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1. Introduction 

    In 2009 [14] the fuzzy topological structure of a fuzzy normed space was studied by Sadeqi 
and Kia. In 2011 [2] Kider introduced a fuzzy normed space and also he proved such fuzzy 
normed space has a completion see [3]. Again in 2012 [4] Kider introduced a new type of fuzzy 
normed space. In 2015 [13] the properties of fuzzy continuous mapping which is defined on a 
fuzzy normed spaces was studied by Nadaban.  
      In 2017 [5] Kider and  Kadhum  introduce the fuzzy norm for a fuzzy bounded operator on a 
fuzzy normed space and proved its basic properties then other properties was proved by 
Kadhum in 2017 [12]. In 2018 [1] Ali proved basic properties of complete fuzzy normed algebra. 
Again in 2018 [6] Kider and Ali introduce the notion of fuzzy absolute value and study properties 
of finite dimensional fuzzy normed space.    
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ABSTRACT 
 

Our aim in this article is to introduce the notion of algebra fuzzy absolute 
value in order to introduce new type of fuzzy normed space that is called 
algebra fuzzy normed space.  After that some examples are introduced to 
illustrate these notions. Then some properties of algebra fuzzy absolute 
value space are stated and proved after that basic properties of algebra 
fuzzy normed space are also proved. 
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     The concept of general fuzzy normed space were presented by Kider and Gheeab in 2019 [7] 
[8] and they proved basic properties of this space and the general fuzzy normed space GFB(V, U). 
In 2019 [9] Kider and Kadhum introduce the notion fuzzy compact linear operator and proved 
its basic properties. In 2020 Kider [10] introduce the notion fuzzy soft metric space after that he 
investigated and proved some basic properties of this space again Kider in 2020 [11] introduced 
new type of fuzzy metric space called algebra fuzzy metric space after that the basic properties of 
this space are proved.    
    In this paper first we introduce the notion of algebra fuzzy absolute value space and we see 
that there are more than one definition of fuzzy absolute value for a real number after that some 
properties of this space is proved because it needed in the next section. The aim of introducing 
algebra fuzzy absolute value is to introduce a new type of fuzzy normed space which is called 
algebra fuzzy normed space at this point basic properties of this space is proved.   

2. Algebra fuzzy absolute value with its basic properties: 
In this section we shall introduced basic properties of algebra fuzzy absolute value space. 
Definition 2.1:[11] 

 Assume that S be a nonempty set, a fuzzy set D෩ in S is represented by D෩ = {(S, µୈ෩(s)): sS,  

0 ≤ µୈ෩ (s) ≤ 1} where µୈ෩(s): S→	I	is	a	membership	function	where	I=[0,	1]. 

Definition 2.2:[11] 
Let ⊚:I × I →I be a binary operation then ⊚ is said to be continuous t-conorm ( or simply t-
conorm) if it satisfies the following conditions   
(i)p ⊚ q= q ⊚ p; 
(ii) p ⊚ [q ⊚ w] = [p ⊚ q] ⊚ w;  
(iii) ⊚ is continuous function; 
(iv)p ⊚ 0 = 0, (v) (p ⊚ z) ≤ (q ⊚ w) whenever p ≤ q and z ≤ w. For all p, q, z, w ∈ I 
Lemma 2.3:[11] 
If ⊚ is a continuous t-conorm on [0, 1] then 
(i)1 ⊚ 1=1, (ii)0 ⊚ 1 = 1 ⊚ 0 =1. (iii)0 ⊚ 0 = 0, (iv)p ⊚ p ≥ p for all p ∈ [0, 1]. 
Remark 2.4:[11] 
If ⊚ is a continuous t-conrm then  
(i)For any p, q ∈ (0, 1) with p > q we have w ∈ (0, 1) whenever p > q ⊚ w.  In general for any 
p, q ∈ (0, 1) with p > q we can find ݓଵ, ݓଶ, …,ݓ   ∈ (0, 1) whenever p > q ⊚ ݓଵ ⊚ ݓଶ ⊚ …⊚ ݓ  
where k ∈ ℕ. 
(ii) For any p  ∈ (0, 1) there exists q ∈ (0, 1) such that q ⊚ q ≤ p. In general for any p ∈ (0, 1) 
there exists  ݓଵ, ݓଶ, …,ݓ   ∈ (0, 1) such that ݓଵ ⊚ ݓଶ ⊚ …⊚ ݓ  ≤ p where k ∈ ℕ. 
Example 2.5:[11] 
The algebra product p ⊚ q = p + q – pq is a continuous t-conorm for all p, q ∈ [0, 1]. 
Definition 2.6: 
Let ⊚ be a continuous t-conorm and a:ℝ →I be a fuzzy set then a is called algebra fuzzy 
absolute value on ℝ if 
(1)0< a(ߙ) ≤1; 
(2)a(ߙ)=0 if and only if 0=ߙ; 
(3)a(ߚߙ) ≤ a(ߙ) . a(ߚ); 
(4)a(ߚ + ߙ) ≤ a(ߙ) ⊚ a(ߚ); 



48                        																												 																											         							  Z. A. Khudhair &  J. R. Kider, Al-Qadisiyah Journal of Pure  Science  25 , 4 (2020) pp. Math. 46–58     
 

 For all ߚ ,ߙ ∈ ℝ. Then (ℝ, a, ⊚) is called  algebra fuzzy absolute value space. 
Definition 2.7: 
Let (ℝ, a, ⊚) be algebra fuzzy absolute value space then define a(ࢻ)= a(−ࢻ) for all ߙ ∈ ℝ. 
Example 2.8: 
Let |. | be absolute value on ℝ and ߚ ߙ − ߚ +ߙ =ߚ ⊚ ߙ for all ߚ ,ߙ ∈ I. Define 

൝= (ߙ)|.|ܽ 
|ఈ|

ଵା|ఈ|
ߙ	݂݅			 ≠ 1

ߙ	݂݅				1 = 1
   

for all ߙ  ∈ ℝ. Then (ℝ, ܽ|.|, ⊚ ) is algebra fuzzy absolute value space. Also ܽ|.| is called the 
standard algebra fuzzy absolute value on ℝ. 
Proof: 
We shall show that all conditions of Definition 2.6 are satisfied 
(1)It is clear that 0≤ ܽ|.| ≤1. 
|if and only if   |ఈ 0=(ߙ)|.|ܽ	(2)

ଵା|ఈ|
 = 0 if and only if |0=|ߙ if and only if 0=ߙ. 

(3) a(ߚߙ) = |ఈఉ|
ଵା|ఈఉ|

 ≤ [ |ఈ|
ଵା|ఈ|

].[	 |ఉ|
ଵା|ఉ|

] = a(ߙ) a(ߚ) 

(4) a(ߚ + ߙ) = |ఈାఉ|
ଵା|ఈାఉ|

 and a(ߙ) ⊚ a(ߚ) = a(ߙ) + a(ߚ) − a(ߙ) a(ߚ). Now 

a(ߙ) ⊚ a(ߚ) = [ |ఈ|
ଵା|ఈ|

]+[	 |ఉ|
ଵା|ఉ|

] − [ |ఈ|
ଵା|ఈ|

].[	 |ఉ|
ଵା|ఉ|

] = |ఈ|[[ଵା|ఉ|]ା|ఉ|[[ଵା|ఈ|]
[ଵା|ఈ|][ଵା|ఉ|]

 − |ఈ||ఉ|
[ଵା|ఈ|][ଵା|ఉ|]

 

= |ఈ|ା|ఈ||ఉ|ା|ఉ|ା|ఉ||ఈ|
[ଵା|ఈ|][ଵା|ఉ|]

 − |ఈ||ఉ|
[ଵା|ఈ|][ଵା|ఉ|]

 = |ఈ|ା|ఈ||ఉ|ା|ఉ|
[ଵା|ఈ|][ଵା|ఉ|]

 ≥ |ఈାఉ|
ଵା|ఈାఉ|

 = a(ߚ + ߙ) 
Hence (ℝ, ܽ|.|, ⊚) is algebra fuzzy absolute value space. 
Example 2.9: 
If a⊚b=a + b →ab for all a, b ∈I define a:	ℝ →I by 

 ܽ|.|(r) = ቊ
ଵ

||
ݎ	݂݅					 ≠ 0

ݎ		݂݅					0 = 0
 

for all r ∈ 	ℝ. Then (ℝ, ܽ|.|, ⊚) is algebra fuzzy absolute value space. This space is called the 
algebra fuzzy absolute value space induced by |. |. 
Proof: 
We shall show that all conditions of Definition 2.6 are satisfied. 
(1)it is clear that  ܽ|.|(r) ∈I. 
(2) ܽ|.|(r)=0 if and only if r=0 follows immediately from definition of  ܽ|.|. 
(3)	ܽ|.|(r) ∙ ܽ|.|(t) = ଵ

||
 ଵ
|௧|

 = ଵ
|௧|

 = ܽ|.|(r. t) 

(4)	ܽ|.|(t) ⊚ ܽ|.|(r) = ଵ
|௧|

 ⊚ ଵ
||

 = ଵ
|௧|

 + ଵ
||

 − ଵ
|௧|

 

                             =||ା|௧|
|௧|||

 − ଵ
|௧|

 ≥ ଵ
|௧ା|

 = ܽ|.|(t + r) 

Hence (ℝ, ܽ|.|, ⊚) is algebra fuzzy absolute value space. 
Definition 2.10: 
Let (ℝ, a, ⊚) be algebra fuzzy absolute value space and let {p୬}୬ୀଵ∞ be a sequence in ℝ, we say 
that {p୬}୬ୀଵ∞  is fuzzy approaches to the limit p as n approaches to ∞ if for every s ∈ (0,1) there 
exists N ∈ ℕ such that  a(p୬ −p) < s,  for all n≥N. If p୬ is fuzzy approaches to the limit p we  
write lim୬→∞ p୬= p or p୬ →p or lim୬→∞ ܽ(p୬ − p)=0. 
Definition 2.11: 
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Let (ℝ, a, ⊚) be algebra fuzzy absolute value space and let {p୬}୬ୀଵ∞ be a sequence in ℝ, we say 
that {p୬}୬ୀଵ∞  is fuzzy Cauchy sequence in ℝ if for every s ∈ (0,1) there exists N ∈ ℕ such that  
a(p୬ − p୫) < s,  for all n, m ≥N. 
Theorem 2.12: 
Let (ℝ, a, ⊚) be algebra fuzzy absolute value space  if {p୬}୬ୀଵ∞ is a sequence in ℝ such that 
lim୬→∞ p୬=p and lim୬→∞ p୬=q then p=q. 
Proof: 
Since p୬ →p and p୬ →q so lim୬→∞ a[p୬ − p]=0 and lim୬→∞ a[p୬ − q]=0. Now 
a[p−q] = a[p−p୬+ p୬ −q] < a[p−p୬] ⊚ a[p୬ −q] 
Taking limit to both sides as n approaches to ∞ we obtain 
a[p−q] < lim୬→∞ a[p୬ − p] ⊚  lim୬→∞ a[p୬ − q] < 0 ⊚ 0 = 0                                            
Hence a[p−q] =0 so p−q= 0 that is p=q. 
Theorem 2.13: 
Let (ℝ, a, ⊚) be algebra fuzzy absolute value space and if the sequence {p୬}୬ୀଵ∞  in ℝ is fuzzy 
approaches to the limit p then any subsequence of it is also fuzzy approaches to p. 
Proof: 

Since 		p୬ →p then	lim୬→∞ a[p୬ − p]= 0. Also	(p୬) is a Cauchy sequence then lim
୬→∞	

ܽ[p୬ − p୫]	=0 

when n → ∞ and m → ∞. Now 

 ܽൣp୬ౡ − p൧ = aൣp୬ౡ − p୬ + p୬ − p൧  ≤ ܽൣp୬ౡ − p୬൧ ⊚ ܽ[p୬ − p]	  

Thus lim୬→∞ ܽൣp୬ౡ − p൧ ≤ 0 ⊚ 0 = 0. Hence	൫p୬ౡ൯ fuzzy approaches to p 

Definition 2.14: 

Let (ℝ, a, ⊚) be algebra fuzzy absolute value space. The sequence {q୬}୬ୀଵ∞  in ℝ is said to be fuzzy 
bounded if there exists t ∈ (0,1) such that  a(q୬) < t for all n ∈ ℕ.  

Theorem 2.15: 
Let (ℝ, a, ⊚) be algebra fuzzy absolute value space and if the sequence{q୬}୬ୀଵ∞  in ℝ is fuzzy 
approaches to the limit q then it is fuzzy bounded. 
Proof: 
Suppose that {q୬}୬ୀଵ∞  in ℝ is fuzzy approaches to the limit q then for every s ∈ (0, 1) there exists 
N ∈ ℕ such that a(q୬ −q) < s for all n≥N. This implies a(q୬) = a(q + q୬ −q) ≤ a(q)	⊚ a(q୬ −q) ≤ 
a(q)	⊚ s. Now put t = a(q) for some t ∈ (0,1) then a(q୬) ≤ t ⊚ s.  
Choose p ∈ (0, 1) with t ⊚ s < p. Hence a(q୬) < p  for each n ∈ ℕ. Thus {q୬}୬ୀଵ∞  is fuzzy bounded. 
Theorem 2.16: 
Let (ℝ, a, ⊚) be algebra fuzzy absolute value space and let  {p୬}୬ୀଵ∞  and {q୬}୬ୀଵ∞  be two 
sequences in ℝ if  {p୬}୬ୀଵ∞  is fuzzy approaches to the limit p and {q୬}୬ୀଵ∞  is fuzzy approaches to 
the limit q then {(p୬ + q୬)}୬ୀଵ∞  is fuzzy approaches to the limit (p + q). 
Proof: 
Since {p୬}୬ୀଵ∞  is fuzzy approaches to the limit p then for every r ∈ (0, 1) there exists Nଵ ∈ ℕ such 
that a(p୬ −p) < r for all n≥ Nଵ. Also Since {q୬}୬ୀଵ∞  is fuzzy approaches to the limit q then for 
every p ∈ (0, 1) there exists Nଶ ∈ ℕ such that a(q୬ −q) < p for all n≥ Nଶ. Now choose N = min { 
Nଵ, Nଶ}and for each n ≥ N we have a[(p୬ + q୬) −(p + q)] ≤ a(p୬ −p)	⊚ a(q୬ −q) < r ⊚ p. Put r 
⊚ p = t for some t ∈ (0, 1) then 
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 a[(p୬ + q୬)−(p + q)]  < t for all  n≥N. 
Theorem 2.17: 
Let (ℝ, a, ⊚) be algebra fuzzy absolute value space and let  {p୬}୬ୀଵ∞  be a sequence in ℝ and 0≠c 
 ∈ ℝ. If  {a୬}୬ୀଵ∞  is fuzzy approaches to the limit p then {cp୬}୬ୀଵ∞  is fuzzy approaches the limit cp. 
Proof: 
Since {p୬}୬ୀଵ∞  approaches the limit a then for every r ∈ (0, 1) there exists N ∈ ℕ such that 
a(a୬ −a) < r for all n≥N. Now 
 a(cp୬ − cp) = a[c(p୬ −p)] ≤ a(c) . a(p୬ −p) < a(c).r 
Put a(c) = ߪ where ߪ ∈ (0, 1). Let ߙ where 0 < ߙ <1 such that a(c).r = ߙ so  
a(cp୬ − cp) < ߙ. Hence {cp୬}୬ୀଵ∞  is fuzzy approaches to the limit cp. 
Theorem 2.18: 
Let (ℝ, a, ⊚) be algebra fuzzy absolute value space and let  {p୬}୬ୀଵ∞  and {q୫}୫ୀଵ∞  be two 
sequences in ℝ. If  {p୬}୬ୀଵ∞  fuzzy approaches the limit p and {q୫}୫ୀଵ

∞  fuzzy approaches the  
limit q then {(p୬. q୬)}୬ୀଵ∞  fuzzy approaches the limit (p.q). 
Proof: 
Since {p୬}୬ୀଵ∞  is fuzzy approaches to the limit p then for every r ∈ (0,1) there exists Nଵ ∈ ℕ such 
that a(p୬ −p) < r for all n≥.Nଵ Also Since {q୫}୫ୀଵ

∞  is fuzzy approaches to the limit p then for 
every s ∈ (0,1) there exists Nଶ ∈ ℕ such that a(q୫ −q) < s for all m≥.Nଶ Choose N = min { Nଵ, Nଶ} 
now 
 a[p୬q୬ −pq) = a[p୬q୬ −pq୬+ pq୬ −pq  ≤ a[p୬q୬ −pq୬]	⊚ a[pq୬ −pq ] 
                         ≤ a[p୬ −p] . a(q୬) ⊚ a(p) . a[b୬ −b]  ≤  r . a(q୬)	⊚ a(p) . s  
Put a(q୬) =ߙ and a(p) = ߜ for some 0 < 1 > ߜ ,ߙ. Now let t for some t ∈ [0, 1] be chosen so that [r . 
s] < t. Hence a[p୬q୬ . ߜ ⊚ ߙ −pq) < t for all  n≥N. 
Theorem 2.19: 
Let (ℝ, a, ⊚) be algebra fuzzy absolute value space. If  {q୬}୬ୀଵ∞  is a fuzzy Cauchy sequence in ℝ  
then {q୬}୬ୀଵ∞  is fuzzy bounded. 
Proof: 
Since {q୬}୬ୀଵ∞  is a fuzzy Cauchy sequence in ℝ  then for every r ∈ (0, 1) there exists N ∈ ℕ such 
that a(q୫ − q୬) < r  for all n, m ≥N. Then a(q୫ − q)  < r for all m ≥N. Hence if m ≥N we have 
a(q୫) = a(q୫ − ே + q) ≤ a(q୫ݍ − q)	⨀ a(q) and so a(q୫) ≤ r ⊚  a(q). Now put t=max{ 
a(qଵ), a(qଶ),…, a(qିଵ)}. Then a(q୫) ≤ r⊚ t. Hence {q୬}୬ୀଵ∞  is fuzzy bounded. 
Definition 2.20; 
The algebra fuzzy absolute value (ℝ, a, ⊚) is called fuzzy complete if every fuzzy Cauchy 
sequence in ℝ fuzzy approaches to a point in ℝ.     
The following is the main result in this section 
Theorem 2.21: 
Let (ℝ, a, ⊚) be algebra fuzzy absolute value space then every fuzzy Cauchy  {p୬}୬ୀଵ∞  sequence 
 in ℝ is fuzzy approaches to the limit p ∈ ℝ. That is (ℝ, a, ⊚)  is fuzzy complete. 
Proof: 
Let  {p୬}୬ୀଵ∞   be a fuzzy Cauchy sequence in ℝ then {p୬}୬ୀଵ∞ has a monotonic subsequence {p୬ౠ}୬ୀଵ

∞  
but {p୬}୬ୀଵ∞ is fuzzy bounded [by Theorem 2.19] hence {p୬ౠ}୬ୀଵ

∞ is fuzzy bounded. Thus {a୬ౠ}୬ୀଵ
∞  

fuzzy approaches the limit p ∈ ℝ. Then for every r ∈ (0, 1) there exists N ∈ ℕ such that a(p୬ౠ −p) 
< r for all n≥N. Since {p୬}୬ୀଵஶ  is a fuzzy Cauchy sequence in ℝ then for every t ∈ (0,1) there exists 
M ∈ ℕ such that a(p୫ − p୬) < t for all 
n, m ≥M. We may choose M≥N. Now for each k≥M then k≥N, we have 
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 a(p୬ౡ −  )  < t . Hence
  a(p୩ −p) = a(p୩ − p୬ౡ + p୬ౡ −p) ≤ a(p୩ − p୬ౡ)	⊚ a(p୬ౡ −p) ≤ t ⊚ r < ߝ 
For some ߝ ∈(0, 1). Thus {p୩}୩ୀଵஶ  is fuzzy approaches to the limit p ∈ ℝ. 
3. Algebra fuzzy normed space and its basic properties 
In this section we shall introduce the notion of algebra fuzzy normed space and proved its basic 
properties. 
Definition 3.1: 
Let U be a vector space over ℝ and let ⊚ be a continuous t-conorm. Let (ℝ, a, ⊚) be algebra 
fuzzy absolute value space and n: U→I be a fuzzy set then n is called algebra fuzzy norm on U if 
(1)0< n(u) ≤ 1;  
(2)n(u) =0 if and only if u=0;  
(3)n(ߙu) ≤ a(ߙ) n(u) for all 0≠  .ℝ ∋ ߙ
(4)n(u + v) ≤ n(u) ⊚ n(v). 
For all u, v ∈ U. Then (U, n, ⊚) is called algebra fuzzy normed space. 
Example 3.2: 
Let U=C[p, b],  t⊚s=t + s −ts for all t, s ∈I and (ℝ, a, ⊚) is algebra fuzzy absolute space.  
Define n(r) = ݉ܽݔ௦∈[,] a[r(s)] for all r ∈ U. Then (U, n, ⊚) is algebra fuzzy normed space 
Proof: 
We will show that all conditions of Definition 3.1 are satisfied 
(1)it is clear that n(r) ∈I for all r ∈ U. 
(2)n(r) = 0 if and only if ݉ܽݔ௦∈[,] a[x(s)] = 0 if and only if a[r(s)] = 0 for all s ∈ [p, b] if and 
 only if r(s) =0 for all s ∈ [p, b] if and only if r=0. 
(3)n(ߙr) = ݉ܽݔ௦∈[,] a[ߙr(s)] ≤ a(ߙ) . ݉ܽݔ௦∈[,] a[r(s)] = a(ߙ) .n(r), for all 0≠ ∋ ߙ ℝ. 
(4)n(r + z) = ݉ܽݔ௦∈[,] a[r(s) + z(s)]  ≤ ݉ܽݔ௦∈[,] a[r(s)] + ݉ܽݔ௦∈[,] a[z(s)]  
                  = n(r) + n(z) 
Hence (U, n, ⊚) is algebra fuzzy normed space. 
Theorem 3.3: 
If (ℝ, a, ⊚) is algebra fuzzy absolute space and p⊚q=p + q −pq for all p, q ∈I define n: ℝ →I by 
n(r)= a(r) for all r ∈ ℝ.Then (ℝ, n, ⊚) is algebra fuzzy normed space.  
Proof: 
We shall show that all conditions of Definition 3.1 are satisfied 
(1)It is clear that n(r) ∈I for all r ∈ ℝ. 
(2) n(r)=0 if and only if a(r)=0 if and only if r=0.  
(3)n(cr) = a(cr) ≤ a(c) . a(r) =a(c). n(r) for all 0≠c ∈ ℝ. 
(4)n(t + r)=a(t + r) ≤ a(t) ⊚ a(r) = n(t) + n(r) 
Hence (ℝ, n, ⊚) is algebra fuzzy normed space 
Example 3.4: 
Let (U, ‖. ‖) be a normed space and ߚ.ߙ − ߚ +ߙ =ߚ ⊚ ߙ for all ߚ ,ߙ ∈ I. Define  
݊‖.‖(u) = ‖௨‖

ଵା‖௨‖
 for all u ∈U. Then (U, ݊‖.‖, ⊚ ) is algebra fuzzy normed space with the algebra 

fuzzy absolute value space (ℝ, ܽ|.|, ⊚) where ܽ|.|(ߙ) = |ఈ|
ଵା|ఈ|

 for all ߙ  ∈ 	ℝ. Then ݊‖.‖ is called the 
standard algebra fuzzy norm on U. 
Proof: 
We will show that all conditions of Definition 3.1 are satisfied. 
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(1)It is clear that 0 ≤ ݊‖.‖(u) ≤1. 
(2)	݊‖.‖(u)=0 if and only if ‖௨‖

ଵା‖௨‖
 = 0 if and only if ‖0=‖ݑ if and only if u=0. 

‖ఈ௨‖ =(uߙ)‖.‖݊ (3)
ଵା‖ఈ௨‖

 = |ఈ|‖௨‖
ଵା|ఈ|‖௨‖

 ≤ [ |ఈ|
ଵା|ఈ|

].[	 ‖௨‖
ଵା‖௨‖

≠for all 0 ,(u)‖.‖݊ (ߙ)|.|ܽ = [  .ℝ ∋ ߙ

(4)	݊‖.‖(u + v) = ‖௨ା௩‖
ଵା‖௨ା௩‖

 and ݊‖.‖(u) ⊚ ݊‖.‖(v) = ݊‖.‖(u) + ݊‖.‖ (v) − ݊‖.‖(u).	݊‖.‖(v) 

݊‖.‖(u) ⊚ ݊‖.‖(v) = = [ ‖௨‖
ଵା‖௨‖

]+[	 ‖௩‖
ଵା‖௩‖

] − [ ‖௨‖
ଵା‖௨‖

].[	 ‖௩‖
ଵା‖௩‖

] 

              = ‖௨‖[[ଵା‖௩‖]ା‖௩‖[[ଵା‖௨‖]
[ଵା‖௨‖][ଵା‖௩‖]

 − ‖௨‖‖௩‖
[ଵା‖௨‖][ଵା‖௩‖]

 = ‖௨‖ା‖௨‖‖௩‖ା‖௩‖ା‖௩‖‖௨‖
[ଵା‖௨‖][ଵା‖௩‖]

 − ‖௨‖‖௩‖
[ଵା‖௨‖][ଵା‖௩‖]

 

                    = ‖௨‖ା‖௨‖‖௩‖ା‖௩‖
[ଵା‖௨‖][ଵା‖௩‖]

 ≥  ‖௨ା௩‖
ଵା‖௨ା௩‖

 = ݊‖.‖(u + v) 

Hence (U, ݊‖.‖, ⊚) is algebra fuzzy normed space. 
Example 3.5: 
Let (U, ‖. ‖) be a normed space. If s⊚t=s + t −st for all s, t ∈I define ݊‖.‖ : U →I by ݊‖.‖(p) = 

ቊ
ଵ
‖‖

	݂݅					 ≠ 0
		݂݅					0 = 0

 

for all p ∈	U. Then (U, ݊‖.‖, ⊚) is algebra fuzzy normed space with  

ܽ|.|(r) = ቊ
ଵ

||
ݎ	݂݅					 ≠ 0

ݎ		݂݅					0 = 0
 

for all r ∈ 	ℝ where (ℝ, ܽ|.|, ⊚) is algebra fuzzy absolute value space. This space is called the 
algebra fuzzy normed space induced by‖.‖. 
Proof: 
We will show that all conditions of definition 3.1 are satisfied. 
(1)It is clear that ݊‖.‖(p) ∈I. 
(2) ݊‖.‖(p)=0 if and only if p=0 follows immediately from definition of  n. 
(3)ܽ|.|(r) ∙ ݊‖.‖(p) = ଵ

||
 ଵ
‖‖

 = ଵ
‖‖

 = ݊‖.‖(r. p) 

(4)	݊‖.‖(p) ⊚ ݊‖.‖(q) = ଵ
‖‖

 ⊚ ଵ
‖‖

 = ଵ
‖‖

 + ଵ
‖‖

 − ଵ
‖‖

 

                             =‖‖ା‖‖
‖‖‖‖

 − ଵ
‖‖

 ≥ ଵ
‖ା‖

 = ݊‖.‖(p + q) 

Hence (U, ݊‖.‖, ⊚) is algebra fuzzy normed space. 
Theorem 3.6: 
If ( ଵܷ, ݊ଵ, ⊚) and ( ଶܷ, ݊ଶ, ⊚) are two algebra fuzzy normed spaces then (U, n, ⊚) is algebra fuzzy 
normed space where U= ଵܷ × ଶܷ and n[(ݑଵ, ݑଶ)]=݊ଵ(ݑଵ) ⊚ ݊ଶ(ݑଶ) for all (ݑଵ, ݑଶ) ∈ U. 
Proof: 
We will show that all conditions of Definition 3.1 is satisfied 
(1)Since 0≤ ݊ଵ(ݑଵ) ≤ 1 and 0≤ ݊ଶ(ݑଶ) ≤ 1 so 0≤ n[(ݑଵ, ݑଶ)] ≤ 1 
(2) n[(ݑଵ, ݑଶ)]=0 if and only if ݊ଵ(ݑଵ) ⊚ ݊ଶ(ݑଶ)=0 if and only if ݊ଵ(ݑଵ)=0 
and ݊ଶ(ݑଶ)=0 if and only if ݑଵ=0 and ݑଶ=0 if and only if (ݑଵ, ݑଶ)=(0, 0). 
(3) n[c(ݑଵ, ݑଶ)] = n[(cݑଵ, cݑଶ)] = ݊ଵ(cݑଵ) ⊚ ݊ଶ(cݑଶ) ≤a(c).	݊ଵ(ݑଵ) ⊚ a(c).	݊ଶ(ݑଶ) ≤ a(c) [݊ଵ(ݑଵ) 
⊚ ݊ଶ(ݑଶ)]=a(c). n[(ݑଵ, ݑଶ)] 
(4)n[(ݑଵ, ݑଶ) + (ݒଵ, ݒଶ)] = n[(ݑଵ+ ݒଵ) + (ݑଶ + ݒଶ)] = ݊ଵ(ݑଵ + ݒଵ) ⊚ ݊ଶ(ݑଶ + ݒଶ) 
                                       ≤ ݊ଵ(ݑଵ) ⊚ ݊ଵ(ݒଵ) ⊚ ݊ଶ(ݑଶ) ⊚ ݊ଶ(ݒଶ)  
                                       ≤[݊ଵ(ݑଵ) ⊚ ݊ଶ(ݑଶ)] ⊚ [݊ଵ(ݒଵ) ⊚ ݊ଶ(ݒଶ)] 
                                      = n[(ݑଵ, ݑଶ)] ⊚ n[(ݒଵ, ݒଶ)] 
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Hence (U, n, ⊚) is algebra fuzzy normed space. 
The proof of the next result is similar to the proof of Theorem 3.5 and hence  
is omitted. 
Corollary 3.7: 
If ( ଵܷ, ݊ଵ, ⊚), ( ଶܷ, ݊ଶ, ⊚), …, ( ܷ , ݊, ⊚) are  algebra fuzzy normed spaces then (U, n, ⊚) is 
algebra fuzzy normed space where U= ଵܷ × ଶܷ × … × ܷ  and n[(ݑଵ, ݑଶ, …, ݑ)]=  ݊ଵ(ݑଵ) ⊚ 
 ݊ଶ(ݑଶ) ⊚, …, ⊚ ݊(ݑ) for all (ݑଵ, ݑଶ, …,ݑ)  ∈ U. 
Definition 3.8: 
Let (U, n, ⊚) be algebra fuzzy normed space and let (ݑ) be a sequence in U, we say that (ݑ) is 
fuzzy converges to the limit u as k approaches to ∞ if for every s ∈ (0,1) there exists N ∈ ℕ such 
that  n(u୩ −u) < s,  for all k≥N. If (ݑ)  is fuzzy approaches to the limit u we write lim୩→ஶ u୩=u 
or u୩ →u or lim୬→ஶ ݊(u୩ − u)=0. 
Definition 3.9: 
Suppose that (U, n, ⊚) is algebra fuzzy normed space . Put fb(u, r)= {v ∈U: n(u−v) < t} and fb[u, 
r]= {v ∈ U: n(u−v) ≤ t}.Then  fb(u, r) and fb[u,r] is called open and closed fuzzy ball with the 
center u ∈U and radius t, with t ∈ (0, 1). 
Definition 3.10: 
Let (U, n, ⊚) be algebra fuzzy normed space and let (ݑ) be a sequence in U, we say that (ݑ) is 
fuzzy Cauchy sequence in U if for every s ∈ (0, 1) there exists N ∈ ℕ such that  n(u୩ − u୫) < s,  
 for all k, m ≥N. 
The proof of the next result is clear and hence is omitted. 
Lemma 3.11: 
If (U, n, ⊚) is algebra fuzzy normed space then a[n(u)−n(v)] ≤ n(u−v) for all u, v ∈ U. 
Lemma 3.12: 
If (U, n, ⊚) is algebra fuzzy normed space then the function u ⟼ n(u) is a fuzzy continuous 
function from (U, n, ⊚) → (ℝ, n, ⊚). 
Proof: 
Let (ݑ) be a sequence in U with u୩ →u so lim୩→ஶ ݊(u୩ − u)=0. Now 
 a[n(ݑ)−n(u)] ≤ n(ݑ −u) taking limit to both sides as k→ ∞ we have lim→ஶ a[n(ݑ) − n(u)]	 
≤ lim→ஶ n(ݑ 	− u)	=0. So n(ݑ) → n(u). 
Hence u ⟼ n(u) is a fuzzy continuous function from U → ℝ. 
Lemma 3.13: 
If (U, n, ⊚) is algebra fuzzy normed space then n(u−v) = n(v−u) for all u, v ∈ U. 
Proof: 
n(u−v) = n[(−1)(v−u)] ≤ a(−1). n(v−u) =a(1). n(v−u)= n(v−u). Similarly n(v−u) ≤ n(u−v) 
from these two inequalities we conclude that n(u−v) = n(v−u) for all u, v ∈ U. 

Definition 3.14:[14] 

 A triple (S, m, ⊚) is said to be the algebra fuzzy metric space if S≠ ∅, ⊚ is a 

 continuous t-conorm and m: S×S→[0, 1] satisfying the following conditions: 
(A1)0 ≤ m(s, r) ≤ 1,  (A2) m(s, r) = 0 if and only if s = r, (A3) m(s, r) =  m(r, s) ; 
(A4) m(s, t) ≤ m(s, r) ⊚ m(r, t).  For all s, r, t ∈ S then the triple (S, m, ⊚) is said to be the algebra 
fuzzy metric space . 
Theorem 3.15: 
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If (U, n, ⊚) is algebra fuzzy normed space then (U, ݉ , ⊚) is algebra fuzzy metric space where 
݉(u, v) = n(u−v) for all u, v ∈ U. (U, ݉ , ⊚) is called the algebra fuzzy metric space induced 
by n. 
Proof: 
We will show that all conditions of Definition 3.10 are satisfied. 
(A1)It is clear that ݉(u, v) ∈ I. 
(A2)	݉(u, v)= 0 if and only if n(u−v)=0 if and only if u−v=0 if and only if u=v. 
(A3)	݉(u, v) = n(u−v) =n(v−u)= ݉(v, u) by Lemma 3.10. 
(A4)	݉(u, v) = n(u−v)=n(u−z + z –v) ≤ n(u−z )	⊚ n(z –v) ≤ ݉(u, z) ⊚ ݉(z, v) 
Hence (U, ݉ , ⊚) is algebra fuzzy metric space. 
Lemma 3.16: 
The algebra fuzzy metric ݉ induced by the algebra fuzzy norm n satisfies 
(1)݉(u + r, v + r) = ݉(u, v), (2)	݉(ߙu, ߙv) ≤ a(ߙ). ݉(u, v) 
For all u, v, r ∈ U and ߙ ≠0 ∈ ℝ. 
Proof: 
(1)݉(u + r, v + r)=n[(u + r) – (v + r)]=n(u−v)=	݉(u, v) 
(2)	݉(ߙu, ߙv)=n[ߙu –ߙv] = n[ߙ(u−v)] ≤ a(ߙ). n(u−v)= a(ߙ).	݉(u, v) 
Definitions 3.17: 
 If (U, n, ⊚) is algebra fuzzy normed space and W⊆U is known as fuzzy open if fb(w, j) ⊆W for 
any arbitrary w∈W  and for some j ∈(0, 1). Also D⊆U is known as fuzzy closed if ܦ  is fuzzy 
open. Moreover the fuzzy closure of D, Dഥ is defined to be the smallest fuzzy closed set contains 
D. 
Definition 3.18: 
If (U, n, ⊚) is algebra fuzzy normed space then D⊆S is known as fuzzy dense in U if whenever Dഥ 
= U. 
Theorem 3.19: 
If fb(s, j) is open fuzzy ball in algebra fuzzy normed space (U, n, ⊚) then it is a fuzzy open set. 
Proof: 
Let fb(v, j) be open fuzzy ball open where vU and j ∈ (0, 1) . Let ufb(v, j) so n(v−u) < j , let  
 t = n(v−u)  so t< j , then there is i ∈ (0, 1) such that  t ⊚ i < j  by Remark 2.3 (ii).  Now assume 
the open fuzzy ball fb(u, i), we will show that  fb(u, i)  fb(v, j). Let zfb(u, i) so n(u − z) <i. 
Hence n(v− z) ≤ n(v− u) ⊚ n(u− z) or n(v− z) ≤ t ⊚ i < j. so z fb(v, j) that is fb(u, i)  fb(v, 
j).Therefore fb(v, j) is a fuzzy open set. 
Definition 3.20:[1] 

Let U is a nonempty set a collection T of subset of U is said to be a fuzzy topology on U if  

(i)U and ߮ belongs to T, (ii)If Aଵ, Aଶ,…., A୬ ∈ T then ∩୧ୀଵ୬ A୧ ∈ T. 

(iii)If {A୨: jJ}∈ T then  ∪୨ A୨ ∈ T. 

Theorem 3.21: 
Every algebra fuzzy normed space is a fuzzy topological space. 
Proof: 
 If (U, n, ⊚) is algebra fuzzy normed space then put ܶ= {W⊂U: wW if and only if we have j∈  
(0, 1) with fb(w, j)	⊂W }. Now we will prove ܶ  is a fuzzy topology on U. 
(i)Clearly ߶ and U belong to ܶ since ߶ and S are fuzzy open. 

(ii)Let Wଵ, Wଶ,…., W୬ ∈ ܶ and put V = ∩୧ୀଵ୬ W୧.We shall show that  V∈ ܶ . Let vV then 
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 vW୧ for each 1 ≤	i ≤ n. Hence there exists 0 ≤ r୧ ≤ 1 such that fb(v, r୧)  W୧ since W୧ is fuzzy 

 open for each i=1, 2, …,n. Put r = min{ r୧	: 1 ≤	i ≤	n } thus r ≤ r୧ for all 1 ≤ i ≤ n . So fb(v, r)  W୧  

for all 1 ≤ i ≤ n. Therefore fb(v, r)  ∩୧ୀଵ୬ W୧ = V, thus V ∈ ܶ .  

(iii)  Suppose that {W୨: j ∈J}∈ ܶ and put W = ∪୨	∈ W୨ . We shall show that W∈ ܶ . Let w∈W  

then w∈∪୨	∈ W୨ so w∈ W୨ for some j ∈J since W୨ ∈ ܶ there exists 0< r < 1 such that  

fb(w, r) ⊂ 	W୨.Thus fb(w, r) ⊂ 	W୨	 ∪୨	∈ W୨ = W that is W∈ ܶ . Hence (U,	 ܶ) is a fuzzy 

 topological space. ܶ is known as the fuzzy topology induced by n.  

Definition 3.22: 

 An algebra fuzzy normed space (U, n, ⊚) is known as fuzzy complete if (ݏ) is fuzzy Cauchy 

sequence in U then ݏ →s ∈ U. 

Theorem 3.23: 
In algebra fuzzy normed space (U, n,	⊚) if ݑ →u ∈ U then (ݑ) is fuzzy Cauchy. 
Proof: 
Suppose that (ݑ) in U and ݑ →u ∈ U then for any r ∈(0, 1) we can find N with  
n(ݑ − u) < r , for all k≥N . Using Remark 2.3 we can find t ∈(0, 1) with r ⊚ r < t. Now  
n(ݑ ݑ)) ≤ nݑ − − u) ⊚ n(u− ݑ) )< r ⊚ r < t for each m, k ≥ N. Hence (ݑ) is fuzzy 
 Cauchy sequence. 
Theorem 3.24: 
In algebra fuzzy normed space (U, n, ⊚) if (ݑ) ∈ U with  ݑ → u and (݀) ∈ U with  
n(ݑ − ݀) → 0 as k→ ∞. Then ݀  → u. 
Proof: 
Since ݑ → u so n(ݑ − u) → 0 as k→ ∞. Now 
n(݀ − u) ≤ n(݀ ݑ)) ⊚ nݑ − − u) → 0 as k→ ∞. Hence ݀ → u.  
Theorem 3.25:  

In algebra fuzzy normed space (U, n, ⊚) when D⊂U then dDഥ if and only if there is (d୩) ∈ D  

with d୩→	d. 

Proof:  

  Suppose that d ∈ Dഥ , if d∈D then choose the sequence of that type is (d, d,…,d,…) . 

If d ∉ D, it is a limit point of D. Hence we construct the sequence (d୩) ∈ D by  

n(d୩ − d) <  ଵ
୩	

  for each n = 1, 2, 3,…..  

The fuzzy ball fb(d, 	ଵ
୩	

) contains d୩ ∈ D and d୩→	d	because	lim୩→ஶn(d୩ − d) = 0. 

Conversely if (d୩) in D and d୩→	d	then	d ∈D or every fuzzy ball of a contain points d୩≠	d,	 

so that d is a point of accumulation of D, hence d ∈ Dഥ by the definition of the closure. 

Theorem 3.26:  

 In algebra fuzzy normed space (U, n, ⊚) when D⊂U then ܦഥ=U if and only if for any u ∈U there 
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 is d∈D such that n(u − d) < r for some r∈(0, 1). 

Proof:  

  Suppose that D is fuzzy dense in U and u ∈U so u ∈ Dഥ and by Theorem 2.25 there is a sequence 

(d୬) ∈D such that d୬→	u	that	is	for	any	r∈(0, 1) we can find N with n(d୬ −u) <r for all n ≥ N.  

Take d = d, so n(u − d) <r.  

Conversely to prove D is fuzzy dense in U we have to show that D  Dഥ . Let u∈U then there is 

 d୩ ∈D such that n(d୩ −u) <  ଵ
୩
 . Now take 0 < r < 1 such that 	ଵ

୩
 < r for each k ≥ N for N∈ ℕ.  

Hence we have a sequence (d୩) ∈D such that n(d୩ −u) <  ଵ
୩
 < r for all k ≥ N that is d୩→	u	so	u ∈ Dഥ.  

Theorem 3.27: 

Let D be a dense subset of algebra fuzzy normed space (U, n,	⊚). If every fuzzy Cauchy sequence 

 of points of D converges in U then U is fuzzy complete. 

 Proof: 

Suppose that (u୩) is a fuzzy Cauchy sequence in U, since D is fuzzy dense then for every u୩ ∈U  

there is d୩ ∈D such that n(u୩ − 	d୩) < s for some 0 < s < 1 by Theorem 3.26. Now by Remark  

2.3 we can find t ∈(0, 1) with   s ⊚ s < t. But (u୩) is fuzzy Cauchy so (d୩) is fuzzy Cauchy thus 

d୩→	u∈U by our assumption. Now n(u୩ − u) ≤ n(u୩ − 	d୩) ⊚ n(d୩ − u) ≤ s ⊚ s < t. Hence u୩→	u. 

Theorem 3.28: 

If ( ଵܷ, ݊ଵ, ⊚) and ( ଶܷ, ݊ଶ, ⊚) are two algebra fuzzy normed spaces then(U, n, ⊚) is  
fuzzy complete algebra fuzzy normed space if and only if ( ଵܷ,݊ଵ, ⊚) and ( ଶܷ, ݊ଶ, ⊚) are 
 fuzzy complete where U= ଵܷ × ଶܷ and n[(ݑଵ, ݑଶ)]=݊ଵ(ݑଵ) ⊚ ݊ଶ(ݑଶ) for all (ݑଵ, ݑଶ) ∈ U. 
Proof: 
Let ( ଵܷ, ݊ଵ, ⊚) and ( ଶܷ, ݊ଶ, ⊚) are two fuzzy complete algebra fuzzy normed spaces. Let (ݑ)  
be fuzzy Cauchy sequence in U then (ݑ) =(	ݑଵ  ଶܷ. Hence ∋	(ଶݑ) ଵܷ and ∋ (ଵݑ) ଶ) whereݑ	,
n(ݑ − ݑ) fuzzy converges to zero as k→ ∞ and m→ ∞ this implies that [݊ଵ(ݑଵ −  ⊚ (ଵݑ
݊ଶ(ݑଶ − →ଶ)] fuzzy converges to zero as kݑ ∞ and m→ ∞.  
Hence ݊ଵ(ݑଵ − ) ଵ) fuzzy converges to zero inݑ ଵܷ, ݊ଵ, ⊚) as k→ ∞ and m→ ∞ and 
݊ଶ(ݑଶ − ) ଶ) fuzzy converges to zero inݑ ଶܷ, ݊ଶ, ⊚) as k→ ∞ and m→ ∞. Therefore (ݑଵ) is 
fuzzy Cauchy sequence in ( ଵܷ, ݊ଵ, ⊚) and (ݑଶ) is fuzzy Cauchy sequence in ( ଶܷ, ݊ଶ, ⊚) but ( ଵܷ, 
݊ଵ, ⊚) and ( ଶܷ, ݊ଶ, ⊚) are fuzzy complete so there is ݑଵ ∈ ଵܷ and ݑଶ ∈ ଶܷ such that (ݑଵ) fuzzy 
converges to ݑଵ ∈ ଵܷand (ݑଶ) fuzzy converges to ݑଶ ∈ ଶܷ. Put u=(ݑଵ, ݑଶ) then u ∈U and (ݑ) 
fuzzy converges to u ∈U since n(ݑ –u)= n[(ݑଵ ଵݑ)] =[(ଶݑ ,ଵݑ)– (ଶݑ	, − ଶݑ) +(ଵݑ −  = [(ଶݑ
݊ଵ[(ݑଵ − ଶݑ)]ଵ)] ⊚ ݊ଶݑ − →ଶ)]. By taking limit to both sides as kݑ ∞ we have n(ݑ –u) →0. 
Conversely assume that (U, n, ⊚) is fuzzy complete we will prove that ( ଵܷ,݊ଵ, ⊚) and ( ଶܷ, ݊ଶ, ⊚) 

are fuzzy complete. Let (ݑଵ) is fuzzy Cauchy sequence in ( ଵܷ, ݊ଵ, ⊚) and (ݑଶ) is fuzzy Cauchy 

sequence in ( ଶܷ, ݊ଶ, ⊚).Then ݊ଵ(ݑଵ − ) ଵ) fuzzy converges to zero inݑ ଵܷ, ݊ଵ, ⊚) as k→ ∞  

and m→ ∞ and ݊ଶ(ݑଶ − ) ଶ) fuzzy converges to zero inݑ ଶܷ, ݊ଶ, ⊚) as k→ ∞ and m→ ∞. Put  
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ଵݑ	) = (ݑ)   ଶܷ. Since ∋	(ଶݑ) ଵܷ and ∋ (ଵݑ) ଶ) whereݑ	,

n(ݑ − ݑ) =[݊ଵ(ݑଵ − ଶݑ)ଵ) ⊚݊ଶݑ − →ଶ)] fuzzy converges to zero as kݑ ∞ and m→ ∞.  

Hence (ݑ) is fuzzy Cauchy sequence in U but U is fuzzy complete so there is u=(ݑଵ, ݑଶ) ∈U such 

 that n(ݑ –u) fuzzy converges to zero but  n(ݑ –u)=n[(ݑଵ ଵݑ)] =[(ଶݑ ,ଵݑ)– (ଶݑ	, −   +(ଵݑ

ଶݑ) − ଵݑ)]ଶ)]=݊ଵݑ − ଶݑ)]ଵ)] ⊚ ݊ଶݑ − ଵݑ)]ଶ)] so ݊ଵݑ −   ଵ)] fuzzy converges to zero inݑ

( ଵܷ, ݊ଵ, ⊚) as k→ ∞ and ݊ଶ[(ݑଶ − ) ଶ)] fuzzy converges to zero inݑ ଶܷ, ݊ଶ, ⊚) as k→ ∞. Hence 

ଵݑ fuzzy converges to (ଵݑ)  ∈ ଵܷ as k→ ∞ and (ݑଶ) fuzzy converges to ݑଶ ∈ ଶܷ as k→ ∞. It  

follows that ( ଵܷ,݊ଵ, ⊚) and ( ଶܷ,݊ଶ, ⊚) are fuzzy complete. 

In similar way we can prove the next result 

Corollary 3.29: 

If ( ଵܷ, ݊ଵ, ⊚), ( ଶܷ, ݊ଶ, ⊚), …, ( ܷ , ݊, ⊚) are algebra fuzzy normed spaces then (U, n, ⊚) is  
fuzzy complete algebra fuzzy normed space if and only if ( ଵܷ, ݊ଵ, ⊚), ( ଶܷ, ݊ଶ, ⊚), …, ( ܷ , ݊, ⊚) 
are  fuzzy complete where U= ଵܷ × ଶܷ × … × ܷ  and n[(ݑଵ, ݑଶ, …, ݑ)]=݊ଵ(ݑଵ) ⊚ ݊ଶ(ݑଶ) ⊚, …, ⊚ 
݊(ݑ) for all (ݑଵ, ݑଶ, …,ݑ)  ∈ U. 
The proof of the next result is similar to Theorem 3.28 and hence is deleted. 
Theorem 3.30: 

If (U, n, ⊚) is algebra fuzzy normed spaces then (ܷଶ, ݊ଶ, ⊚) is fuzzy complete algebra fuzzy 
normed space if and only if (U, n, ⊚) is fuzzy complete where ܷଶ= U × U and ݊ଶ[(ݑଵ, ݑଶ)]=n(ݑଵ) 
⊚ n(ݑଶ) for all (ݑଵ, ݑଶ) ∈ ܷଶ. 
In similar way we can prove the next result 

Corollary 3.31: 

If (U, n, ⊚) is algebra fuzzy normed spaces then (ܷ , ݊ , ⊚) is fuzzy complete algebra fuzzy 
normed space if and only if (U, n, ⊚)  are  fuzzy complete where ܷ  = U × U × … × U [k-times] 
where k ∈ ℕ and ݊[(ݑଵ, ݑଶ, …, ݑ)]=n(ݑଵ) ⊚ n(ݑଶ) ⊚, …, ⊚n(ݑ)  
For all (ݑଵ, ݑଶ, …,ݑ)  ∈ ܷ . 
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