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1.Introduction

The Nonautonomous dynamical system can frequently be expressed in expressions of a co-cycle mapping for
the dynamics in the state space. That is ambitious by an autonomous dynamical system which is called a
parameter space. Usually, the motivating system is topological and the subsequent Cartesian product system
forms an autonomous semi—dynamical system that is recognized as a skew—product flow. Consequences, The
global attractors for autonomous semi-dynamical systems can so be modified to such nonautonomous
dynamical systems via the accompanying skew-product flow [1, 2, 3, 4, 7, 8, and 10]. Contemporary
enlargements in random dynamical systems expands augmentation to nonautonomous dynamical systems. The
motivating autonomous system is measure theoretic sooner than topological. A new kind of attractor, called a
pullback attractor. It projected and scrutinized for nonautonomous or these random dynamical systems [5, 6, and
11]. Pullback attraction describes these attractors to a cog subset for a fixed parameter value which is attained
by starting increasingly previously in time, that is, at parameter values that are approved forward to the fixed
value. The kernels of a global attractor of the skew-product flows considered in [4] are very similar. These
varies from the more conservative forward convergence where the parameter value of the restraining object to
regresses with time, in which case the Parameterized family could be called a forward attractor. The association
between the global attractor of the skew—product system and the pullback and forward attractors of the co-cycle
system is considered in this paper. We also communicate that forward attractors are stronger than global
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attractors if we suppose a compact set of nonautonomous perturbations. An example is obtainable in which the
Cartesian product of the cog subsets of a pullback attractor is not a global attractor of the skew—product flow.
This set however, is a maximal compact invariant subset of the skew—product flow. By a generalization of some
stability consequences of Zubov [11] it is asymptotically stable. Thus a pullback attractor continuously produces
a local attractor of the skew—product system, but this does not need to be a global attractor. If the pullback
attractor produces a global attractor in the skew—product flow and its cog subsets depend lower continuously on
the parameter, then the pullback attractor is also a forward attractor. Numerous theorems and theories explain
these outcomes were obtainable.

2. Existence of pullback attractor

Consider a discrete-time random dynamical system (6, ¢ ) on Q x R%, where (Q, d)and (R%, d) are metric
spaces. There are counterparts for random dynamical systems of the concepts of invariance, forwards
and pullback convergence and forwards and pullback attractors. And consider The 5-tuple (Z*, Q, F, P, 9)
is called a metric dynamical system (Shortly MDS), if (Q, F, IP) is a probability space and

()  6:Z*x Q- Qis (B(Z*) ® F, F) —measurable,

(i)  6(0,w) = Idqg,

(i)  0(m +n w) = 6(m,6(n, w)) and

(iv) P(6(m)F) = P(F) forevery F € F and every m € Z*,

Note that we write 6: Z* x Q — Q either in the form 6(m, w) ( as a function of two variable or in the form
6(m)w. A measurable random dynamical system on the measurable space (R4, B(R%)) over (or
covering, or extending) an MDS (Z*, Q, F, P, 8) with measurability time isamapping ¢:Z* x Q x R% -
R¢?, with the following properties:

Q) ¢ is B(Z*)®FQB, B — measurable.

(i) Cocycle property: The mappings ¢(m, w) = ¢(m, w,): R - R?¢ form a cocycle over 8(-), . e.
they satisfy

90, w) = idy forallw € Q.
p(m+n ,w)=@(mo0Mm)w)cpn w)forallmn e Z*, w € Q.
If there is no ambiguity the RDS is denoted by (0, ¢) rather than (Z*,Q, R, 6, ¢).[9]

Definition 2.1 A collection A = {A(w): w € Q, A: w — A(w) be multifunction } of non-empty random sets
in R? is called ¢ invariant for random dynamical system (RDS) (0,¢) if ¢(n, w, A(w)) = A(6,w) for

eachneZtwen.

Definition 2.2 A collection A of non-empty compact random sets in R% is called a pullback attractor of an
RDS 6,9) on QxR? if it is ¢ invariant and pullback attractors bounded sets, that is
d(p(j,0-jw,D(6_jw),A(w)) - 0 for j - co. (1)
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For each w € Q and for all bounded random subsets D(8w) of R® . It is called a forwards attractor if it is ¢

invariant and forward attractors bounded random sets, that is,
d(¢(j,w,D(w)),A(8;w)) - O0for j > 0. @)

As with processes, the existence of a pullback attractor for random dynamical system is warranted by that of

pullback absorbing system.

Definition 2.3. A collection B = {B(w): w € O} random sets of nonempty compact random sets in R< is said

to be a pullback absorbing collection for RDS (8,9) on QxR? if for all w € Q and each bounded
random subsets D(fw))of R? there exists an N, , € Z* such that ¢ (j, 0_jw, D(H_]-w)) C B(Ow) for each

jENw'D,(J)EQ.

Theorem 2.4. Let Q complete and suppose that a RDS (8, ¢) has a pullback absorbing random set collection

B. Then there exists a pullback attractor .4 with component random sets determined by

AB©) = Nso U, ¢ (1,6-,0,B(0-,0)). ©)

If the component random sets are uniformly bounded, then it is unique. The pullback attractor of an RDS (6, ¢)
has some fine properties, if the component random subsets are contained in a common compact random subset

or the state Q of the energetic system is compact.

Theorem 2.5 .Let Q be a metric space with a probability measure and suppose that A(Q) = U A(w) is
WE

compact for a pullback attractor 4. Then the set-valued mapping w — A(w) is upper semi-continuous in the

reason that

d(A(u), A(w)) — 0 asu - w, for u, w € Q.

On the other hand, A(£2) is compact whenever (2 is compact and the set-valued mapping w — A(w) is upper

semi-continuous.

Proof: By the compactness of A(Q) , the pullback attractor is uniformly bounded by a compact random sets and

hence is uniquely determined.

Suppose, if possible, that the set-valued mapping w — A(w) is not upper semi-continuous. There exists
an g, > 0 and a sequence w, — w, in Q such that d(4(w,),A(wy)) = 3¢, for every n € N. Since the random

sets A(w,) are compact, there exists an a,, € A(w,) such that
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d(a,, A(wy)) = d(A(wy,), A(wy)) = 3¢, for all n € N. 4)

By pullback attraction, d(¢(m,6_,(wo), B(w)), A(wy)) < & for m = My ., for any bounded random subset
B of R%, in particular, below A(£2) will be used for random set B. By the ¢ invariance of the pullback attractor,
there exists b, eA(6_,,w,) < A(R2) for n € N. Such that ¢ (m, 6_,,,w,,, b,) = a,. Since A(R2) is compact, there
is a convergent subsequence b,; — beA(R) . Finally, by the continuity of 6_,,(.) and of the cocycle mapping

o(n,...) , d((m, 6_pwy, by), (M, 6_nwe, b)) < g for i large enough. Thus
d(az, A(Bwg)) = d(p(m, 6_pwy, by), A(Bwy))

< d(op(m, 0_ w4, by), (M, 6_pwo, b)) + d(p(m, 6_mwe), b), A(Bw,))

< 2&.

This is a contradiction with (4). Hence w +— A(w) is an upper semi-continuous. The residual assertion follows

from then fact that the upper semi-continuous image of a compact random subset is compact.
In addition to the suppositions of Theorem 2.5.

Theorem 2.6 let Q is compact and let the pullback absorbing collection B is uniformly bounded by a compact

random subset € of R% . Then lim,, e, SUPwen d(¢@(n, w, D(w)), A(Q)) =0 (5)
For all bounded random subset D of R%, where A(Q) :=U,., A(w).

Proof: Since all the component random subsets A(w) are contained in the common compact random set C,

then A(Q) is compact. This means also that the pullback attractor is unique.

Suppose, if possible, that the convergence (5) does not hold. Then there exists an ¢, > 0 ,and sequences
n; - oo, @, € Q,x; € C suchthat d(e(n;, @}, x;), A(2)) > &. (6)

Set w; = On; (@;). By the compactness of (), there exists a convergence subsequence w; — wq € Q. From the

pullback attraction, there exists an n > o such that

d(@(n, 0-n(wp), C(w)), ABwy)) < 0/ .

Then the cocycle property gives

® (nj, 0_n,; (@), x,-)) =g (n, 0_n(wj) @ (nj —1,0_p,(w)), x]-)) for any n; > n. By the pullback absorption of

B, it follows that

@ (nj -n, G_nj(w]-),x]-)) < B(0_y;(w))) = C,
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and since C is compact, there is a further index subsequence j of j (depending on n ) such that

an = (nj -n, G_nj (w]-), xj) - Zy€ C.
Since the random mappings is continuous in the w and x variables then

d(p(n, 0_n(@;), Zn;), 9 (1, 6_n(w0), Z5)) < £0/2 , When n; > n(e).

Therefore,
g >d ((p (nj, 6_n, (wo), xj) ,A(Gwo))

Which contradicts (6) . Thus , the asserted convergence (5) must hold .

3. Comparison of non-autonomous attractors

21

The mapping ¢:Z* x X — X defined by ¢(n, w,x) == (6,(w), p(n, w,x)), for each j =12 and (w,x) €

X := Q x R% forms an autonomous semi dynamical system on the extended state space X with the metric

d x((w1,%1), (02, x7)) = d o(wq, w3) + d(x1,x7).

Theorem 3.1 Suppose that A4 is a uniform attractor of an RDS (0, ¢) and that U, .o A(Bw) is precompact in

R?. Then the union A :=U,,. {w} < A(fw) is the global attractor of the autonomous semi dynamical system ¢.

Proof: The ¢ —invariant of A follows from the ¢ —invariant of A , and the 6 —invariant of Q1 via

$(n, A) =Uyeq {0n(w)} %, (P(n: w, A(Gw)) =Ugeq {0n(w)} X A(6r(w)) =Ugpeq {u} x A(w) = A.

Since A is also a pullback attractor and U,.q A(6w) is precompact in R%(and Q is compact too ) , the set —

valued mapping w — A(w) is upper semi-continuous. which means that , w — F(w) := {w} x A(w) is also

upper semi-continuous . Hence , F(Q) = A is a compact random subset of X implies that
dx(p(n, (w,x)),A)

= dx((6n(w), 9(n, 0, %)), A)
< dyx ((Hn(w), p(n, w,x)), {0, (w)} x A(@n(w)))

= do((8n(w), On(®)) + d(9(n, w,x), A(6,w))
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=d(en, w,x), A6 w)).

Where ¢(n, (w, x)) = (6,,(w), (n, w,x)). The desired attraction to A with respect to ¢ then follows from the

forward attraction of A with respect to ¢ .

Theorem 3.2 If A is a pullback attractor for a random dynamical system (6,¢) and U,.q A(Bw) is
precompact in R% then A :=U,., {w}* A(Aw) is the maximal invariant compact random set of the

autonomous semi dynamical system ¢.

Proof: The ¢ —invarianc and compactness of A are proved in the same manner as in first part of the proof of
Theorem 3.1 . To prove that the invariant compact set A is maximal, let C be any other invariant compact set
of the autonomous semi dynamical system ¢. Then A is a ¢ —invariant and compact collection of compact sets,

and pullback attraction,
d(@((n,6-p (0),C(0-5 (w)), A(Bw))
< d(p((n,0_, (w),K(w),A(6w)) = 0

as n — o, where K(w) :=U,q C(Bw) is compact . Hence, C(Aw) S A(Ow) for each w € Q, that is , C:=

Upeq {w} x C(Bw) € A, which finally means that A a maximal ¢-invariant set.

Theorem 3.3 If an autonomous semi dynamical system ¢ has a global attractor A =U¢q {w} % A(Ow), then

A ={A(Bw): w € Q } is a pullback attractor for the RDS (8, ¢).

Proof: The sets Q and K(w) :=U,eq A(Bw) are compact by the compactness of A. Moreover, A < Q X

K (), which is a compact set. Now

d(p(n, w,x), K(w)) = do(On(w) Q) + d(p(n, w,x), K(w))
= dx(6n (@)  @(n, 0, %)), 2 x K(w))
< dx(¢ (n, (w,x), 2 x K(w))
< dy(¢ (n,Q % D),A) - Oasn - oo,

for each (w,x) € Q x D and every arbitrary bounded subset D of R?, since A is the global attractor of ¢.
Hence, replacing w by 6_,(w) implies 1im o d (¢(n,0_,(w),D(w), K(w)) =0. Thus ,A is pullback
attractor of the RDS (6, ¢).
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