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1. Introduction 

The main objective of this study is to establish the existence of time periodic 

solutions for the following nonlinear parabolic system 
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ABSTRACT 

This research is investigated the periodic solutions to a nonlinear diffusion 
Allen-Cahn equation with a homogenous Neumann boundary condition. The 
theory of Leray-Schauder fixed point degree was adopted and the study is 
showed that there exist nontrivial periodic solutions to the nonlinear diffusion 
Allen-Cahn equation with isolated Neumann condition by the topological degree 
theory. 
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w

h

ere the constant     ,      (   ) is a space-time cylinder with   is a 

two or three-dimensional domain of sufficient smooth. The domain      is an 

open bounded regular subset of   . Here, we denote for the outward unit 

normal vector 
 

  
 on   , where 

  

  
   that is mean no flux from the- 

boundary. The equations (   ) might be used to characterize a population 

dynamics; you can see ,  -.  Where  (   ) represents the density of the 

species at position   and time  . Let (   ) be a diffusion term. The logistic 

growth term  ( )(    ), supposes that too low population densities ,  -. 

In the last two decades, many authors investigated the periodic problems  

with nonlocal terms ,   -. A perfect model was published by Nistri and 

Allegretto and they suggested the following form 

  

  
     (       , -  )  

with first type of Dirichlet conditions. As well, according to the actual needs, 

many researches interesting to nonlinear diffusion equations with nonlocal 

terms, like the porous equation ,   - with typical form 

 

  

  
     (   , -)   (1.4) 

and a class of doubly degenerate parabolic equation , - with typical form 

  

  
    (|   |      )  (   , -)                          (1.5) 

  
  

                                           
(   )     (   )                  (   ) 

 (   )   (   )                       x   Ω                  (1.3) 
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the equation (   ) is singular whenever       and degenerate whenever 

   . Equation (   ) is degenerate only when    , or   . This degenerate 

equation exhibiting a doubly nonlinearity generalizes the porous medium 

equation     and the parabolic  −Laplace equation    . If    ,   

 , then (   ) is a nondegenerate parabolic equation and a special case for this 

case is the heat equation [4]. 

     The authors study a periodic solutions of nonlinear diffusion Allen-     

Cahn equation with homogenous Neumann condition. If we compare between   

two type of boundary condition the first type the Dirichlet condition and 

second types the isolated Neumann condition, when using the second type of 

boundary condition to providing some a priori estimates in this case the proof 

is more difficult. On the other hand, the different from the cases of first type 

of boundary condition, an auxiliary problem for the system(   )  (   ) is 

considered for using the topological degree theory. We make out that this 

problem for (   )  (   ) is considered for using the theory of Leray-

Schauder fixed point degree [15]. We show that this system (   )  (   ) 

admits a non-trivial periodic solution. 

     The rest of the paper is organized as follows. In Section   , we introduce 

some necessary preliminaries including the auxiliary problem. In Section  , 

we show that a number of necessary priori estimations of the solutions of the 

auxiliary problem. Additionally, we prove the main result of this article is 

related to non-trivial nonnegative periodic solution. 
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        2. Preliminaries 

 In this paper, we assume that: 

  (  )  , -   
 
( )    is a continuous and bounded functional satisfying 

 , -   ‖ ‖  ( )
 

                  

where  , -   (      ) and   is a positive constant independent of   

where, 

   ,    )   
 ( )  *    ( )|            + 

(  )  (   )   ( )       ,   -          ,   - ( )            

‖ ‖  ,   -       

Since the equation (   ) is degenerate at points where    , the problem 

(   )  (   )has no classical solutions in general, so we focus on the 

discussion of weak solutions in the following sense: 
 

Definition 1   A function υ is said to be a weak solution of the problem 

 (   )  (   ), if     (  )    (  ̅ )      (      
   ( ))    (  ̅ ) 

and   satisfies [ 3 ] 

∬ (  
  

  
        ( )(    )  )

 

  

                  (2,1) 

for any     (  ̅ )       (   )   (   )  

by using the topological degree theory, we introduce a map by studying    

the following auxiliary system 

 

   
  

    ((   
     )   )   ( )(  

   )  
   (   )     (2.2) 
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    (   )     (   ) (2.3) 

  (   )    (   )  

 
     (2.4) 

 

where         *   +    is a sufficiently small positive constant. Then, the 

desired solution will be obtained as the limit point of the solutions of the 

problem (   )  (   )[3]. In the following, we present a map by the following 

problem  

 

   
  

    ((   
     )       (   )      (2.5) 

   
  

    (   )     (   )   (2.6) 

  (   )    (   )        (2.7) 

Then we can define a map         with     (  ̅ )    (  ̅ )  The- 

authors have using classical estimates (see , -). We can show that 

‖  ‖  (  )  is bounded by ‖ ‖  (  )  and    is Hölder continuous in   . 

Then by the Arzela-Ascoli theorem, the map   is compact. So the map is a 

compact continuous map. Let  ( )   ( )((  
   )  

 ) where   
   

    *    +  we can see that the nonnegative solution of problem (   )  (   ) 

is also a nonnegative solution solves       ( ( )((  
   )  

 ))  So we will 

study  the existence of the nonnegative fixed points of the map     

  ( ( )((  
   )  

 )) instead of  the nonnegative solutions of  problem 

(   )  (   ). 
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3 The main results 

 First, by the same way as in , -, we can get the non-negativity of the- 

solutions of problem (2.2)-(2.4). 
 

Lemma 1 If a non-trivial function     (  ̅ ) solves     (  (  
  

 )  
 )  then   (   )          (   )    ̅  

 In the following, by the Moser iterative technique, we will show the a 

priori estimate for the upper bound of nonnegative periodic solutions of 

problem (   )  (   ). Here and below we denote by ‖ ‖  (      ) 

then   ( ) norm in Banach space. 
 

Lemma 2 Let  ,   - ,   (   ) be  a nonnegative periodic solution solving 

       (    (  ))  Then there exists a positive constant   independent 

of   and  , such that 
 

 ‖  ‖    (3.1) 

 

where    ( )    (   ) 

Proof Suppose    is a nontrivial periodic solution, Multiplying    (   ) 

      
    where (   ) and integrating over    we get 

 

 

   

 

  
‖  ( )‖   

    
  (   )

(     ) 
‖ ( 

 

     
 ( ))‖

 

 

 ‖ (   )‖  (  (   ))‖  ( )‖    
     

where ( (   )(  
    

 )     
 ) and      (   ) (   )    ̅  

 

 

  
‖  ( )‖   

     ‖ ( 
 

     
 ( ))‖

 

 

  (   )‖  ( )‖    
     (3.2) 
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and hance  

 

  
‖  ( )‖   

      ‖ ( 
 

     
 ( ))‖

 

 

   (   )‖  ( )‖    
      (3.3) 

 

where   (     ) is a positive constants independent of      and  .  

Assume  that  ‖  ( )‖    and set 

                   
 (    )

     
           ( )   

 

     

 ( )       (       )  

 then                          For convenience, we denote by C a 

positive constant independent of   , k and m, which may take different values. 

From (   ) we obtain 

 

  
‖  ( )‖  

    ‖   ( )‖ 
   (   )‖  ( )‖   

    
     (3.4) 

 

By using the Gagliardo-Nirenberg inequality, we have 

‖  ( )‖  

   ‖   ( )‖ 
 ‖  ( )‖  

         (3.5) 

with  

   
 

   
 (   ) 

By inequalities (   ) (   ) and the fact that ‖  ( )‖ 
  

‖    ( )‖     
    

  we obtain the following differential inequality 

 

 

  
‖  ( )‖  

      ‖  ( )‖  

 
 ‖  ( )‖ 

 (   )
   (    )‖  ( )‖   

    
 

                            ‖  ( )‖  

 

 ‖    ( )‖    

 
(   )

 
    

  (    )‖  ( )‖   
    

 

Let  

                      *     
 

 ‖  ( )‖  

 +  

we have  

 

  
‖  ( )‖  

   ‖  ( )‖  

  (    )
    

*  ‖  ( )‖  

 
 
   

  (    )
    

    

 
(   )

 
    

 

                                                    (    )‖  ( )‖   

  
    

‖  ( )‖   
 +  

(3.6) 
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By young’s inequality 

       
  

 
  

     
  

where                           
 

  
   

 

  
      

   ‖  ( )‖  

    (    )

    
                                

 

 
 
   

 
(   )

 
    

  

       
 (    )

  (    (    ))
 

  (    )

    (    )
         

  Then we obtain  

(    )‖  ( )‖  

    (    )

    
 

 

 
‖  ( )‖  

 

 
  

  (    )

    
     

 
(   )

 
    

      

                (    )
  

         

 
(   )

 
    

 

    
    

 

(3.7) 

 Here we have used the fact that           for some   independent of 

 . In fact, it is easy to verify that 

   
   

      

Denote  

   
  

    
           

   

 

     

    
  

and combining (   ) with (   ) we have 

 

  
‖  ( )‖

   ‖  ( )‖  

  (    )

    
*
  

 
‖  ( )‖  

  
 
   

  (    )

    
 
   

(   )

 
     

  

                                                                      (    )      
  +  

(3.8) 

Then  

(    )
 

  
‖  ( )‖  

  
    

   ‖  ( )‖  

  
 

   
  (    )

    
 
   

(   )
 

     
 (3.9) 
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                                                                       (    )      
    

From the periodicity of   ( ), we know that there exists    at which 

‖  ( )‖  
 reaches its maximum and thus the left hand of (   ) vanishes [ 3 ]. 

Then we obtain 

‖  ( )‖  
 * ,(    )   

   

(   )
 

     
-+

 
     

where 

   
(    )  ( )(  (    ))

( )(    )
 

    
    

 

Therefore we conclude that 

‖  ( )‖  
 * (    )   

   

   
(   )

 
 
    -+

 
   * (    )  +

    
     

   

(   )(    ) 
    

(    ) 

 

 

Since 
    

(    ) 
 

  

     
 and 

    

    
 and    are bounded, we get 

‖  ( )‖  
      

    

(   ) 
    

(     )    

where      is a positive constant independent of    As    
 (    )

    
   

implies that 
(   )     

(     )
 

(   )     

(    )
           

      then we have 

‖  ( )‖  
        

    

or  

  ‖  ( )‖  
                         

where      
          

  ‖  ( )‖  
    ∑          

   

   

     (∑(   )  

   

   

) 

              (      )             ( )     
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or  

‖  ( )‖     {     
     

  ( )}

 
    

  

where  

 ( )                 

Letting      we obtain 

‖  ( )‖      (    *     
 

‖  ( )‖   
 +)  (3.10) 

On the other hand, it follows from (   ) with           that 

 

  
‖ ( )‖   

      ‖  ( )‖ 
    ‖ ( )‖   

    (3.11) 

By Hölder’s inequality and Sobolev's theorem, we have 

‖ ( )‖   
   | |

   
   ‖   

 ( )‖  
    ‖  ( )‖ 

   (3.12) 

Combined with (3.11), it yields 

 

  
‖  ( )‖   

      ‖  ( )‖   
     ‖  ( )‖   

     (3.13) 

By Young’s inequality, it follows that 

w

w

where   (       ) are constants independent of  . Taking the periodicity of 

 . into account, we infer from (    ) that 

‖ ( )‖      

which together with (    ) implies (   ).   . 

Corollary 1 There exists a positive constant   independent of  , such 

that 

 

  
‖  ( )‖   

      ‖  ( )‖   
       (3.14) 
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   (   (   ( )((  
 )    

 ))     )     

where    is a ball centered at the origin with radius   in   (  ). 

Proof It follows from lemma   that there exists a positive constant   

independent of δ, such that 

   . ( ( )((  
 )    

 ))/             ,   - 

So the degree is well defined on     From the homotopy invariance of the 

Leray- Schauder degree and the existence and uniqueness of the solution of  

 (   )  we can get the following 

   (   ( ( ) .(  
 )

 
   

 )/      )     (   (   ( ( ) .(  
 )

 
 

  
 )/      )  

                                        (   (   )     )  

          

Lemma 3 There exist a constants       and        such that for any 

       and       ( ( )(((  
 )    

 )) admits no nontrivial solution   , 

satisfying 

  ‖  ‖  (  )     

 

Proof By contradiction, let    be a non-trivial solution of       

 ( ( )(((  
 )    

 )) satisfying    ‖  ‖  (  )      For any test  

function  ( )      
 ( )  multiplying (   ) by 

  

  
 and integrating over 

  
      (   )    (    )  we obtain 
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∬
  

  

   
  

     ∬ ((    
     )    (

  

  
))    

 

  
 

 

  
 

   

 ∬   ( ( ) .(  
   )/)                                                 

 

  

 

 

(3.15) 

From the periodicity of    w.r.t   we have 

∬
  

  

   
  

     ∫  
 

 

∫
 (    )

  
    

 

 

   
 

  
 

 
(3.16) 

The second term on the left-hand side in (    ) can be rewritten as 

 

 

T

h

u

t

h

u

s

  

∬ ((   
     )    (

  

  
))      

 

  
 

 
 

 ∬ ((   
     )    (  

  

  
))      

 

  
 

 
 

 ∬ ((   
     )   (

  

  
    (

  

  
) ))      

 

  
 

 
 

 ∬ ((   
     ) (

  

  
)   (       

  (
  

  
) ))      

 

  
 

 
 

 ∬ ((   
     )     (

  

  
)       

 

  
 

 
 

 ∬ ((   
     )|  |       

 

  
 

 
 (3.17) 

 ∬ ((   
     )(         ) (

  

  
)       

 

  
 

 
 

 ∬ ((   
     )|  |       

 

  
 

 
 

 ∬ (  
 | (

  

  
)|

 

      
 

  
 

 
 

 ∬ ((   
     )|  |       
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∬ ((   
     )    (

  

 
))     

 

  
 

 ∬ ((   
     )|  |       

 

  
 

 (3.18) 

Combining (3.16) with (3.15)(3.18) , we obtain 

∬   ( ( )  
   ))      

 

  
 

 ∬ ((   
     )|  |       

 

  
 

 (3.19) 

By an approximating process, we can choose        and    is the 

corresponding eigenfunction of the principal eigenvalue   . By (    ) 

  ∬ ((   
     )|   |

    
 ( ( )  

   ))      
 

  
 

  

    ∬ ((       )        
 ( ( )(    ))      

 

  
 

  

    ∬   
 (  (       )   ( )(    ))      

 

  
 

 (3.20) 

    ∫   
 

 

  (  )

∫ (  (       )   ( )(    ))     
 

 

  

    ∫   
 

 

  (  )

(  (       )    ( 
   ))    

  ∫   
 

 

  (  )

(  (       )    ( 
   ))   (3.21) 

  ∫   
 

 

  (  )

  ( 
   ))   ∫   

 
 

  (  )

(  (       ))   (3.22) 

   ( 
   )  

∫   
  

  (  )
(  (       ))  

∫   
  

  (  )
  

 (3.23) 

we get  

  ( 
   )  (  (       ))

∫   
  

  (  )
  

∫   
  

  (  )
  

 

(3.24) 
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  ( 
   )    (       )    (3.25) 

and thus get a contradiction. 

Corollary 2 There exists a small positive constant   which is independent of 

  and satisfies       such that 

   (   (   ( )((  
 )    

 ))     )     

where    is a ball centered at the origin with radius r in   (   ).  

Proof Same way for lemma  , we can see that there exists a positive constant   

          independent of    such that 

    (  ( ( )((  
 )    

 ))     )             ,   - 

thus the degree is well defined on   . By lemma   , we can easy to infer that 

     (  ( ( )((  
 )    

 ))   ) admits no solution in   . Then by the 

homotopy invariance of the Leray-Schauder degree, we get 

   (   (  ( ( )((  
 )    

 ))     )

    (   (  ( ( )((  
 )    

 )   )     ) 

                               

.   

Now we show the proof of the next main result that presents the sufficient 

condition that guarantee the systems (   )  (   ) process a non-trivial 

nonnegative periodic solution. 

Theorem 1 If assumptions (  ) (  ) hold, then the problem (   )  (   ) 

admits a non-trivial nonnegative periodic solution   . 

Proof  Using corollaries    and  , we have 

    (   ( ( ))    )     
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where                is a ball centered at the origin with radius    

   (  )   and   are positive constants and      . By the theory of the 

Leray-Schauder fixed point degree and lemma  , we can conclude that 

problem (   )  (   ) admits a non-trivial nonnegative periodic solution   . 

By lemma   and a similar method to that in ,  - , we can obtain 

‖   ‖  (  )
           ‖

   

  
‖     

 Combining with the regularity results ,  - a similar argument to that in  

,  -, we can prove that the limit function of is a nonnegative non-trivial 

periodic solution of problem (   )  (   ). 

Example 1.  

 Consider   (    ) and  ( )      The value     is a singular value, 

but any neighboring value      is regular.  

Then deg(      )         . 
 

 /   . 

If  ( )    then similarly 

 deg(      )         (   )         (  )    [14]. 

Example 2.  

Consider   *  
    

   ) and  (     )  (  
      

    
 ) The value 

  (   ) is a singular value, but any neighboring value    (    ) with  

  is regular. The preimage    (  ) consists of the three points (   ) (   ) 

and (    ) . In the first point    has a negative and in the last two points a 

positive determinant. Hence deg (     )    [14]. 

Example 3. Let  ( )        for    . The only solution of    ( )  

  is     . Then      (  )   . The index of    vanishes [14]. 
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            Conclusions : 

 

In this work, we have considered a nonlinear diffusion Allen-Cahn equation 

with isolated Neumann boundary condition. For this problem, we have  shown 

that there is an existence of nontrivial periodic solutions and by the topological 

degree theory.Finally we get a fixed point for equation (1.1), which represents 

the solution to the equation in infinite Banach space such that       . 
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