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1.Introduction  

    For mathematical analysis in biology it is often convenient to study and research the organisms 

(such as humans, animals and plants) as a group of single compounds called (compartments). The 

scientist Teorrell (1937) was the owner of the principle of pharmacokinetics, and he was the first to use 

the term (compartment) on cells and organs and divided them into (compartments), including one 

compartment and multi-compartment. The compartment may be an organ (such as the stomach, 

pancreas and liver) or a group of cells working together complement group. There is an important 

issue includes how to determine the mechanism of absorbing chemicals in living cells and organs, such 

as a drug. This issue has a practical application in the medicine's field, because it is possible that 

certain harmful drugs accumulate in an organ or in a group of cells, that ultimately damages them. The 

simplest issue of this kind is only about one compartment. It will also be useful for some purpose if we 

Authors Names 
a. Sajjad Abd-AL Hussein   
    Haddad   ALkha 
b. Ihsan Jabbar Kadhim 
 
Article History 
Received on: 18/12/2020 
Revised on:  11 /01/2021 
Accepted on: 14/01/2021 
Keywords: 
Stochastic differential 

equation, Random dynamical 

system, Ito integral, 

Absorption of Drugs 

 

ABSTRACT 
 

We proposed and analyzed the stochastic differential equation for the 

problem of the absorption of drugs problem in the cells and organs with 

fixed volume. Firstly we studied the conditions of the local stable and 

existence of all its equilibria are given. Finally numerical simulations of 

various set of values of parameters are provided to confirm the 

theoretical findings. The absorption of drugs is the One of the four 

phases of pharmacokinetic movement, which includes absorption, 

distribution, metabolism and excretion, abbreviated as (ADME). 
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are interested in system that include two or more compartments (multi-compartments) that interact 

with each other. As expected, the difficulty of mathematical analysis increases when the number of 

compartments increase.  

In this paper we shall use the Ito integral see [1],[3],[8] and [10] to solve the stochastic differential 

equation that represent our problem.  

2. Absorption of Drugs Problem in the Cells and Organs)  

  

    In this section, we show that how can the problem of Absorption of Drugs in the Cells and Organs is 

modeled as a stochastic differential equation. Also, we solve this equation by using Ito integral. We 

have studied the linear pharmacokinetic movement of a single-compartment system. 

 

2.1. 	Pharmacokinetic Models in The Body: 

 

(a) Linear model of pharmacokinetics: The kinetics of the drug does not change with the change in 

the dose administered, the total clearance of the body from the drug is constant and the speed of 

transitions or reactions taking place are of the first order and there is a linear relationship between the 

given dose and the area of the surface under the curve . linear model of pharmacokinetics includes: 

One - compartment linear model, Two – compartment linear model and Multi-compartment linear 

model. 

 

(b) Nonlinear Model of Pharmacokinetics 

Pharmacokinetics changes with the change in the dose given to the patient, as the total clearance of the 

body from the drug is not constant, unlike in the case of linear mobility. In this model, the speed of 

transitions is zero and there is no linear relationship between the dose used and the surface area under 

the curve and this applies to the drugs that are metabolized by the body are mainly metabolized when 

given in high doses (toxicity). This model has special equations and special methods for calculating the 

kinematic factors of drugs that follow their kinetics. 
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2. Mathematical Model 
 

2.1 One Compartment Model  

In this section we will study this type of pharmacokinetics model to create a stochastic model to 

describe drug absorption in this model  This model describes the body as a single mass that has a 

certain size of distribution (V) related to several factors specific to the patient, such as age, health 

condition remains constant, and each drug has a certain apparent distribution size (Vd). In this model, 

the drug can be present immediately in the compartment after being given intravenously or gradually 

when given orally. It is assumed here that the drug is distributed immediately in the tissues (the entire 

compartment) and directly the equilibrium is done. 

    Consider carries drug into organs has volume   ܸ ܿ݉ଷ  with rate ܽ	 ܿ݉ଷ/ܿ݁ݏ and out from the 

organs with rate  ܾ	 ܿ݉ଷ/ܿ݁ݏ . We create a stochastic differential equation that describes the drug in 

the organs. The following diagram describes the single cell with volume ܸ and one inlet and one outlet  

 
 

Let ܺ represented to the concentration of drug in the organs (݃	/	ܿ݉ଷ ). Thus the quantity of the drug is given by  

                             (ܸ	ܿ݉ଷ)(ܺ	݃/ܿ݉ଷ) = ܸܺ		݃.                               (1) 

 Here we consider the volume ܸ is constant and the concentration of drug depending on the time ݐ. In general  

the concentration of drug is not deterministic.   

That is it might happen that ܺ(ݐ) is not completely known, but subject to some random ecological 

belongings, so the concentration of drug is 

(ݐ)ܺ                                  +  (2)                                                     ,"݁ݏ݅݋݊"

where we do not know the careful behavior of the noise term, only its probability distribution. Suppose that 

the function ܺ(ݐ) is not random. Assume that the concentration of drug is  ܺ(ݐ) + (ݐ)ܹ 	,(ݐ)ܹߙ =

white	noise, ߙ = constant. Hence the quantity of the drug is given by   ܸ൫ܺ(ݐ) +  .Then the	൯(ݐ)ܹߙ

average rate of the quantity of the drug through the time ݐ is  
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                      ௗ
ௗ௧
ቀܸ൫ܺ(ݐ) + ൯ቁ(ݐ)ܹߙ = ܸ ൬ ௗ

ௗ௧
(ݐ)ܺ + ߙ ௗ

ௗ௧
   ൰ .              (3)(ݐ)ܹ

The number of grams of the drug that is enter in the organ at the time ݐ is given by  

                             ቀܽ	 ௖௠
య

௦௘௖
ቁ ቀ	ܿ ௚

௖௠యቁ = ܽܿ 	௚
௦௘௖

                                                (4) 

The number of grams of the drug that is ooze from the organ at the time ݐ is given by  

                                      ቀܾ	 ௖௠
య

௦௘௖
ቁ ቀ	ݔ ௚

௖௠యቁ = ܾܺ 	௚
௦௘௖

                                     (5)    

 Now the average rate of the quantity of the drug equal to average of the entering drug in the organ minus the  

average of the oozing drug. So, from (3), (4) and (5) we have   

                        ܸ ൬ ௗ
ௗ௧
(ݐ)ܺ + ߙ ௗ

ௗ௧
൰(ݐ)ܹ = ܽܿ −   (6)                              (ݐ)ܾܺ

Then 

                                 ௗ
ௗ௧
(ݐ)ܺ = ൬௔௖

௏
− ௕

௏
൰(ݐ)ܺ − ߙ ௗ

ௗ௧
  , (ݐ)ܹ

 or 

(ݐ)ܺ݀                                 = ൬௔௖
௏
− ௕

௏
ݐ൰݀(ݐ)ܺ −  (7)                     (ݐ)ܹ݀ߙ

 Assume that the concentration of drug at ݐ = 0 is  ܺ = ܺ଴. So  

                   ܺ = ܺ଴      whenever  ݐ = 0                                                 (8) 

The solution of the intieal value problems given in (7 ) and (8) is given by 

(ݐ)ܺ              = ݁ି
್೟
ೇ ൬ܺ଴ + ௔௖

௏ ∫ ݁
್ೞ
ೇ

௧
଴ ൰ݏ݀ + ߙ ∫ ݁ି

್(೟షೞ)
ೇ

௧
଴   (ݏ)ܹ݀

                  = ݁ି
್೟
ೇܺ଴ + ௔௖

௕
(1 − ݁ି

್೟
ೇ ) + ߙ ∫ ݁ି

್(೟షೞ)
ೇ

௧
଴   (ݏ)ܹ݀

                  = ௔௖
௕

+ ݁ି
್೟
ೇ ቀݔ଴ −

௔௖
௕
ቁ + ߙ ∫ ݁ି

್(೟షೞ)
ೇ

௧
଴  (ݏ)ܹ݀

Thus 
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(߱,ݐ)ܺ                     = ௔௖
௕

+ ݁ି
್೟
ೇ ቀܺ଴ −

௔௖
௕
ቁ + ߙ ∫ ݁ି

್(೟షೞ)
ೇ

௧
଴  (9)           (߱,ݏ)ܹ݀

is a solution of equation (7) with initial condition (8). 

2.2Two Special Cases: 

   Here we shall point to two cases that are important in many applications.   

Case I: When ܽ = ܾ. In this case average of the entering drug in the organ equal to the average of the oozing  

drug. Hence  

(߱,ݐ)ܺ                     = ܿ + ݁ି
್೟
ೇ (ܺ଴ − ܿ) + ߙ ∫ ݁ି

್(೟షೞ)
ೇ

௧
଴  (10)                   (߱,ݏ)ܹ݀

Case II:  ܽ = ܾ and ܺ଴ = 0. In this case average of the entering drug in the organ equal to the average of the  

oozing drug and the initial value of concentration of drug is zero. Whence  

(߱,ݐ)ܺ                               = ܿ ൬1 − ݁ି
್೟
ೇ ൰+ ߙ ∫ ݁ି

್(೟షೞ)
ೇ

௧
଴    .(11)                    .(߱,ݏ)ܹ݀

The following proposition shows the asymptotical behavior of the solution of the Absorption of Drugs Problem  

that given equation (9).  

Proposition 2.3: Consider the solution of the Absorption of Drugs Problem that given equation (9). Then we have 

(i) lim௧→ஶ [(߱,ݐ)ܺ]ܧ = ௔௖
௕

 . 

(ii) lim௧→ஶ [(߱,ݐ)ܺ]ݎܸܽ = ఈమ௏
ଶ௕

  

Proof (i) The expected value of the solution ܺ(ݐ,߱) is given by  

[(߱,ݐ)ܺ]ܧ    = ௔௖]ܧ
௕

+ ݁ି
್೟
ೇ ቀܺ଴ −

௔௖
௕
ቁ] + ∫]ܧߙ ݁ି

್(೟షೞ)
ೇ

௧
଴   [(߱,ݏ)ܹ݀

                       = ௔௖
௕

+ ି݁]ܧ
್೟
ೇܺ଴] − ௔௖

௕
݁ି

್೟
ೇ   

                      = ݁ି
್೟
ೇܧ[ܺ଴] + ௔௖

௕
(1 − ݁ି

್೟
ೇ ) 

Therefore 
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      lim௧→ஶ [(߱,ݐ)ܺ]ܧ = lim௧→ஶ ൜݁
ି್೟ೇܧ[ܺ଴] + ௔௖

௕
(1 − ݁ି

್೟
ೇ )ൠ = ௔௖

௕
. 

(ii) The variance of  ܺ(ݐ,߱) is given by  

൯(߱,ݐ)൫ܺݎܸܽ   = ௔௖)ݎܸܽ
௕

+ ݁ି
್೟
ೇ ቀܺ଴ −

௔௖
௕
ቁ+ ߙ ∫ ݁ି

್(೟షೞ)
ೇ

௧
଴  ((߱,ݏ)ܹ݀

                       		= ݁ିଶ
್೟
ೇܸܽݎ(ܺ଴) + ఈమ௏

ଶ௕
൬1 − ݁ିଶ

್೟
ೇ ൰ . 

 So 

     lim௧→ஶ [(߱,ݐ)ܺ]ݎܸܽ = lim௧→ஶ ൜݁
ିଶ್೟ೇܸܽݎ(ܺ଴) + ఈమ௏

ଶ௕
൬1 − ݁ିଶ

್೟
ೇ ൰ൠ = ఈమ௏

ଶ௕
 

Examples 2.4  (Computational Examples)  

(i) Let  ܸ = 600 ܿ݉ଷ , ܽ = ܾ = 10  ܿ݉ଷ/ܿ݁ݏ  and ܿ = 0.08 ݃/ܿ݉ଷ , also (0,߱) = 0 . Then the concentration  

of drug after 30 ܿ݁ݏ is given by  

(߱,ݐ)ܺ                = 0.08	 ቀ1− ݁ି
భ
మቁ + ߙ ∫ ݁ି

(యబషೞ)
లబ

ଷ଴
଴   (߱,ݏ)ܹ݀

the concentration of drug after 120 ܿ݁ݏ is given by 

(߱,ݐ)ܺ = 0.08	(1− ݁ିଶ) + ߙ ∫ ݁ି
(భమబషೞ)

లబ
ଵଶ଴
଴  . (߱,ݏ)ܹ݀

 (ii) The concentration of the stability case is given by  

                  lim௧→ஶ [(߱,ݐ)ܺ]ܧ = 0.08. 

(iii) The homogeneity of the concentration in the cell is given by 

                      lim௧→ஶ [(߱,ݐ)ܺ]ݎܸܽ =  ଶߪ	30

Theorem 2.5  [10] Let ℳ௧  be a ߪ −field induced by ܺ௦ for all ݏ ≤ ߪ Let ௧ࣨ  be a .ݐ − field induced by ߦ௦ for all 

ݏ  ≤ ௧ߦ݀ where ݐ = ݐ݀ߤ + ଴ߦ  ,(ݐ)ܹ݀ߙ =   Then . ݔ

(i) ℳ௧ = ௧ࣨ. 
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(ii)  ܤ෨௧ = ∫ ߤ)ଵିߙ − ௧[ℳ௦/ߤ]ܧ
଴ ݏ݀ + ௧ܹ is a Brownian motion. 

 (iii) ݀ܺ௧(ݐ) = ݐ௧݀ܺ[ℳ௧/ߤ]ܧ + ݀ߙ ෩ܹ௧. 

Corollary 2.6: Consider the stochastic differential equation (9) 

(ݐ)ܺ݀                          = ൬௔௖
௏
− ௕

௏
൰(ݐ)ܺ ݐ݀ −  .(ݐ)ܹ݀ߙ

Then ܺ(ݐ,߱)  can be represented as  

                     ݀ܺ௧(ݐ) = ௔௖]ܧ)
௏

/ℳ௧] −
௕
௏
ݐ݀((ݐ)ܺ + ݀ߙ ෩ܹ௧. 

 

3. Random Dynamical system 

    Here we shall investigate the random dynamical system generated by (7). For the definition of random  

dynamical system, we refer to [3] and [6]. 

Theorem 3.1: the stochastic differential equation given by (7) generate a random dynamical system. 

Proof Let ߠ  be any metric dynamical system. Define  ߮:ℝ × Ω × ℝ⟶ ℝ defined by  

ݔ(߱,ݐ)߮               = ௔௖
௕

+ ݁ି
್೟
ೇ ቀݔ − ௔௖

௕
ቁ + ߙ ∫ ݁ି

್(೟షೞ)
ೇ

௧
଴   .(߱,ݏ)ܹ݀

It easy to see that is ߮ a cocycle over  ߠ.  For  

(i) It is clear that  ߮(∙,߱,∙):ℝ × ℝ⟶ ℝ is continuous for every ߱ ∈ Ω. Also  

⟶Ω:(ݔ,∙,ݐ)߮       ℝ is measurable for every  (ݔ,ݐ) ∈ ℝଶ. 

(ii)  ߮(0,߱)ݔ = ௔௖
௕

+ ቀݔ − ௔௖
௕
ቁ =  .ݔ

(iii) ߮(ݐ + ݔ(߱,ݎ = ௔௖
௕

+ ݁ି
್(೟శೝ)

ೇ ቀݔ − ௔௖
௕
ቁ+ ߙ ∫ ݁ି

್(೟శೝషೞ)
ೇ

௧ା௥
଴  (߱,ݏ)ܹ݀

,ݐ)߮ (ݔ(߱,ݎ)߮,௥߱ߠ = ௔௖
௕

+ ݁ି
್೟
ೇ ቀ߮(ݎ,߱)ݔ − ௔௖

௕
ቁ+ ߙ ∫ ݁ି

್(೟షೞ)
ೇ

௧
଴    (߱,ݏ)ܹ݀

                       = ௔௖
௕

+ ݁ି
್೟
ೇ߮(ݎ,߱)ݔ − ݁ି

್೟
ೇ
௔௖
௕

+ ߙ ∫ ݁ି
್(೟షೞ)
ೇ

௧
଴  (߱,ݏ)ܹ݀
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                                 = ௔௖
௕

+ ݁ି
್೟
ೇ ൬௔௖

௕
+ ݁ି

್ೝ
ೇ ቀݔ − ௔௖

௕
ቁ+ ߙ ∫ ݁ି

್(ೝషೞ)
ೇ

௥
଴ (߱,ݏ)ܹ݀ − ௔௖

௕
൰ + ߙ ∫ ݁ି

್(೟షೞ)
ೇ

௧
଴   (߱,ݏ)ܹ݀

= ௔௖
௕

+ ݁ି
್೟
ೇ
௔௖
௕

+ ݁ି
್೟
ೇ ݁ି

್ೝ
ೇ ቀݔ − ௔௖

௕
ቁ + ି݁ߙ

್೟
ೇ ∫ ݁ି

್(ೝషೞ)
ೇ

௥
଴ (߱,ݏ)ܹ݀ − ݁ି

್೟
ೇ
௔௖
௕

  

ߙ+                                                            ∫ ݁ି
್(೟షೞ)
ೇ

௧
଴ ,ݏ)ܹ݀   (௥߱ߠ

= ௔௖
௕

+ ݁ି
್(೟శೝ)

ೇ ቀݔ − ௔௖
௕
ቁ + ߙ ∫ ݁ି

್(ೝశ೟షೞ)
ೇ

௥
଴   (߱,ݏ)ܹ݀

ߙ+                                                            ∫ ݁ି
್(೟షೞ)
ೇ

௧
଴  (߱,ݏ)ܹ݀

Proposition 3.2: This RDS has an exponentially unstable ℱା −measurable equilibrium. 

Proof: Since   the factor  ௕
௏

> 0, then the random variable  ݑ(߱) defined by  

(߱)ݑ                          = ௔௖
௕
− ௔௖

௕
݁
್೟
ೇ − ߙ ∫ ݁

್ೞ
ೇ

ஶ
଴   (߱,ݏ)ܹ݀

form the exponentially unstable ℱା −measurable equilibrium. 

4. Conclusion  

   The stochastic model of the Absorption of Drugs in the Cells and Organs with fixed volume is coincide with  

the mean-reverting Ornstein- Uhlenbeck process. See [1], [9] and [10]. Also, from Proposition 2.2, model of  

the Absorption of Drugs is stable. If we set  ߙ = 0 in equation (3) we get the deterministic model of the Absorption 

 of Drugs in the Cells. See Spiegel M.R., 1981. 
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