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1. Introduction

The fuzzy set theory has wide use in mathematics and other sciences especially in new problems
that need making decisions. After the pioneering work of Zadeh [1], many authors have been
developed this concept in diverse branches. In functional analysis, the fuzzy sets are utilized
broadly and many authors reinforced this matter like Kramosil [2], George and Veermani [3] by
introducing the notion of fuzzy metric spaces, in addition to Katras [4] who introduced the idea
of the fuzzy norm and Felbin [5] who defined a fuzzy norm on a linear space. In 2011, Bag [6]
modified the concept of Felbin's type of fuzzy normed linear space presented in [5] and
established in a fuzzy framework the main theorems such as open mapping theorem, closed
graph theorem, and uniform boundedness principle theorem. Authors in [7] studied properties
of the fuzzy norm of linear operators and investigated the bounded inverse theorem on fuzzy normed
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linear spaces and proved Hahn Banach theorem, closed graph theorem, and uniform boundedness
theorem on fuzzy normed linear spaces. Several authors have been published a large number of papers
related to the notion of the fuzzy norm and its applications for reference see [8-11].

In 2016, Kider and Mousa [12] introduced the definition of fuzzy length space on a fuzzy set and studied
many properties of this space. Furthermore, several concepts like fuzzy convergence sequence, fuzzy
bounded set, fuzzy dense set, and fuzzy continuous operator are given. Gozutok and Sagiroglu in 2017
[13] introduced another notion of fuzzy length space and studied its basic properties.

The essential aim of this paper is to introduce the definition of fuzzy open linear operators and fuzzy
closed linear operators to proved main theorems such as fuzzy Baire's theorem, fuzzy open mapping
theorem, and fuzzy closed graph theorem in the fuzzy length space given in [12].

Structurally, the paper comprises the following: some properties and basic notions of the fuzzy length
space are presented in Section 2. In Section 3, the definition of a fuzzy open linear operator in a fuzzy
length space is introduced and fuzzy Baire's theorem is proved in order to prove the main theorem
namely fuzzy open mapping theorem. Furthermore, the concept of a fuzzy closed linear operator in a
fuzzy length space is introduced and a fuzzy closed graph theorem is established. The paper finished with
a conclusion section.

2. Preliminaries

In this section, some main notions of fuzzy length space are presented.
Definition 2.1:[3]

A binary operation ®: [0,1]? - [0,1] is called t-norm

(or continuous triangular norm) if V#,g, %, 8 € [0,1]

the conditions are satisfied :

HNf®g=920F

(if®1=¢%

([if(f®g)et =B (@O,

(iVVifg<gandt <sthenf®1t<g ® s.

Remark 2.2:[3]
For each # > g, thereis £ with # ® £ > g and for all s, there is o with s ® 8 = o where #,¢,%, 0,8 €
[0,1].

Definition 2.3:[2]

Suppose that U be a universal set, u € U, and a € [0,1]. The fuzzy point with value « and support u is defined
as:

aifu=v

0 otherwise

g (v) = {

for each v € U.
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Definition 2.4:[12]
Let U be a fuzzy set in a linear space £ over field K. Suppose that F be a fuzzy set from U to [0,1] and ® isa
t-norm such that:

(F1) F((w, @) > 0 forall (w,a) € U

(F2) F((w,@)) = 0 if and only if for (w,a) =0

(F3) Flcu,a) = SFv'(ul‘Z—l) where c € K,¢ # 0

FHF((w,a) + (v,8) 2F((wa)) ® F((v, ) forall (u,a),(v,B) €U

(F5) F is a continuous fuzzy set for all (u, @), (v,8) € Uand a,p € [0,1].

Then (U, F, ®) is called a fuzzy length space (briefly FL£ — space) on the fuzzy set U.

Definition 2.5:[12]

Let (U, F, ®) be an FL — space, and let (u, a) € U ,where a € [0,1]. Given 0 < & < 1 then:
B((w, ), &)={(v,p) € W:F((v, ) — (w,@)) > 1 — ¢}

Bl[(u, a), e]={(v,B) € ’Lvl:f"((v, B) — (u, a)) >1-—¢}

is called the fuzzy open ball and fuzzy closed ball respectively of center (u, ) € U and radius ¢ .

Definition 2.6:[12]
Let(U, F, ®)be an FL — space and € < U. Then € is called fuzzy open if for every (v, B) € € there is
B((v,B), €) € €. Asubset X c U is called fuzzy closed if X¢ = U — X is fuzzy open

Definition 2.7:[12]

Let (U, F, ®) be an FL — space and € < U. The fuzzy closure of € is written by ¢ which is the smallest fuzzy
closed set which includes C.

3. Fuzzy Open Mapping and Fuzzy Closed Graph Theorems

In this section, the definitions of the fuzzy open operator and fuzzy close operator are introduced. Then
fuzzy open mapping theorem and fuzzy closed graph theorem will be proved.

Definition 3.1:
Let (U, Fy, ®) and (V, F5, ®) be two FL —spaces. The operator T: D(T) — V where D(T) < U is called
fuzzy open if for any fuzzy open set € in D(T), T(C ) is a fuzzy open set in .

In an FL — space (U, F, ®), a sequence {(u,, a,)} is called fuzzy converges to a fuzzy point (u, ) € U if
foreach 0 <y <1 , 3N with F((u, a,) — (w,a))>1—y, foralln > N. Also a sequence {(u,, a,)} is
called fuzzy Cauchy if forany 0 <y <1, 3 N with F((uy, ay) — (Um, @) > 1 —y, foralln,m > N. An
FL —space (U, Fy, @) is called complete if each fuzzy Cauchy sequence in U converges to a fuzzy point
inU.

The following theorem is the key to proving the main results

Theorem (Fuzzy Baire's Theorem) 3.2:

Let (U, Fy, ®) be a complete FL — space and let {G,,} be a countable collection of dense fuzzy open sets of
U . Then the intersection N,, G,, is dense in U .

Proof: Assume that U a complete FL£ — space. Let B- be a fuzzy open set and assume that G, , G, , Gs ,... be
dense fuzzy open sets in U. Since G, dense in U, B- N Gy, # @ . Let (uy,a;) € B- N G;. Since B N Gy is
fuzzy open, there exist 0 < & <1, such that B((uy, @;),&) € B- N G;. Now choose €; < & such that
Bl(uy, @1),é1] € B- N Gy. Let By = B((uy, ay), ;). Since Gy dense in U, B; NG, # 0. Let (uy, a;) €
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B, N G,. Since B; N G, is fuzzy open, there exist 0 < &, < % such that B((uy, a3),&,) € B; N G,. Choose
&, < & such that B[(uy, a3),é;] € B; N G,. Continuation in the same way it will be found a (u,,ap) €
Bn,—1 N G,. Since B,,_; NG,. is fuzzy open, there exist 0 < &, < % such that B((u,, @), €,) € Bp_1 N
Gp. Choose &, < &, such that B[(uy, @n),é,] © Bp1 NGy Let B, = B((un, ay),€,). Now claim that
{(u,, ay)} isafuzzy Cauchy sequence. For any y > 0, choose n. with y > nl .Thenform > nand n = n.,

F((up, @) — Uy, @) = 1 —i >1—1y. Therefore {(u,, a,)} is a fuzzy Cauchy sequence. Since U is

complete, {(u,, a,)} converges to a fuzzy point (u, a). But (uy, ay) € B[(un, ay), €,] for all k > n and by
([12] ,Lemma 4.10) B[(uyn, at,), &,] is a fuzzy closed set. Hence (u, @) € B[(uy,, ay), é,] © B,_; N G,. Hence
B. n(NY-; Gy) # 0. Therefore NS, G,, is dense in U.

According to the previous theorem, the fuzzy open mapping theorem is established in the fuzzy length space as
follows.

Theorem [Fuzzy Open Mapping Theorem] 3.3:

If (U, Fy, ®)and(V, Fyp, ®) are two complete FL — spaces and 7:U - V be a fuzzy bounded linear
surjective operator then T is a fuzzy open mapping. Thus, if T is bijective operator, then 771 is fuzzy
continuous which implies that 7~ fuzzy bounded.

Proof: Proving a theory requires several steps

First step. Consider £ a neighborhood of 0in L. It will be shown that 0 € int[T(E )]. Let E*be a balanced
neighborhood of 0 with E* + E* < E. Since T is surjective, V = T(U) it follows that V = N, T(nE*). So by
Theorem 3.4, there exist n- € N in which T(n-E*) has a nonempty interior. Thus 0 € int [T(E)] -

int [T(E*)|. On the other hand, int|T(E*)| - int|T(E*)| « 7(E*) - 7(E*) = 7(E*) - T(E*) « 7(E ),
Therefore, the set 7(E ) contains the neighborhood int [T(E")] — int [T(E)] of 0.

Second step. It is shown 0 € int[ﬁ]. Since 0 € E and E is a fuzzy open set, then there exists 0 < & < 1
such that B(0, &) < E. On the other side, 0 € T(B(0,,)) and by Step 1, there exist 0 < &, < 1 such that
B(0,6,) c T(B(0,&,) ) . Now it is shown that B(0,6,) c int(T(E)). Suppose that (u-,a-) € B(0,5,).
Then (us,a-) € B(0,&,) and so for 8, > 0 the fuzzy open ball B(u.,§,) intersects T'( B(0, &;) ). Therefore
there exists (v, 8;) € B(0,&;) such that T (v, B1) € B(us, 8,), this mean Fiy((us, @) — T (v, 1)) > 1 —
8, or equivalently (u., @) — T'(v, B1) € B(0,8,) < T(B(0,¢,) ) and by a similar case there exist (v, B,) in
B(0, &) such that fv((u% a-) — (T (v, By) + T(’Vz'ﬁz)) = fﬁ'v (((u% a-) — (T(’Vp[ﬂ)) - T("’z’ﬂz)) >1-
63.

By continuing this process a sequence {(,, B,)} is obtained such that (v, ;) € B(0, &,) and
F ((uo, a) — X1 T (v, ﬁ;)) >(1-8p41) ,m=123,..

Now if n € N and {(z,, B,)} Iis increasing sequence, then

n n+(Zn,Bn) n+(zn,Bn)
Fu Z(%ﬁj)— Z (v.8)) | = Fa Z (v3.8)
j=1 j=1 j=n+1

= ﬁﬂ((’lfn+1r ﬁn+1)) ® ﬁﬂ((’lfn+2' ﬁn+2)) ®..® fﬂ((vn+(zn,ﬁn): ﬁ(zn,ﬁn)))
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> =) ® (1= 6242) @ . ® (1 = 125

Put (1—ep11) ® 1= &p42) ® . ® (1 — £n4(zp)) = (1 —p) for some 0<pu<1, therefore
Fo (Zn+(zn‘f3n)(,v«j, ,Bj)) > (1—uw). So the sequence {Z}Ll(«rj, ﬁj)} is a fuzzy Cauchy sequence.

j=n+1
{Z};l(vj, ﬁj)} converges to some fuzzy point (v, ;) € U because by the assumption U is complete. Now for

n,n. € N and n > n. , Fj ((uo, @) — X} T (v, ﬁj)) > (1 - 8,) and thus F ((uo, @) — Z?;llT(vj,Bj)) -

1. Therefore, (e, a-) = lim, X721 T (v, B;) =T (we, B).
But

Fy(ve, B) = limsup, Fy (X7, (vy, B;)) = limsup, [ Fy((v1, 1) @ ... ® Fyy (v, Bn))
> limsup,[(1—€)®.®1—-¢)>=(1—-58)orsome0<§<1.

Hence (v, B-) € B(0,6).

Third Step. Let € be a fuzzy open subset of U and (v, 8) € €. Then,
T(6)=T(w,B) + T|€ - (v, B)] 2 T (v, B) + int(T[€ — (v, B))).

Hence T(€) will be a fuzzy open because it contains a neighborhood of all its fuzzy points. Now if 7=V — U
exists it is continuous since T is fuzzy open. Because 71 is linear hence by ([14], Theorem 3.4) it is fuzzy
bounded.

Definition 3.4:
Let (U, Fy, ®) and (V, F5, ®) are FL — spaces and T: D(T) — V a linear operator with D(T") is a fuzzy
subset of U. The operator T is said to be fuzzy closed linear operator if the graph of T

r@ ={((wa),pR): (wa)€ D), (L) = T (v,B)}is closed in an FL-space (U x V, F, ®)
where F((w, @), (v, 8)) = Fy((w, ) ® Fy((v, B)).

Let (U, Fy, ®) and (V, 5, ®) be two FL — space and T: D(T) — V is a linear operator where D(T") < U.
The operator is called fuzzy bounded if thereis 0 < # <1 (7 real number) such that for all (u, @) € D(7),
F5(T((w, a))) > (1 — #) where D(T) is the domain of T°[14].

Now fuzzy closed graph theorem is proved in the fuzzy length space.

Theorem (Fuzzy Closed Graph Theorem) 3.5:
Let (U, Fy, ®) and(V, Fy5, ®) be complete FL — spaces and T: D(T) — V be a fuzzy closed linear operator,
where D) cU. If D) fuzzy closed inT, then the operator T is fuzzy bounded.

Proof: Proof of theorem requires first prove that (UXx7V,F,®) is a complete FL-space. Let
{(up, ay), (v, Bn)} be a fuzzy Cauchy sequence in U x D, that is for each

((u; a), (v, ﬁ)) EUXV , limy e f[((unr an)' ("fn' Bn)) - ((um' O‘m)' (’Um: Bm))] = limy,e jf‘a [(un: O(n) -
(U, o) ] ® limy, e fﬁ[(”nr Bn) — (Um, Bm)]-

Hence
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limp— o0 Fz[(Un, 0tn) = (U, am)] = 1 and limy o0 Fi5[ (0, Br) — (@im, Brm)] = 1.

Therefore {(uy, ay,)} is a fuzzy Cauchy sequence in (U, Fy, ®) and {(v, B,)} is a fuzzy Cauchy sequence in
WV, Fy, ®). But (U, Fyz, ®) and (V, F5, ®) are complete FL-space, then there is a fuzzy point (u,a) € U
and (v, B) € V such that lim,, o, F[(un, 0y) — (w, @)] = 1 and lim,_, o, F5[ (v, Br) — (v, B)] = 1.

Thus
limpe0 F[((n, o), (v, Bn)) — (w, @), (v, B))] = limyyeo Fig [, o) — (w, )] @ limyyo0 Fiy[ (0, Br) —
(r,p)] = 1.

Hence {(uy, o), (v, Bn)} fuzzy converges to ((u, @), (v, B)) in U x V. This shows (U XV, F,®) is a
complete an FL-space.

By assumption, I'(7") is closed in U x V and D(T") fuzzy closed in U. Hence I'(T) and D(T") are complete[15].
Now define S: I'(7T) — D(T) by S[((u, @), T(u, @))]= (u, @) then S is linear and S is a fuzzy bounded since

FSI(@w o), T, )= Fy((w @) = Fy(w,a) @ Fy(T W, )
= F((wa),T(u,a))

and S is bijective so S~ exists where S™1: D(7") - I'(T") defined by S~1((u, a)) since D(T") and I'(T) are
complete, it is possible to apply Theorem 3.3 and see S~* is fuzzy bounded, say F((u,a),T (u,a)) > (1 —
) ® Fy((w, @)) where 0 < r < 1 and for all (u, @) € D(T). Hence T is fuzzy bounded because

Fr(Twa) =2 Fy(T(w,0) ® Fi((wa)) = F(w, ), T, a))
>1-MN® ﬁa((u, a)) for all (u,a) € D(T).

Let (U, F, ®) be a FL-space and € < U. Then (v, 8) € € if and only if there exists a sequence { (v, £,)} In
€ with { (v, Bn)} converges to (v, ).

Lemma 3.6:

Let (U, Fyz, ®) and (V, Fj5, ®) be two FL — spaces and let 7: D(T) — V be a linear operator with D(T)
U then T is fuzzy closed if and only if when a sequence {(u,, a,)} converges to (u,a) where (u,, a,) €
D(T) and {T (uy, a,,)} converges to (v, §) then (u, a) € D(T) and T (u, a)=(v, B) where (v, B) € V.

Proof: I'(T) is fuzzy closed if and only if (c,y) = ((u, @), (v, )) € I'(T) implies (c,y) € I'(T).Now by
Theorem 3.5, (c,y) € I'(7) if and only if there exist (cp, Yn)=((Un, @), T (Uy, ay)) € I'(T) such that the
sequence {(cn,yn)} converges to(c,y) hence {(u,, a,)} converges to (u, @), {7 (u,, a,)} converges to (v, 8)
and (¢,y) =((wa),(v,B)er@ if and only if @Wa)eEDT) and (@,B) =T a).

The following result according to the previous lemma is proved.

Theorem 3.7:

Let (U, Fy ®)and (V, Fy, ®) be two FL — spaces and T:D(T) — V be a linear operator with D(7") < U
then:

1-1f D(T) is fuzzy closed in U then T is fuzzy closed

2-1f T is fuzzy closed and V is complete FL — space then D(T") is fuzzy closed in .
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Proof:

1-Suppose that {(up, a,)} € D(T) and {(u,, an)} converges to (u, @) such that {T(u,, a,)} converges
toT(u,a) then (u,a) € D(T) =D(T) since D(T) is fuzzy closed and sequence {7 (u,, a,)} converges
to T (u, ) because T is fuzzy continuous. Hence T is fuzzy closed by Lemma 3.6.

2-Let (u,a) € D(T) there is a sequence {(uy, ay)} N D(T)  with {(u,, )} converges to (u, @) since T is
fuzzy bounded
jf')? [T(un: an)_ T(um' O(m)]: jfvv [T ((un: an)_(uml O(m)]

> F [T]1® Fy [, 0n)—(m, am)]. g §
This show that {7 (u,, a,)} is fuzzy Cauchy sequence so {T'(u,,a,)} converges to (v,B) €V since V is
complete. Also since T is fuzzy closed (u,a) € D(T) and T (u, @) = (v, B). Hence D(T) is fuzzy closed
because (u, a) € D(T) was arbitrary.

4.Conclusion

This paper the definition of open linear operators and closed linear operators in the fuzzy length space is
introduced, and fuzzy open mapping theorem and fuzzy closed graph theorem are proved. Moreover, some basic
properties of this type of operators are investigated.
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