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ABSTRACT

This research is investigated the periodic solutions to a nonlinear diffusion
Allen-Cahn equation with a homogenous Neumann boundary condition. The
theory of Leray-Schauder fixed point degree was adopted and the study is
showed that there exist nontrivial periodic solutions to the nonlinear diffusion
Allen-Cahn equation with isolated Neumann condition by the topological degree
theory.

1. Introduction

The main objective of this study is to establish the existence of time periodic

solutions for the following nonlinear parabolic system

ov
ot

— —Av™ =m()(v3 —v), (x,t) € Sy (1.1)
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v _ (x,t) € 002 % (0,T) (1.2)
on
W(x,0) =v(x,T), X EQ (1.3)

h
ere the constant m > 1, S = Q x (0,T) is a space-time cylinder with Q is a
two or three-dimensional domain of sufficient smooth. The domain Q is an

open bounded regular subset of R™. Here, we denote for the outward unit
normal vector aa_n on dfn, where Z—Z: 0 that is mean no flux from the-

boundary. The equations (1.1) might be used to characterize a population
dynamics; you can see [12]. Where v(x,t) represents the density of the
species at position x and time t. Let (Vv™) be a diffusion term. The logistic
growth term m(t) (v3 — v), supposes that too low population densities [13].
In the last two decades, many authors investigated the periodic problems
with nonlocal terms [1 — 5]. A perfect model was published by Nistri and
Allegretto and they suggested the following form

Jv
57~ v =[x t,a @] v),

with first type of Dirichlet conditions. As well, according to the actual needs,
many researches interesting to nonlinear diffusion equations with nonlocal

terms, like the porous equation [6 — 7] with typical form

dv
Frie Av™ + (v — P[v])v, (1.4)

and a class of doubly degenerate parabolic equation [8] with typical form

% = div(JVu™|P727v™) + (a — @ [v])v. (1.5)
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the equation (1.4) is singular whenever 0 < m < 1 and degenerate whenever
m > 1. Equation (1.5) is degenerate only when v = 0, or Vv. This degenerate
equation exhibiting a doubly nonlinearity generalizes the porous medium
equation p = 2 and the parabolic p—Laplace equationm=1. Ifm=1,p =
2, then (1.5) is a nondegenerate parabolic equation and a special case for this
case is the heat equation [4].

The authors study a periodic solutions of nonlinear diffusion Allen-
Cahn equation with homogenous Neumann condition. If we compare between
two type of boundary condition the first type the Dirichlet condition and
second types the isolated Neumann condition, when using the second type of
boundary condition to providing some a priori estimates in this case the proof
is more difficult. On the other hand, the different from the cases of first type
of boundary condition, an auxiliary problem for the system(1.1) — (1.3) is
considered for using the topological degree theory. We make out that this
problem for (1.1) — (1.3) is considered for using the theory of Leray-
Schauder fixed point degree [15]. We show that this system (1.1) — (1.3)
admits a non-trivial periodic solution.

The rest of the paper is organized as follows. In Section 2 , we introduce
some necessary preliminaries including the auxiliary problem. In Section 3,
we show that a number of necessary priori estimations of the solutions of the
auxiliary problem. Additionally, we prove the main result of this article is

related to non-trivial nonnegative periodic solution.



74 Raad Awad Hameed,Wafaa M Taha,Sarah Majeed TalabAl-Qadisiyah Journal of Pure Science VOL.(26) ISSUE (1)(2021) PP. MATH 71-87

2. Preliminaries

In this paper, we assume that:
(C1) W[]: L% (@) — R*is a continuous and bounded functional satisfying

Yl < Clvlllp gy, P=12..

where W[v] = m(v® — v) and C is a positive constant independent of v
where,
R* = [0,+00), L5 (Q) = {v € LP(Q)|v = 0,a.e.in O}
(C2) m(t + T) = m(t),m € WH*[0,T] and infefo qm(t) = my > 0,
lImllpeop0,ry =0
Since the equation (1.1) is degenerate at points where v = 0, the problem
(1.1) — (1.3)has no classical solutions in general, so we focus on the

discussion of weak solutions in the following sense:

Definition 1 A function v is said to be a weak solution of the problem
(1.1) — (1.3), ifv € L®(Sp) N Cr(Sp), v™ € LP(0,T; W, P (Q)) N C7(Sr)

and v satisfies [ 3 ]

st (—vg—z + Vu™Vn — m(t) (v? — 1)vn> dxdt = 0, (2,1)

for any n € C*(S7) withn(x,0) = n(x, T).

by using the topological degree theory, we introduce a map by studying

the following auxiliary system

% — div((mv*™' + 8)Vus) = m(t)(v§ — Dvf (x,t) € Sy (2.2)
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61}5
on O

US(X, O) = U(S(x; T);

(x,t)eoax(0,7) (2.3)

X € (), (2.4)

where vt = max{0,v}, 6 is a sufficiently small positive constant. Then, the
desired solution will be obtained as the limit point of the solutions of the

problem (1.1) — (1.3)[3]. In the following, we present a map by the following

problem
av5 : m-—1 —
FTon div((mvg*™" + §)Vus = f, (x,t) € St (2.5)
0
oy, (x,6) €90 % (0,T), 2.6)
on
vs(x,0) = vs(x, T), x €Q, (2.7)

Then we can define a map vg = Hf with H: Ct(St) = Cp(Sy). The-
authors have using classical estimates (see [9]). We can show that
lusll oo (spy is bounded by ||| =, and vs is Holder continuous in Sy.
Then by the Arzela-Ascoli theorem, the map H is compact. So the map is a
compact continuous map. Let f(v) =m(t)((v§— Dv}) where vi =
max{vg, 0}, we can see that the nonnegative solution of problem (1.1) — (1.3)
is also a nonnegative solution solves vs = H(m(t)((vé — Dvy)). So we will
study the existence of the nonnegative fixed points of the map vs =
H(m(t)((vi — 1)v})) instead of the nonnegative solutions of problem
(1.1) — (1.3).
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3 The main results

First, by the same way as in [5], we can get the non-negativity of the-

solutions of problem (2.2)-(2.4).

Lemma 1 If a non-trivial functionvs € C(Sy) solvesvs = H(1, (v§ —
1)v§), thenvs(x,t) =0 V(x,t) € Sy

In the following, by the Moser iterative technique, we will show the a
priori estimate for the upper bound of nonnegative periodic solutions of
problem (2.5) — (2.7). Here and below we denote by [|-]|,, (1 < p < »)

then LP (Q) norm in Banach space.

Lemma 2 Let € [0,1], vs(x,t) be anonnegative periodic solution solving
vs = T (1,0f (vs)), Then there exists a positive constant K independent

of o and §, such that

luslleo < K (3.1)

where vgs(t) = vs(.,t)

Proof Suppose vs is a nontrivial periodic solution, Multiplying Eq (2.5)
by v5** where (r = 0) and integrating over Q, we get

r+m+1

Vs * (1)

2
1 d 4m(r+1)
T @I + < lmC Dlle(axom OIS,

r+2dt

where (m(x, t)(v§ —v§) < Mvs) and M = sup,nalx,t) € Sy

2

< M(r + Dllvs 11732, (3.2)
2

r+m+1

d
s @I+ ¢ v, @)
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and hance

2

< C(r+ Dlvs@®IIFt:,  3.3)
2

r+m+1

V(s * ()

d r+2
& lvs (D733 + C1

where C;(j = 1,2) is a positive constants independent of vg, k and m.

Assume that |lus(t)|l # 0 and set

r+m+1
ne=2-2, a,= 2rict2) v () =vg * (t) where (k =0,1,...)

r+m+1’

then a), < 2,m, = 2% + m,_,. For convenience, we denote by C a
positive constant independent of vg, k and m, which may take different values.

From (3.3) we obtain

d
@Iy + VeI < €O + Dllve@llgy ™ (3.4)
By using the Gagliardo-Nirenberg inequality, we have
v )l + DIVOOF v (DI, (3.5)
with
9k=N+Ze(O,1)

By inequalities (3.4), (3.5) and the fact that |lv, ()], =

||vk_1(t)||z’;:1 , we obtain the following differential inequality

d 2 2(6-1)
— o Ol < = Clloe @I @, T+ Clre+ Dl @ 15"

2 (6-1)

< — Cllog®OIE, o1 O, 7“7 + Clri + Dllog (DN
Let
Gie = max(1, sup v (Olla,);
we have
d e (my +1) 2_almtl) (0-1),
@G < Tl ™ (=Cllue@llg, ™ ¢_7 -
ag

+C (e + Dllve Ol o O, 3-
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By young’s inequality

cd < 6cP +6 pad,

wherep’ >1, ¢’ > 1, ¢ > 0, d>0,6>03nd§=1—%.8et

ak+2(mk+2) ) 2(9_1)a 1
mp+2 k™
=@y, ™ . d=sc+l  s=ig 7
, Z(mk +2) ak(mk +2)
p =1l =

Oc(ay +2(my +2))  ap +2(m +2)°
Then we obtain

ap+2(my+2) ) 2 ap(my+1) (9_1)0( L
+2 %] +2 k™
(s + Dllve Ol 4, " < llve®llg, g 8

3.7)

k 2(1;9)(11(—11’(;1
lp-1 -
+C(se + DE1 g, !

Here we have used the fact that p’ = [, > r > 1 for some r independent of
k. In fact, it is easy to verify that

k—>oo
Denote
lk 1-6 Zak -1
) bk = )
I, — 1 0 -1
and combining (3.7) with (3.6) we have

adp =

ap(mp+1) “_k_“k(mk"'l) (9_1)0( 1p
had ALY, Blinbs —K K- -

d mp+2 —C 6 My +2
— @ < e Oll, " G ey, ™ §.4 (3.8)

+C (s + Dk ),
Then

d akz %_ak(mk-;l) (9_1)6¥k .
+ + -
(my +2) — eI < —Cllue®llg, ™ ¢, 0 (3.9)

A -1
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+C(my + 2)% g0k,

From the periodicity of v, (t), we know that there exists t, at which
luk (t) ||, reaches its maximum and thus the left hand of (3.9) vanishes [ 3 ].

Then we obtain

(9_1)ak—1p 1

vk ()l g, < {C[my + 2)%, & yax,

where

_ (e +2)p — (@) (ax(mye + 1)) ol
%k = (9)(mk +2) _mk+2

Therefore we conclude that

by (0—1) 1 me+2 a- 9)(;nk12§ak_1z
llve (Ollg, < {COmy + z)akgk ) he=a? 1@ = {(C(my, + 2)%} @k g, (=D

. mg+2 g k12
Since -DF — 1-oa, and = ”h and a,, are bounded, we get
(1 e)ak 12
“(-0ay)
oy ()l < C2%'g, G704,
where a’ > 1is a positive constant independent of k. As «a 2&;”":22) <2
k

1—9)ak_12 < (1—9)ak_12
(2-0ar) (2-62)

vk ()l g, < CA¥TG_y,

implies that ( < 2and {;_; = 1, then we have

or
Inf|lvg(®)llg, < Ind < InC + kln A + 2Ingj_4,

where 4 = 24 > 1. Thus
k—2 k—2
Inlvg(®)ll, < InC Z 2 4 2K=1In¢ 4+ In A(Z (k — )27
i—0 =0

< (2¥71 — 1)InC + 2% 1n¢ + f(k)InA4,
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or

2
k-1 _ok—-1 —
lvs (Ol +2 < {CZ Z? Af(k)}mk‘l‘z’

where
flk) =2+t —2 — | — 271,

Letting k — oo, we obtain
lus(Dlleo = € < C(maX{l,sgpllva(t)llﬁn})- (3.10)
On the other hand, it follows from (3.3) withr = n — 1 that

d
2 W@IRET + GOz < Cllv©1IR3 (3.11)

By Hoélder’s inequality and Sobolev's theorem, we have
n-1
L @N17% 1 + 1QFVoF @157 < CIVu@II3. (312)
Combined with (3.11), it yields

d
T lvs(OIRE1 + Cullvs(ON7E1 < Collus(OIRES. (3.13)
By Young’s inequality, it follows that

d
= s DI + Cullvs O < Co. (3.14)

where C;(i = 1,2) are constants independent of v. Taking the periodicity of
v. into account, we infer from (3.14) that

lv@®ll; < C.

which together with (3.10) implies (3.1).m .

Corollary 1 There exists a positive constant R independent of §, such
that
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deg(I — H(1,m(t)((v$)® —v$)),Bg, 0) =1,

where By, is a ball centered at the origin with radius R in L™ (St).

Proof It follows from lemma 2 that there exists a positive constant R
independent of 9, such that
v+H (a(m(t)((vg 3 — vg))) ) Vv € 0Bp, ge[0,1]

So the degree is well defined on Bg. From the homotopy invariance of the
Leray- Schauder degree and the existence and uniqueness of the solution of

H(1,0), we can get the following
deg(1 — Hom(e) ((v)’ = v)), Br, 0) =deg(1 — H(L,a(m(®) ((v)’ -
v3)), Br, 0)
= deg(1 — H(1,0), By, 0)
=1

Lemma 3 There exist a constants r > 0 and & > 0, such that for any
r > ryand § > 8, H(m(t)(((vg)? —vg)) admits no nontrivial solution vs,

satisfying

0 < [lusllLeespy < T

Proof By contradiction, let vs be a non-trivial solution of vs =

H(m(t)(((v3)? —vg)) satisfying 0 < |lugllpes,) < 7. For any test
function ¢(x) € C;°(Q), multiplying (2.5) by f—z and integrating over
)

St = Bs(xg) X (0,T ), we obtain
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2
jf ——dtd +J ((rmug*~ +5)VU5V<¢ >)dtdx
(3.15)

ﬂs ¢* m(t) (Ug—l)))dtdx.

From the periodicity of vg w.r.t t we have

f __dtd qu j a(lnva) i — 0. (3.16)

The second term on the left-hand side in (3.15) can be rewritten as

T ﬂs ((msg" +5)V35V< ))dtdx

h J L (mvd" ™" + 6)Vus V( i >)dtdx

,l[J U ((mv5 + S)Vv ( Vp +V (d)&) ¢))dtdx

h U ((mug " + 5)V( )Us (U5V¢ — VgV (Z) ) ))dtdx
S H ((mog~t + 5)¢VU5V( ) dtdx

=U (vt + 8)|Ve|?dtdx (3.17)
S

H (mv5 + 5)(U5V¢ —vsV)V ((p ) dtdx
S
= U ((mvg + 6)|Ve|*dtdx

5t

_IL;(U(% V(%) 2

dtdx
< ﬂ ((mu~1 +6)|Ve|*dtdx
St
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ﬂ ((mud~" + 6)VusV <%>)dtdx < ff ((mvd~" + 6)|IVp|?dtdx  (3.18)
S St

Combining (3.16) with (3.15)(3.18) , we obtain

f p2(m(t)v§ — 1))dtdx < ﬂ (mvd + 68)|Ve|*dedx (3.19)
Sr St

By an approximating process, we can choose ¢ = ¢; and ¢, is the

corresponding eigenfunction of the principal eigenvalue y,. By (3.19)
0< ﬂ (mud1 +6)IVh41? — p7(m(t)vs — 1))dtdx
5t
< ||| cnrmr 4 )pray — 7m0 - D)deax
St
< [[ $20a0nrm + 8 = me) 6 - Dydeax (3.20)
St
T
< J qbfj (u (mr™ 1 + 8) — m(t) (r? — 1))dtdx
By (xo) 0
<[ SRl +8) = mo(r? — 1))ax
By (xo)
0= [ 9F Gl 4 8) = mo(r® - D)dx (3.21)
By (x0)

j  pEmo Dy S f 2 (u(mr™ + 8))dx  (3.22)
B,(xg

Bp(xo)
J5, ey @2 a2 Gnr™=1 + 8))dx

me(r? —1) < 5
pr(xo) (pl dx

(3.23)

we get

pr(xo) ¢2 dx (3.24)

mo(r? — 1) < (u(mr™ 1t +96))
o=l [
p( 0)
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mo(r? —1) —pu (mr™ 1 +6) <0 (3.25)

and thus get a contradiction.

Corollary 2 There exists a small positive constant » which is independent of

¢ and satisfies r < R such that
deg(I — H(1,m(t)((v§)? —v§)),B,,0) =0,
where B, is a ball centered at the origin with radius r in L (S7 ).

Proof Same way for lemma 3, we can see that there exists a positive constant

0 < r < R independent of 8, such that

vs #H(t, (MmO (W) —vi)) +1-1), Yus € 0B, 7€[0,1]
thus the degree is well defined on B,. By lemma 3 , we can easy to infer that
v = H(0,(m(t)((vf)® —vg)) + 1) admits no solution in B,. Then by the

homotopy invariance of the Leray-Schauder degree, we get

deg(I — H(1, (m(t)((v§)? —v5)), B, 0)
=deg(1 — H(0, (m(t)((v§)® —v{) + 1),B,,0)

=0.m

Now we show the proof of the next main result that presents the sufficient
condition that guarantee the systems (1.1) — (1.3) process a non-trivial

nonnegative periodic solution.

Theorem 1 If assumptions (C1), (C2) hold, then the problem (1.1) — (1.3)

admits a non-trivial nonnegative periodic solution vg.

Proof Using corollaries 1 and 2, we have

deg(1 — H(f(.)),1,0) = 1,
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where 11 = BR \ B, B, i1s a ball centered at the origin with radius a €
L*(Sr), R and r are positive constants and R > r. By the theory of the
Leray-Schauder fixed point degree and lemma 1, we can conclude that
problem (2.2) — (2.4) admits a non-trivial nonnegative periodic solution vg.

By lemma 3 and a similar method to that in [11] , we can obtain

6v5

<C
ot

IVusllir sy < C,

Combining with the regularity results [10] a similar argument to that in
[11], we can prove that the limit function of is a nonnegative non-trivial

periodic solution of problem (1.1) — (1.3).
Example 1.

Consider Q = (—1,1) and G(x) = x3. The value y = 0 is a singular value,

but any neighboring value y; = & is regular.

Then deg(G, Q,y,) = sign G’ (8§) =1.

If G(x) = x2then similarly

deg(G, Q,y;) = sign G'(—V8) + sign G'(V8) = 0 [14].
Example 2.

Consider Q = {x? + x5 <1) and G(xy,x,) = (x3 —x,x3,x3) The value
y = (0,0) is a singular value, but any neighboring value y; = (0, §3) withd >
0 is regular. The preimage G ~1(y;) consists of the three points (0, §), (8,6)
and (=38, 68) . In the first point G ~thas a negative and in the last two points a

positive determinant. Hence deg (G, Q,y) = 1 [14].

Example 3. Let F(x) = —x2 — x for x € R. The only solution of x — F(x) =
0isxy = 0. Then Id — F'(x,) = 0. The index of x, vanishes [14].
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Conclusions :

In this work, we have considered a nonlinear diffusion Allen-Cahn equation
with isolated Neumann boundary condition. For this problem, we have shown
that there is an existence of nontrivial periodic solutions and by the topological
degree theory.Finally we get a fixed point for equation (1.1), which represents
the solution to the equation in infinite Banach space such that v € L™ .
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