_1 Gerp)
2k=1 (bm% u) GTED) Yirm—12"t71
= 1MWg—1 B W1 1+b. . m-— '
(k+m(1+p)-1) M—q AL g—g ~(ArM g1 Gexp)
Moreover. we have
N (b1 Wp—q (atMn-1 ta,c
(ktm(1=) =D G~y by ~Crmn—y k+a | |
k=2 m(1-u) ak+m—1
_ (b1.Wn-1 .(bMn—1 1+b.c
Ly (k+m(1+u)—-1) 1 Ay A p1 Gezp) b |
k=1 m(l #) k+m-1
(b1 g—q Bt j—1 1+b. ¢
o (ktm(1-p)-1) M —q1 AL p—q ~(Ar M1 Gerp)
k=2 m(1-p)
k=2 (bln)k 1- (btn)k 1 1+b k+m-1

c
(k+m(1-p)-1) (Mg ~([d1M—q1 ~(ArMp—1 Gevp)
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(b1Mn—1 (b Mn—1 14+b ¢
k+m(1+u)-1 (
(ktm(1+p) )(n,n)k_l (1M p—q ~(ArM gy k+b

m(1-p)

+Xim

(Zoo m(1-u) Y
k=1 _ (b,n)k_1 ...(bt,n)k_l /1+b c k+m-1
(ktm(1+p)-1) MM)g—1 (A1 M1 ~@ArM—1 Gerp)

= Y=z Xirm-1+ 2kt Yerm-1 = 1 = Xpn < 1.
Therefore f(z) € Hy(m, aq, ).
Conversely, if f(z) € H,(m, a,, ). Suppose
Xp=1- k=2 Xirm-1 + Zn=1 Yierp-1-

(b1)g—1 (bt M) g1 1+b\g I
—)S |agsm-1l, (k=
(M1 (A Wg—1 (M1 Gerp)” 1sm—al, (

Set Xismo1 = (k+m(1—p) — 1)

2,3,...)
— _ (b1)g—1 (bt M) g1 1+by¢ _
Yerm—1 = (k + m(1+ ,Ll) 1) (kg Aoy ( rra (k+b) Ibk+m—1|' (k=
2,3,...)
Now,

f(z)=z"— Z}?:z Ak+m-1 zkm=1 4 2130=1 byim—q zktM-1

— ,m _ ' mA-wWXg+m-1 k+m-1
= 2" = k2 GmG - Dby ) +
1+b\S
((mg—g ~(drmgg (M1 )(55)
Yoo MA-p@)Y gym—1 Zk+m=1
k=1 (k+m@+w)-1) (b1 M j_q beMWg_1 )

S
(Mg (drm)jemy ~(drme—1 )(Tep)

=z™ = Yi=alz™ = hpyme1 @D Xpeym-1 + 2i=1[2™ = Gram—1 (D Vieym—1
= [1 - X2 Xeem—1 — Zn=1 Yerm-112"
+ Xe2 Xiem-1Mkem—-1 (2) + 2521 Yierm—1 Jksm-1 (2)
= ez Xim-1Mkem-1 (2) + 25=1 Yeem—1 Gram-1 (2).
4. The Distortion Theorem

Theorem 4.1: Let f(z) € H;(m, a;,u). Then for |z| =r < 1, let

(b1 M) g—1 (bt M) g—1 ﬁ c 11
Ve e (dams ~(drmecs ed) (11)
m(1+u)|bm| )

< m m+1 m(1-p) _
f@I = A+ by Dr™ +7 ((m(l—u)+1)|¢z| (M- + D)

and

> (1 — m _ m+1 m-w) __mA+wlbm| )
F @12 A = lbmDr 4 ((m(l—u)+1)|¢2| (m(1—u)+1)|¢2|)
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Proof: Since

(m(1-p)+1 oo
m(1—p) 2| Xi=2(aksm—1 + brsm—1)
w n+m(l-p)-1
<Yk iy @ktme1  bem-) Wl
o [k+m(a-p-1 k+m(1—p)—1
<, (% |Gsmos] + %wm_ll) A
m(1-p)
the result of Theorem 2.2 we get
0o m(1—u) _
Y 2(liimos] + Bama D) < e (1= by ). (12)
Since f € Hy(m,a, 1), and |z| =r
If (D] = 2™ = 27y Q1 2™ + 252 biym—q 21

< |z™ + XYool agem—1l 121 + X2 by | 2™
=1+ Ypealarim-1l rktm=1 4 Yi=1lbrrm-1l rkim-1

<1+ |bm|)rm + (Z}Ciozz Ag+m-1 t bk+p—1)7ﬂm+1

m@-p) __ m@+u)|bm| )

m m+1
< @+ 1byDr™ 47 ((m(l—#)+1)|lllz| (m(—m)+ 1|

It gives the first result.
Likewise, we get the following lower bound.

lf (2| =r™ — Xp_alakim-1l rktm=1 4 Y=1lbrsm—1l rltm-1

= (1 = |bpDr™ — Y=z aksm—1] + Z?=1|bk+p—1|)rk+p_1

>(1=1p m _ m+1 m(1-p) __ m@A+p) b .
= (A= by Dr™ =7 ((m(l—u)+1>|wz| (m(l—M)+1)|llJ2|)

5. The Convolution Property

We show that prove two theories, the first theorem about convolution for the class
Hg(m, aq, u).

Let
( ) — ,m __ Zoo k+m-1 + Zoo b sk+m-—1
f(z) =z k=2 Ak+m-12Z k=1Pk+m-12

g(z) =z"m - Zlc:):z Crk+m-1 zktm-1 4 Zloco=1 dk+m—1z_k+m_1 .
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The convolution of f and g define by

(f

x9)(2)=f(2)*g(2)=2" — X~y Qsm—1 Ckam-12"""1 + iy brym-1diam—12 1
Theorem 5.1: Suppose f(z) €EH,(m,a, 1) and g(z) €H,(m, ay, k).
Then f * g € Hy(m, a;, 1) € Hy(m, ay, ).
Proof: Let
f(2) = 2™ = ¥¥s Qeam—1 277 + BR b1 2T,
be in the class Hy (m, a4, 1) and
9(z) =z = ¥¥s Cam-1 zim=1 4 k=1 dierm-1Z°tM1,
be in Hj(m, a,, 1).

Consider convolution functions f * g the following :

(b1 M)g—q (bt W1 1+b

Cc
(k+m(1-p)-1) Mg (1M1 (ArMj—1 Gorp!
k=2 m(1-p) et Sherm
(b1 Wg—q bt W1 1tbye
Ly (k+m(1+p)-1) Mg (A1Mg—q1 (ArMj—1 Gerp) b d
k=2 m(1-p) o e
(G N G 0) 2 (ttbye
<y (k+m(1-p)-1) (MM)j—q (1, Mj—q ~(ArM)—1q Gurp
= k=2 m(1-u) Hetm-1
(b1)g_q -(btMWn—1 1+byc
Ly (k+m(1+p)-1) Mg (1M1 (ArMp—1 Gerp) b <1
k=2 m(1—p) L=

6. The Radii of Starlikeness and Convexity

Theorem 6.1: Assume that the function f defined by (1) be in the class Hy(m, ay, 1).
Then f is

multivalent starlike of order 7 in the disk |z| < r;H; (m, a4, pt),where

b k-1
(1M p_q (bemM)_q )(i:b)
a-mk+mA-pw)- 1;((nn)k Ay A1)

(k+m+n )m(1-p)

rl (m, alt ,U,T] ) = lnf ZI?:Z

Proof: Show that

zf (2)
f(2)

+1|_1—n,
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o0 - o0 _
T (ktm=—1)agim—1z"t" 1 < e (k+m=1)apym—1lz/" "
Zm+zloco=2 ak+m_1zk+m—1 - |n—1

zf (2)
1
f(2) + |

1_21;.0_=2 ak+m—1|Z
Will be bounded by 1 — 7,

Zf=2(k+m—1)ak+m_1|z|k_1
1-332, Akem—1lz[*1

<1-n,
Yiz2(k +m+ 1)y |2[*7,
by theorem 2.1, we get

b N
((b1Wg—q ~(BeMWg_1q )(%)
Uetm= 1)~ 5y Adompy drmin_1)

m(1-u)

k=2 Agym-1 < 1.

Hence

N
((b1Wg—q ~BeWg—q )(llc+b)
(1 n)(n+m(1 #) 1}((7171)]( 1 - (d— 1n)k 1 - (drn)k 1)

(k+m+n )m(1-p)

|z|*~1 < X,

)

(b Wp—q (DM g )(%) =
- k+m(1—-p)— 1’((mm)k g (d1mM)pq (drm)p_q )

(k+m+n )m(1-p)

|lz| <4 2k=;

This completes the proof of the theorem .
Theorem 6.2: The function f(z) defined by (1) be in the class Hy (m, @y, 1t). Then f is

multivalent convex of order 7 in the disk |z| < r,(m, a4, 1, 17), where

(b1 M)g—q - (beM_q )(iiﬁ) ko

= OUAmA IV Gy gy drm)ye— )
(k+m+8 )ym(1—p)

T (p; a, U, 6 ) = inf ZI?—Z

Proof: Using the same method to proof of theorem 6.1 we can show this

Z;((j)+2|<1—6 0<6<1).

Relative to |z| < r, with the help of theorem 2.1, we have the confirmation of theorem
6.2.
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7. CONCLUSION

We have shown that a class of harmonic multivalent functions, interesting results
concerning the harmonic multivalent functions defined by general integral operator.
Some geometric properties like coefficients conditions, extreme points, distortion
theorem, convolution property, radii of starlikeness are investigated and examined.
Finally, Many problems still opened, for example, the extension of these results to the
case of subclasses for various linear operator [11-13].
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