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On fuzzy soft projection operators in Hilbert space
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1.Introduction

The mathematical models related to real-world is too problematical and we cannot usually to find
the exact solutions [4]. Then may be interested to use the concept of approximate approach to
compute their solutions by using some mathematical tools in Hilbert space such as, fuzzy, soft, or
fuzzy soft of set theory [7].

Thus, Zadeh [14] suggested in 1965 an expansion of the theory of the set, which is idea of fuzzy
sets to cope with insecurity. A fuzzy set on a domain X is defined by membership function From X to
[0,1]. Also In 1999, Molodtsov [9] introduce new types of sets is said to be soft set. The soft set is a
mathematical instrument for uncertainty in modeling by associating a collection with a set of
parameters, i.e., it is a parameterized family of Universal Set sub-sets. Many after that, researchers
also presented new, expanded ideas based on soft sets where introduced by researchers, and
examples were given for them and researched their characteristics, such as soft point [1], Soft
normed Spaces [13], Soft Inner Product Spaces [3], Soft Hilbert space [12] and Projection operators
on soft inner product spaces[11].
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And many searchers, for example Maji [8] in 2001, made mixd between fuzzy set and soft set to
get definition fuzzy soft set. This definition has been applied and some concepts are being given, like
as Fuzzy soft point [10] and fuzzy soft normed spaces [2].

Currently, the fuzzy soft inner product spaces and fuzzy soft Hilbert space [6] were introduced by
Faried et al. Additionally the Fuzzy soft linear operator [5]. Finally, they defined the fuzzy soft self-
adjoint operator [4] and studied its properties.

The purpose of this work, submitted new type of fuzzy soft linear operator is called fuzzy soft
projection operator and fuzzy soft perpendicular projection operator. Therefore, the main reason
behind this study is that, played a good role to find an optimal solution depending on the
orthogonality and closeness in for many concret-real problems in classical and fuzzy soft Hilbert
space.

The outline of this paper is organized as: Section 2 concerns to basic needed concepts and
definitions. Section 3 deals with fuzzy soft projection operator and fuzzy soft perpendicular
projection operator and some related examples and theorems. Section 4 provides conclusions.

2.Basic concepts

Definition 2.1 [14]: If A be a fuzzy set over universe set X is a set characterized by a membership
function pz: X — ¥, where ¥ = [0,1] and A represented by an ordered pairs A = {(x, uz(x))|x €

X, uz(x) €TYord = {MAT(JC) tx € X}
uz(x) is said to be degree of membership of x in A
And X = {4 : Ais a function from X into I}

Definitions 2.2 [9]: If X be a universe set, and E be a set of parameters, P(X) the power set of X
and A C E. Suppose that G is a mapping given by G: A - P(X), where G, = {G(e) e P(X): e €
A}.

The pair (G, A) or G, is called soft set over X with respect to A.

Definition 2.3 [8]: The soft set (G, A) is called fuzzy soft set (FS — set) over a universe set
X ,whenever G is a mapping G:4 > T¥,and {G(e) ET*:e € A}

The family of all FS — sets, symbolized by FSS(X)

Definition 2.4 [10]: The FS — set (G,A) € FSS(X) is called fuzzy soft point over X, symbolized by
((ugey A O Xy, ), ife € Aand x € X,

A Lifx=x,€Xand e=¢ey €A

Hg(e) () = {O Jfx € X —{xy} or e€ A—{ey} ’ where 1 € (0,1]

Remark 2.5 [10]: C(A) is the family of all F§ — Complex numbers and R(A) is also the family of all
FS — Real numbers
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Definition 2.6 [2]: A vector space X over a field R and E be the parameter set, let R be the set of all
real numbers and A € E.The FS — set (G, A) € FSS(X) is called a fuzzy soft vector (FS — vector)
over X, symbolized by fﬂg(e)' if there is exactly one e € A such that ug (. (x) = a for some x € X and

,ug(ef)(x) =0foralle’ € A— {e} where a € (0,1] is the value of the membership degree.
The set of all FS — vector over X is symbolized by FSV (X).

Definition 2.7 [2]: If X be FS — vector space. Then, a mapping Iml: X - R(A) is called fuzzy soft
norm on X (FSN) if || .|| satisfies the following:

(1) || Zgee )” >0, V Zyse) € X ,and ” =0 gy = ]

Xgee) ”

= 171 | Zugee || ¥ Ty € X, V7 € CCAD.

(2) (|7 - Xug o)

3) || % +5 < || % + || 5 V%, €
(3) H1gey) y“Zg(ez) H1g(eq) y”Zg(ez) 7 THGey) y“Zg(ez>

The F§ — vector space with FSN -1l is called fuzzy soft normed vector space (FSN — space),
and symbolized by (f, [ . II).

Definition 2.8 [6]: If X be FSV — space . Then, the mapping {.,.) : X x X — (C(A) or R(A)) is
called fuzzy soft inner product on X (FSI) if ( .) satisfies:

1) (¥ X > 0, forall ¥ € X and
(1) € H1g(ey) “1g<e1)) ’ H1G(eq)

™

X X =0 & % =
<“19(e1) “19<e1)) H1g(eq)

2) (% Y =(y X VX Y € X, where bar denotes complex
(2) « H1g(ey) Y "Zg(ez)) & H26(ey) “1g(e1)) H1G(eq) Y H26(ez) ! P

conjugate of F§ — complex number.

3) (ax i =a(x ,V ,forall X Y € X and for all @ € C(A).
(3) H1geq) Y “Zg(ez)) { H1gGeq) Y “Zg(ez)) H1gey) Y H2g(ey) (4)

) G+ T s ) = Fng oo B+ Gy
(H”lg(el) yl‘zg(ez) "3g<e3)) <"19(e1) “3g(e3)) (yﬂzg(ew “3g(e3>>

Forall X ,V ,Z €
Higley) Y H2gG(ep)’ "H3g(e3)

The FS — vector space X with FST {.,.) is called fuzzy soft inner product space (FST — space),
and symbolized by (X, {.,.})

hen X

Definition 2.9 [6]: If (X,{.,.)) be FST — space and xulg( )’57/"29( y € Xt
eq €2

soft orthogonal to yﬂzQ(e ) written X
2

is called fuzz
H1geq) y

if (X Y =
Hig(eq) yl‘zg(ez)' (“1g(e1> yi‘zg(ez)>

Theorem 2.10 [6]: Let (X (., )) be FS§T — space and let X
2 —_— 2

¥ eXif & Iy
Higeey) Y H2gG(ey) Higeeq) Y H2G(ep)’

thenllf

+5 = = [,
Higley) y“zg(ez) Higeeq) yﬂzg(ez)
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Definition 2.11 [7]: A sequence of F§ — vectors {fﬁng(e )} in FSN — space ()?, ITTI) is called fuzzy

soft convergent and converges to iﬁog(e ) if 1im,,_ e ” =0 ie Vé>0, dn, €
0

i n — f o
Hnglen) Hogeg)

N such that ” X0 <€ ,Vn=n,.
Hog(eq)

It if denoted by lim xn =Xx? orxn - x?
Y n=%0 Thnglen) Hogeg) Hngen) Hog(ep)

Definition 2.12 [7]: A sequence of F§ — vectors {i[}ng(e )} in FSN — space ()?, ﬂTI) is called fuzzy
n

D’ETL
Hngen)
asn —

soft Cauchy sequence, if Vé > 0 , 3n, € N such that

—

”Wf - X ||<€,Vn,m2no n>m.

nG(en) mg(em)

That is to say that ”ic,’} - X
nG(en) mg(em)

|—>0 asn,m — oo

Definition 2.13 [7]: The FSN — space ()? Iﬁl) is called fuzzy soft complete (FS — complete) if
every F§ — Cauchy sequence is F§ — convergent sequence in it.

Definition 2.14 [6]: The FST — space (f, (.,.)), if it is F§ — complete in the induced FSN
”9?#9(6) = /(iﬂg(e),fug(e)) is called fuzzy soft Hilbert space (FSH — space), and symbolized by
(H,(.,.)).

Definition 2.15 [5]: If H be FSH — space and T: H — H be a fuzzy soft operator (FS — operator)
Then T is called fuzzy soft linear operators (FSL — operator) if:

1.7 (iﬂlgwl) +7 MZg(ez)) =7 (fﬂlgwl)) +T (37 “Zg(ez)) v yc”lg(eﬂ' Y H26(e) €H
2.7 (E f“lg(el)) =BT (fﬂlg(el)) v f“lg(el) € H and B € C(4)

=™

ie. T (axﬂlg(el) + Byuzg(ez)) =aJ (xulg(el)) + [T (yﬂzg(ez)) , for all Xirgiey Vizgee,) € H and @,
any fuzzy soft scalars
Definition 2.16 [5]: |f H be FSH — space and T : H — H be FS — operator is called fuzzy soft

bounded operator (FSB — operator) ,if 3 € R(A) such that ”T (J?:;;el)) ” <m “97;1;1)
all & eEH

, for

Now, the collection of all FS — bounded linear operators denoted by B (H).

Example 2.17 [5]: The FS — operator I : H — H defined byi(a?ulg( )) = XV Xung, € H
e1 e1 e1

And it is called fuzzy soft identity operator

Definition 2.18 [5]: If H be FSH — space and T:H - H be FSB — operator, then The fuzzy soft
adjoint operator 7* is defined by

~ ~

Tx Y = (% Ty & Y eEH
{ P1g(eq) y“zg(ez)) { K1g(ep) yﬂzg(ez))’ H1g(eq) y“Zg(ez>
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Theorem 2.19 [5]: Let T,R € E(f[) where H is FSH — space and B € C(4), then T* =7 ,
(BT) =BT ,(F+R) =T +R" and (FR) =R*T

Theorem 2.20 [5]: if T € B(H) ,where H is FSH — space, then |E"T
—2
17

Definition 2.21 [4]: The FS — operator T of FSH — space H is called fuzzy soft self-adjoint
(FS — self adjoint operator)if T = T*.

3.Main results

This section introduce the previous results as in [3-6] to case of the fuzzy soft projection operator
and fuzzy soft perpendicular projection operator in fuzzy soft Hilbert space. In addition, this work is
devoted to an extension for the original new results.

Definition 3.1: Let X be FSH — space and let P be FSL — operator such that P : 7 — H is called
fuzzy soft projection operator on 7 (FS — projection) if P? = P i.e. P is an idempotent.

Example 3.1: fuzzy soft identity operator and zero operators are FS — projection

Theorem 3.1: Let M; and M, be two subspace of FSH — space H such that H = M; @ M, . Define

P:H >HbyP (JNCug(e)) =% ,then P is FS — projection.

ﬂlg(el)

Proof: (1) Let %, ., Vo, ,, € H and &, B € C(A)

Ry = % + % Vop = +
Hg(e) 1#19(31) 2#29(62) ’ y”?—"(e) Y1017-"(e1) Y2 027 (e5)

X ,V € M, and ¥ y ﬁ
Wigery 101500 1 22g(ey)’ V2025 ()
@z, .  + By =d (f + % ) ( )
Hg(e) By”}"(e) 1#19(91) lizQ(eZ) U1gz(e ) 2y:(ez)
= (ax + By )
( Yuigeen + By V1015, ) ( 20y T P 20250,

P (“x#guz) + ,By(,ﬂe)) = Py TP, TP (xl*me)) + B (yaﬂe))

= Pis FSL — operator

~ 77 ﬁ ~ — v X M. X
(2) Let Xuge) € H Xugey xlulg(el) + xzuzg(ez) , Where xl“lg(el) € M, and xZMZg(ez) EM,

~2 ~ _ 4 4 ~ _ 4 ~ _ 4 ~ X =
P (x#g(e)) =P (j) (x"g(e))> =P (xlﬂlg(e1)> =P (xll‘lg(eo + 0) = Mg,

=P (fﬂg(e)) = P2 =P .Therefor P is FS — projection
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Theorem 3.2: FSL — operator P on H, then FS — projection on H = M; @ M, subspace if and
only if it is idempotent .
Proof: Let H = M; @® M, and P be FS — projection . To prove P? = P

Let X EH = % =% + % ‘Where * €M, and & EM, =
Hg(e) Hg(e) 1#1g(91) 2H2g(92) lﬂlg(el) 1 ZHZQ(QZ) 2
P (x‘ug(e)) - xl#lg(el)

P (’Ncug@)) =7 (j5 (f” 9("’))>

P (9? ) =P (9? + 6) =X
1”1§(€1) 1H1§(91) 1”19(91)

= Therefor P is idempotent

Conversely, let P? = P to prove P is FS — projection

Let M, = {iug(e) ceH:P (azﬂg(e)) - x#g@} and

M, = {’Ncﬂg(@ €H:P (f#g(e)) = 6}

= M, , M, are subspace of 7 . To prove H = M; ® M,

Let yc#g(e) EH= JNcllg(e) =P (}?ﬂg(e)) + [iﬂg(e) -7 (fi‘g(e))]

PUt X ten P (fﬂg(e)) AN X2 ey~ Vgt P (f“g(e))

(3?1#19(31)) =P (33 (fl‘g(e))> p? (xﬂg( )) (x“g(e)) #15(31) » where J~Cll‘lg(el) € Mz

(522”29(22)> - ‘73(’?#9@) - ( l‘g(@)) ( Xug(e )) ( (~Hg(e)))

=P (xﬂg(e)) -P (x“g(e)) =0, where xZ#Zg(ez) E M,

X =X + % =H =M + M,
Hg(e) 1/-‘19(91) ZﬂZQ(ez) 1 2

D

D

€ M, and ¥ € M,

Let X EMiNM, = X Lo

Kg(e) Hg(e)

P (fﬂg(e)) =0and P (’?ﬂg@)) = Xugy = Fugey =0
W, = {3} = 7T = i, ® I

Let X EH = & =X X where ¥ € M;and % €
Kg(e) Hg(e) 1#19(31) t 2#29(32)' 1#15(31) 1 2#29(92)
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P(x =$5(>~c + % >=:73<3? >+S‘3(3? )=3?

( “Q(e)) 1#19(31) Z”Zg(ez) 1#1g(el) 2”29‘(32) 1”1g(el)

Remark 3.1: From above theorem, we have the FS — projection P on H, determines a pair of
subspaces of M; , M, such that H = M; @ M, , where Mj is the range of P i.e. M; = {33 (%Hg(e)) =
Tusier * Fugee € 77[} and M, is the kernel of P i.e. M, = {73 (’zug(@) =0:%,,, € }T} .

Theorem 3.3: Let P be FS — projection on FSH — space . Then the range of P is the set of all
FS — vectors which are fixed under 2 i.e.

Ran(jj) = {i#g(e) EH:P (%#g(e)) = %”Q(e) }
Proof: Suppose that A = {ic#g(e) EH:P (i#g(e)) = %y } .
Let iug(e) € Ran(iﬁ) = there exists 37%(6) € H such that P (37(,?(9)) = J?Mg(e)

? (j5 (ya?(e))) =7 (iﬂg(e)) = P (37"?(6’)) =7 (i”g(e))

= P (370?(3)) =P (J?ug(e)) , because P2 = P

he]

But P (y "T(e)) = Yugey = (x#g<e)) = Xuge

= %y, €A = Ran(P) €A ......... (1)
But %, = P (fﬂg(e)) = %y, € Ran(P) = 4 € Ran(P) ........ (2)

From (1) and (2), we have (P) = 4.

Theorem 3.4: Let H be FSH — space and let P : H — H be FSL— operator. Then P is
FS — projection on H if and only if [ — P is FS — projection on H

Proof: Suppose P is FS — projection on H . To prove [ — P is FS — projection

1) To prove [ — P is FSL — operator. Let ¥ € H and @,f € C(A)

Hg(e)’ 37 97 (e)
(i - 73) (d’zug(e) T ﬁya}"(e)) =da (i (f#g(e)) - P (fﬂg(e)» +8 (i (y“f(w) -7 (y”f(e)))
= (1= P) (%uyq,) + BT = 7) (30,
2) To prove (T = $)”* = (I - $)
(I—P) =[-P-P+P2=]—-P2—P24+ P2 because P2 =P —-Pr=1-

P =1-PisFS —projectionon H

Conversely, let [ — P is FS — projection on H = (I — 173)2 =(-7P)
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=[-P-P+P?=[-P = P?=P = Pis FS —projectionon H .

Definition: Let H{ be FSH — space and let P € B(H), we say that P is a fuzzy soft on H
(FS — perpendicular projection) if P2 =P and P* = P .

Example 3.2: fuzzy soft identity operator and zero operators are FS — perpendicular projection

Theorem 3.5 : Let 7 be FSH — space, and let P is FS — projection on H. Then P is FS —
perpendicular projection on F if and only if the range and kernel of 2 are orthogonal .

Proof: Let M be the range of  and N is the kernel of P i.e.

M= {:P (y‘#g(e)) = Xugee) * Fugeey € H } and N = {? (i#g(e)) =05 Xyge) €H }
= H=M®N
Suppose that P is FS — perpendicular projection on H .Toprove M L N

Let Xys) €M, Vo, EN =P (’?ﬂg@)) = Xugey» P (37(,?(9)) =0

<)~C“§(e)’yaT(fl) =5T (fﬂg(e))'y]"ﬂe)) = (fug(e)’fp* (y"?(e))> - (fug(e)’? (yaf(e))> =0= J~C“Q(e) 1
370?(8) = M1N

Conversely, suppose that M L N .To prove P is FS — perpendicular projection

Let Zs, (., € H, then 2850y CaN be uniquely written as Zs3(e) = Xugiey T Yoz where Xuge) € M,

Vorey EN = P (Z‘Sx(e)) = Xuge)

P (ng(e)) Zose00) = gy Zoseiey) = Fugoy Tugrey T Jop(o)

)+ (%

= Fugor Xugee ugiey Vo))

Since (iﬂg(e),f’oﬂe)) =0 = (x#g(e), ug(e)) R )]

(P (Z‘Sx(e)) VZssie) = oy P (stc(e))) = (Z‘Svc(e)'xﬂg(e)) =

<xl‘g(e) + yUT(e)' x“Q(e)) = (xMQ(E)' x“Q(e)) + (y‘TT(e)’ xug(e)>

Since (f#g(e).f’aﬂe)) =0 = (x#g(e), ug(e)) vveenee (4)

From (3) and (4), we have (P (257((2)),257((2)) = (P* (ng(e)),z}x(e))

= (P - P) ( K(e)) Bs) =0 ,forall Zs, € H

(el}

=SP—-P=0 = P=P
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= P is FS — perpendicular projection on H.
Remarks 3.2:

(1) From above theorem if M L N, we have N = M* and hence H = M @& M*

(2) If P is FS — perpendicular projection on H, then M is closed subspace of H. If N is kernel of
P, then is also closed subspace of H ,and N = M*. Further if M is closed subspace of H ,then
H =M@ M* . Therefor there exists FS — projection P on H with range M . This FS —

projection P is defined by P (i#g(e) + 37%(9)) = %y, Where %, € M and Vore € M*.

Theorem 3.6: let H be FSH —space and let Pe€B(H). Then P s
FS — perpendicular projection on closed subspace M of H if and only if [—P is FS —
perpendicular projection on M*.

Proof: Suppose P is FS — perpendicular projection on closed subspace M of H = Pr=P,

Pr=7p

1) ([-P) =I"-P=1-5
2) (f—f’)z=(f—ﬁ)(f—ﬁ)zf—ff’—fﬁ+?32=f—73—33+73=f—73
= [ — P is FS — perpendicular projection on H

Now, we show that if M is the range of P, then M+ is the range of [ — P

Let N be the range [ — P, then Ryugee) € N =((I-?) (fﬂg(e)) = Xy,

= Tugy — P Fg) = Xpgy =P (xﬂg(e)) =0

Eker(P) = %, €EM'= Nc M. (5)

x”Q (e) Hg(e)

Again %, € M= 7P (J?

= (I-7) (fﬂg(e)) = Fugier

= Xy EN =S M CN e (6)

From (5) and (6) we get N = M+
Hence [ — P is FS — perpendicular projection on M+
Conversely, suppose | — P is FS — perpendicular projection on M+

To prove P is FS — perpendicular projection on M ,we have

[—(I—P)is FS — perpendicular projection on (Ml)l , by hypothesis
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= P is FS — perpendicular projection on (1\7Il)l = P is FS — perpendicular projection on M
Theorem 3.7: Let H be FSH — space and let P be FS — perpendicular projection on the closed

subspace M of H. Then g € M if and only if P (iﬂg(e)) = Ty

Proof: Suppose X, € M . To prove P (iﬂg(e)) = Ty,

Let P (xug(e)) = Yoy () then we must prove X, = Vs,

We have P (33 (Xug( ))> P (}’aﬂ )) = P? (iﬂg(e)) =P (yUT(e))

=P (iﬂg(e)) =P (ydfce)) =P (iﬂg@) B yﬂf(e)) =0

= Fyoy ~ Jopo) € ker(P) = %, oo~ Jore € M+

= Zoyy = Fuge) ~ Jop » Where Zs, € MY = Ryg ) = o, + Zsy,
Since P (fcug(e)) = Vopey = Vo, IN therange of Pie. J,. € M

Thus we have %, ) = Joy,) + Z6,(,, Where J, € M, Zsy) € M+

But Xugee) € M, so we can write Xugey =

A =~ 70 e il
Xugie) + 0 ,where Xige) EM,0eM

- T . >4 ~J_ ~ i ~ -~
Since H = M @ M~-. Therefor we must have Zye) = 0, Xuoey = Voro)

Conversely, suppose that P (J?ug(e)) = . To prove f#g(e) eEM

x“Q (e)

Since P (xﬂg(e)) EM = Xugie) EM

Theorem 3.8: Let H be FSH — space and let P be FS — perpendicular projection on the closed

subspace M of H'. Then P (J?“g(e)) = J?Mg(e), where J?Hg( , € M if and only if ”? ( Xuge ))” ”J?:;;
Proof: Suppose P (’Zug(e)) = J?#g(e) , Where fug(e) EM.

ﬁ(fﬂg(e)) = Xug(p) othen ”?<’?#g<e))” - ”’;“;(e)

Conversely, suppose ”73 (:?;;e))” = ” Xugie) ” To prove ?( Mg(e)) = ’?ug(e)

Since fﬂg(e) =P (fug(e)) + fﬂg(e) -7 (fﬂg(e)) =% (fl‘g(a) + (i B f)) (fﬂg(e))

2 —_— 2
_ ”33 (xﬂg(e)) +(1-7) (fug(e)) || .......... (7)

= || x“g(e)
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Now, P (J?ug(e)) € M. Also P is FS — perpendicular projection on M

= [ — P is FS — perpendicular projection on M+ by theorem (3.6)

Therefor (I — P) (fcﬂg(e)) EM =P (iﬂg(e)) and (I —P) (fug(e)) are orthogonal

Now, by theorem (2.10) we have
— 2 — 2
”3’5(92#9(6)) +(-7) (’Eﬂg(e))” - ”7’5(9?#“9))” + ”(i_ ( g(e))” e (8)
—_— 2 —_— 2
=17 G| + 11T =2) (Faeo )|

x#g(e)

From (7) and (8), we get ”

=P (x“9<e>) = Yuge)
4.Conclusion

The combination of fuzzy and soft sets gives us original results that are more extended, generalized
and precised. Few researchers have studied some of the principles of these general extensions such
as fuzzy soft normed spaces, fuzzy soft Hilbert space and fuzzy soft linear operators. In our study, a
special type of fuzzy soft linear operators, which is the fuzzy soft projection operator and fuzzy soft
perpendicular projection operator has been introduced and explored
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