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1. Introduction 

The term metric fixed point theory refers to those fixed point theoretic results in which 

geometric conditions on the underlying spaces and (or) mappings play a crucial role.' 

The basic idea of the metric fixed point principle firstly appeared in explicit form in 

Banach’s thesis in 1922, where it was used to establish the existence of the solution to 

an integral equation"[18]. This principle (Banach’s contraction mapping principle) is 

remarkable in its simplicity contraction it is perhaps the most widely applied fixed 

point theorem in all of the analysis. "This is because the contraction condition on the 

mappings is simple and easy to test, it requires only complete metric space for its 
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setting, it provides a contraction algorithm (iterative method), it finds almost canonical 

applications in the theory of differential and integral equations especially existence 

and uniqueness solution" [9]. Later, the researchers presented several studies that 

included different generalizations of the Banach principle in various spaces such as [1, 

2, 3, 4, 5, 6, 7, 8, 10, 11, 12, 13, 14, 15, 16, 17]. This paper deals with three independent 

principles for existence a unique fixed point, namely: Let (A, ρ) mapping on A.  For all 

𝑢, 𝑣 in A 

i.   Banach’s principle,  λ,0 ≤ λ< 1 such that ρ(T𝑢, T𝑣) ≤ λ ρ(𝑢, 𝑣). 

ii. Kanann’s  principle,  , 0≤  <1/2 such that ρ(T𝑢,T𝑣) ≤  

[ρ(𝑢,T𝑢)+ρ(𝑣,T𝑣)]. 

iii. Chatterge’s  principle,  α , 0 ≤ α < 1/2 such that ρ(T𝑢,T𝑣)≤ α [ρ( 𝑢,T𝑣)+ ρ( 

𝑢,T𝑣)]. 

        The conditions in (i), (ii) and (iii) are independent that is if the mapping T satisfies 

(i) will be continuous but, if it satisfies (ii) or (iii) may be discontinuous. The following 

examples illustrate these facts [11]:  

T satisfies (i) is continuous: Let T:[0,1] [0,1] , T𝑢= 𝑢/3 but does not satisfy (ii) when 

𝑢=0 and 𝑦=1/3. 

T satisfies (ii) and T is discontinuous:  Let T: [0, 1]   [0,1] such that T𝑢=𝑢/4 if 𝑢[0, 

1/2) and T𝑢=𝑢/5 if 𝑢[1/2 ,1]. 

T satisfies (ii) but does not satisfy (iii): Let T:RR , T𝑢= -𝑢/2  take 𝑢=2 , 𝑣= -2.  

T satisfies (iii) but does not satisfy (ii): Let T:[0,1] [0,1], T𝑢 =𝑢/2 if 𝑢[0,1) and 

T𝑢=0 if 𝑢=1 take 𝑢=1/ 2, 𝑣=0. 

     Throughout this paper, we prove the above principles in n-normed spaces.   

Definition(1.1): [7].  Let  A be a real linear space with dim A  = n   ,n ∈ 𝑁 and ‖. , … , . ‖: 

A𝑛 → [0, ∞)  be a function. Then ( A ,‖. , … , . ‖ ) is called a linear n-normed space, if   

for all 𝑤1, … , 𝑤𝑛 ∈  A, and  ∝  ∈  R. 
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(N1) ‖𝑤1, … , 𝑤𝑛‖ = 0  ⇔  𝑤1 , … , 𝑤𝑛   are linearly dependent. 

(N2)  ‖𝑤1 , … , 𝑤𝑛‖  is invariant under permutation. 

(N3) ‖𝑤1, … , 𝑤𝑛−1, ∝ 𝑤𝑛‖ =  |∝|  ‖𝑤1 , … , 𝑤𝑛−1, 𝑤𝑛‖,  ∀ ∝ ∈ 𝑅 

(N4)  ‖𝑤1 , … , 𝑤𝑛−1, 𝑢 + 𝑣‖  ≤  ‖𝑤1 , … , 𝑤𝑛−1, 𝑢‖ +  ‖𝑤1, … , 𝑤𝑛−1, 𝑣‖, ∀ 𝑢, 𝑣 ∈ 𝑅.  

      A usual example of an 𝑛 −normed space is the following 

 Example(1.2): [6]. As an example of an n-normed space, we may take  A= 𝑅𝑛, equipped  

with the Euclidean n-norm 

 ‖𝑤1, 𝑤2, … , 𝑤𝑛‖𝐸 = |𝑑𝑒𝑡(𝑤𝑖𝑗)| = 𝑎𝑏𝑠 (|

𝑤11 ⋯ 𝑤1𝑛

⋮ ⋱ ⋮
𝑤𝑛1 ⋯ 𝑤𝑛𝑛

|) 

where   𝑤𝑖 = (𝑤𝑖1 , … , 𝑤𝑖𝑛) ∈ 𝑅𝑛   for each  𝑖 = 1,2, … , 𝑛. 

  ‖𝑤1 , 𝑤2, … , 𝑤𝑛‖𝐸 =  the volume of the  n-dimensional parallelepiped spanned by the 

vectors  𝑤1, 𝑤2, … , 𝑤𝑛 , in A. In special case 𝑛 = 1, (If A = 𝑅, 𝑅 is the set of real 

numbers)  ‖𝑤‖𝐸=the absolute value of 𝑤, |𝑤|. 

  Remark (1.3): [8].  In an n-normed space (A,‖. , … , . ‖), we have 

1-‖𝑤1 , … , 𝑤𝑛‖ ≥ 0, 

2-‖𝑤1 , … , 𝑤𝑛−1, 𝑤𝑛‖ = ‖𝑤1, … , 𝑤𝑛−1, 𝑤𝑛 + 𝛼1𝑤1 + ⋯ + 𝛼𝑛𝑤𝑛‖, ∀ 𝑤1 , … , 𝑤𝑛 ∈ 𝐴 and    

𝛼1, … , 𝛼𝑛 ∈ 𝑅.  

Definition(1.4): [6].  A sequence {𝑢𝑛} in a n-normed space (A,‖. , … , . ‖) is said to be a 

Cauchy  sequence if  lim
𝑛,𝑚→∞

‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑚‖ = 0, ∀ 𝑣 ∈ 𝐴. 

Definition(1.5): [6].  A sequence  {𝑢𝑛}  in a n-normed space (A,‖. , … , . ‖) is said to be 

convergent if  there is a point  𝑢   in  A  such that  lim
𝑛→∞

‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢‖ = 0,  ∀ 𝑣 ∈

𝐴  if {𝑢𝑛}  converges to  𝑢  we write 𝑢𝑛 → 𝑢    𝑎𝑠  𝑛 → ∞ , for every 𝑤1 , … , 𝑤𝑛−1 in A. 
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Definition(1.6): [8]. A n-normed space is said to be complete if every Cauchy sequence 

is convergent to an element of A. A complete n-normed space A is called n-Banach 

space. 

      We give some topological concepts in n-normed space. 

Definition(1.7): [6]. Let ( A, ‖. , … , . ‖) be a linear n-normed space, G  be a subset of  A  

then  the closure of  G  is  Ḡ = { 𝑢 ∈ A; there is a sequence  𝑢𝑛  of  G : 𝑢𝑛 → 𝑢}. We say G 

is sequentially closed if  G = Ḡ. 

Theorem(1.8): [15]. Let (A,‖. , … , . ‖) be a linear n-normed space, B be a nonempty 

subset of  A and 𝑢 ∈ B, then  B  is  said to be  𝑢-bounded  if there exist some  M > 0, 

‖𝑤1, … , 𝑤𝑛−1. 𝑢‖ ≤  M,  ∀ 𝑢 ∈ B. If for all  𝑢 ∈ B, B  is  𝑢-bounded then  B  is called a 

bounded set. 

Definition(1.9): [15] and [10]. Let (A,‖. , … , . ‖) be a linear 𝑛-normed space. Then the 

mapping  T: A → A  is said to be a 𝑛 −contraction if there exists  h  ∈ [0,1),  

 ‖𝑤1 , … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖  ≤  h ‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑣‖, ∀ 𝑤1 , … , 𝑤𝑛−1 , 𝑢, 𝑣 ∈  A. 

a 𝑛 − nonexpansive mapping with respect to C, if ‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖ ≤

‖𝑤1, … , 𝑤𝑛−1, 𝑢 − 𝑣‖, ∀ 𝑤1, … , 𝑤𝑛−1, 𝑢, 𝑣 ∈  A. 

  The following lemma used by Sukaesih and at et. [15] to show when a vector is  zero, 

which is essential in proving theorems. 

Lemma(1.10): [15]. Let  𝑙 ∈ A. If  ‖𝑙, 𝑤𝑖2 , … , 𝑤𝑖𝑛‖ = 0  for every {𝑖2 , … , 𝑖𝑛} ⊂ {1,2, … , 𝑛} 

then 𝑙 = 0.  

        In the following, we recall the fixed point theorem for a contractive mappings on a 

closed and bounded subset concerning𝑊 =  {𝑤1, … , 𝑤𝑛}.            

Theorem(1.11): [15]. Let (A,‖. , … , . ‖) be a 𝑛-Banach space and B ⊂ A be a nonempty 

closed and  bounded with respect to W. If  T : B  → B  is contraction mapping with 

respect to W, then  T  has a unique fixed point in  B. 
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2. 𝒏 −Zamfirescu mappings 

In this section, we give Kannan fixed point theorem and Chatterjea fixed point theorem  

arising from 𝑛 −normed spaces. 
Definition(2.1): Let (A,‖. , … , . ‖) be a 𝑛-normed space. A mapping T : A →A is called Picard  

mapping if ∃𝑢∗ ∈ A ∋  𝐹𝑇 = {𝑢∗} and 𝑇𝑛(𝑢0) → 𝑢∗, ∀ 𝑢0 ∈ A. 

Definition(2.2): Let (A,‖. , … , . ‖) be a 𝑛-normed space. Then the mapping T : A →A is said to be a 

𝑛-contractive we get ‖𝑤1 , … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖ < ‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑣‖, ∀ 𝑢, 𝑣 ∈  A. 

Definition(2.3): Let (A,‖. , … , . ‖) be a 𝑛-normed space. Then the mapping T : A →A is said to be a 

𝑛-quasi nonexpansive where 𝑝 is fixed point of T, we have  

‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑝‖ ≤ ‖𝑤1 , … , 𝑤𝑛−1 , 𝑢 − 𝑝‖.  

Theorem(2.4): Let (A,‖. , … , . ‖) be a 𝑛-Banach space and  H  be a nonempty closed and bounded 
subset of  A, if  T: H → H  satisfying : 

‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖ ≤  ∝ [ ‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑇𝑢‖ + ‖𝑤1 , … , 𝑤𝑛−1, 𝑣 − 𝑇𝑣‖]                         (2.1) 

where  ∝ ∈ [0,1
2
 ) then  T  is Picard operator  

Proof: Let  𝑢0  ∈ A  and  {𝑢𝑛}𝑛=1
∞   be a sequence in  H  defined by Picard iteration Scheme i.e.  

𝑢𝑛 =  𝑇𝑢𝑛−1, we have  : 

‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑛+1‖   =  ‖𝑤1 , … , 𝑤𝑛−1, 𝑇𝑢𝑛−1 − 𝑇𝑢𝑛‖  ≤    

 ∝ ‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛−1 − 𝑢𝑛‖ + ∝ ‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑛+1‖                                                              (2.2) 

‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑛+1‖  ≤  
∝

1−∝
  ‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛−1 − 𝑢𝑛‖                                                            (2.3)  

Note, that  ∝  ∈ [ 0, 1

2
 ) , then  h = 

∝

1−∝
  ∈  [ 0,1)  

 Thus, T  is a contraction mapping, also, from (2.3) we have :  

‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑛+1‖  ≤   (
∝

1−∝
)

𝑛
  ‖𝑤1 , … , 𝑤𝑛−1, 𝑢0 − 𝑢1‖.     

Now, we show that  {𝑢𝑛}𝑛=1
∞    is a Cauchy sequence. 

Let  m, n > 0  with  m > n, Taking  m = n+p    

‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑚‖  =  ‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑛+𝑝‖   ≤   

‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑛+1‖ +  ‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛+2 − 𝑢𝑛+1‖  + …..+ 

 ‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛+𝑝−1 − 𝑢𝑛+𝑝‖.                                                                                                                  (2.4)              
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 From (2.4) we have :  

‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑚‖  ≤  ℎ𝑛  ‖𝑤1 , … , 𝑤𝑛−1, 𝑢0 − 𝑢1‖  + 

 ℎ𝑛+1  ‖𝑤1, … , 𝑤𝑛−1, 𝑢0 − 𝑢1‖ + …+ ℎ𝑛+𝑝−1 ‖𝑤1 , … , 𝑤𝑛−1, 𝑢0 − 𝑢1‖.                                             (2.5) 

 Letting  p, n → ∞   in (2.5) we have : 

lim
𝑛→∞

‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑚‖ = lim
𝑛→∞

‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑛+𝑝‖ ≤   0.                                (2.6) 

Thus,  {𝑢𝑛}𝑛=1
∞   is a Cauchy sequence in H. 

Hence, there exists  𝑣 ∈ H  such that lim
𝑛→∞

𝑢𝑛 = 𝑣                                                                         (2.7) 

Now, we show that 𝑣 ∈  H  is a fixed point of  T. Using condition (iv) in Definition (1.1) 

‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑣 − 𝑣‖  ≤  ‖𝑤1 , … , 𝑤𝑛−1, 𝑇𝑣 − 𝑢𝑛‖ + ‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛 − 𝑣‖                              (2.8) 

 Letting  𝑛 → ∞ in (2.8) we have 

‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑣 − 𝑣‖  ≤  ‖𝑤1 , … , 𝑤𝑛−1, 𝑇𝑣 − 𝑣‖ + ‖𝑤1 , … , 𝑤𝑛−1 , 𝑣 − 𝑣‖ 

 lim
𝑛→0

‖𝑤1 , … , 𝑤𝑛−1, 𝑇𝑣 − 𝑣‖ = 0. 

Therefore,  𝑣 = 𝑇𝑣  and implies that  𝑣  is a fixed point of T. 

Now, assume that  �́�  is another fixed point of  T. Thus, we have  𝑇𝑣 = �́�  and  

‖𝑤1, … , 𝑤𝑛−1, 𝑣 − �́�‖ =  ‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑣 − 𝑇�́�‖  

                                        ≤  ∝ [‖𝑤1 , … , 𝑤𝑛−1, 𝑣 − 𝑇𝑣‖   +  ‖𝑤1, … , 𝑤𝑛−1, �́� − 𝑇�́�‖ = 0                     (2.9)                                                                        

The inequality (2.9) implies that  𝑣 = �́� . Hence, we obtain that the fixed point is unique, 

This completes the proof. 

Theorem(2.5): Let (A,‖. , … , . ‖) be a 𝑛-Banach space, H be a nonempty n-closed and n-bounded 
subset of  A. If T: H → H  satisfying : 

‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖ ≤ 𝛽[ ‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑇𝑣‖ + ‖𝑤1 , … , 𝑤𝑛−1 , 𝑣 − 𝑇𝑢‖]                       (2.10) 

where  𝛽 ∈ [0, 1

2
  )  then  T is Picard operator.  

Proof: Let  𝑢0 ∈ A and {𝑢𝑛}𝑛=1
∞   be a sequence in A defined as  𝑢𝑛 = 𝑇𝑢𝑛−1 = 𝑇𝑢0

𝑛  , 𝑛 = 1,2, …  .  

We have   ‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑛+1‖ = ‖𝑤1 , … , 𝑤𝑛−1, 𝑇𝑢𝑛−1 − 𝑇𝑢𝑛‖ 

                                             ≤  𝛽 [‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛−1 − T𝑢𝑛‖ + ‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑇𝑢𝑛−1‖] 

                                             = 𝛽 [‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛−1 − 𝑢𝑛‖ + ‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑛+1‖]          (2.11) 

 From (2.11) we obtain that 
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‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑛+1‖  ≤  
𝛽

1−𝛽
 ‖𝑤1 , … , 𝑤𝑛−1 , 𝑢𝑛−1 − 𝑢𝑛‖                                                        (2.12) 

Note that  𝛽 ∈ [0, 1

2
 ) , then   h = 

𝛽

1−𝛽
∈ [0, 1 ). Also, from (2.12) we have  

‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑛+1‖  ≤  ℎ𝑛‖𝑤1 , … , 𝑤𝑛−1, 𝑢0 − 𝑢1‖                                                                (2.13) 

Using condition (𝑁4) of n-norm, we have  

‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑚‖  ≤  ‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑛+1‖ + ‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛+1 − 𝑢𝑛+2‖ + ⋯ + 

‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑚−2 − 𝑢𝑚−1‖    ≤  ℎ𝑛 ‖𝑤1 , … , 𝑤𝑛−1, 𝑢0 − 𝑢1‖ [1 + ℎ + ℎ𝑛 + ⋯ ]                     (2.14)                        

Letting m, n → ∞ in (2.14) we have  

lim
𝑚,𝑛→∞

‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑚‖ = 0                                                                                                   (2.15) 

Thus, we obtain that  {𝑢𝑛}𝑛=1
∞    is a Cauchy sequence in  H, hence there exists 𝑢∗ ∈ H  such that   

  (𝑢𝑛) → 𝑢∗  𝑎𝑠  𝑛 → ∞. 

Now, we will show that  𝑢∗ ∈ H  is a fixed point of  T.  

‖𝑤1, … , 𝑤𝑛−1, 𝑢∗ − 𝑇𝑢∗‖  ≤  ‖𝑤1 , … , 𝑤𝑛−1, 𝑢∗ − 𝑢𝑛‖ + ‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛 − 𝑇𝑢∗‖ ≤              

‖𝑤1, … , 𝑤𝑛−1, 𝑢∗ − 𝑢𝑛‖ + ‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑛+1‖ + ‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛+1 − 𝑇𝑢∗‖  

≤ ‖𝑤1 , … , 𝑤𝑛−1, 𝑢∗ − 𝑢𝑛‖ + ℎ𝑛‖𝑤1 , … , 𝑤𝑛−1, 𝑢0 − 𝑢1‖ + ‖𝑤1 , … , 𝑤𝑛−1, 𝑇𝑢𝑛 − 𝑇𝑢∗‖ 

≤ ‖𝑤1 , … , 𝑤𝑛−1, 𝑢∗ − 𝑢𝑛‖ + ℎ𝑛‖𝑤1 , … , 𝑤𝑛−1, 𝑢0 − 𝑢1‖  + 

𝛽[‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑇𝑢∗‖ + ‖𝑤1 , … , 𝑤𝑛−1, 𝑢∗ − 𝑇𝑢𝑛‖]                                                                  (2.16) 

Letting  𝑛 → ∞  in (2.16) we obtain that  

‖𝑤1, … , 𝑤𝑛−1, 𝑢∗ − 𝑇𝑢∗‖ ≤ 2𝛽‖𝑤1 , … , 𝑤𝑛−1, 𝑢∗ − 𝑇𝑢∗‖                                                                   (2.17) 

Inequality (2.17) is a contradiction unless ‖𝑤1 , … , 𝑤𝑛−1, 𝑢∗ − 𝑇𝑢∗‖ = 0. This implies that  𝑢∗ =
 𝑇𝑢∗  and we obtain that  𝑢∗ ∈ H is a fixed point of  T. To complete the proof, we show that the 
fixed point is unique. Assume that �́�  ∈ H  is another fixed point of  T. Hence, we have  𝑇�́� = �́�  
and  ‖𝑤1, … , 𝑤𝑛−1, 𝑢∗ − �́�‖ = ‖𝑤1 , … , 𝑤𝑛−1, 𝑇𝑢∗ − 𝑇�́�‖             

                                                   ≤  𝛽[‖𝑤1 , … , 𝑤𝑛−1, 𝑢∗ − 𝑇�́�‖ + ‖𝑤1, … , 𝑤𝑛−1, �́� − 𝑇𝑢∗‖ 

                                                  ≤ 2𝛽‖𝑤1, … , 𝑤𝑛−1, 𝑢∗ − 𝑇�́�‖                                                                   (2.18) 

The  inequality (2.18) is a contradiction with  𝛽 ∈ [0,
1

2
 ) unless ‖𝑤1 , … , 𝑤𝑛−1, 𝑢∗ − �́�‖ = 0. 

Thus,  𝑢∗ =  �́�. This completes the proof. 
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     To confirm the independence of condition (2.1) from n-contraction and n-nonexpansive, we 
give the following example: 

Example(2.6): In the case 𝑛 = 1 we recall a simple example, let A=R and T: H→H, 𝑇(𝑢) = 0,  if  

𝑢 ∈ (−∞, 2]  and  𝑇𝑢 = −
1

2
 , if  𝑢 > 2. then :         

i)T  is not continuous (in the sense of usual metric) 

ii)T  achieves (with∝=
1

5
 ) and hence, by Theorem (2.4), T  is a Picard operator. 

iii)T  is not 1-nonexpansive (to show this, take 𝑢 = 2, and 𝑣 =
9

4
). 

Corollary(2.7): i-Let the assumptions in Theorem (2.5) be satisfied. Then the error estimates of  

the Picard iteration are  given by 

‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢∗‖ ≤
𝛼𝑛

1−𝛼
‖𝑤1 , … , 𝑤𝑛−1, 𝑢0 − 𝑢1‖, 𝑛 = 0,1,2, …                                          (2.19) 

‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢∗‖ ≤
𝛼

1−𝛼
‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑛−1‖,   𝑛 = 0,1,2, …                                     (2.20) 

where  𝛼 =
∝

1−∝
  

ii-If  𝑇 any mapping on 𝐴 and there exists 𝑘 ∈ 𝑁 ∋  𝑇𝑘  is a Picard operator, then 𝐹𝑇 = {𝑢∗}. 

Proof: i-From (2.12) and (2.13) in Theorem (2.2) we have (2.19) and (2.20). 

ii- Let 𝑇𝑘 = 𝑆. By Theorem (1.9), 𝑇𝑘 has a unique fixed point 𝑢∗. Hence,  𝑇𝑘+1𝑢∗ = 𝑇(𝑇𝑘𝑢∗) = 

𝑇(𝑢∗). So 𝑇(𝑢∗) is also fixed point of 𝑇𝑘. Since the fixed point of 𝑇𝑘 is unique, it must be the case 
that 𝑇𝑢∗ = 𝑢∗. 

  Now, we give a generalization of Theorems (2.4)-(2.5) by generalizing (2.1) and (2.10). 

Theorem(2.8): Let (A,‖. , … , . ‖) be a 𝑛-Banach space and  T : H→H be a mapping (we call it 
𝑛 −Zamfirescu mappings) for which there exist the real numbers 𝛼, 𝛽 and 𝛾 satisfying 0 ≤ 𝛼 <
1, 0 ≤ 𝛽 < 0.5, ∋ 𝑢, 𝑣 ∈ H, at least one of the  

following is true : 

𝑧1) ‖𝑤1 , … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖ ≤ 𝛼‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑣‖ 

𝑧2) ‖𝑤1 , … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖ ≤ 𝛽[‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑇𝑢‖ + ‖𝑤1 , … , 𝑤𝑛−1, 𝑣 − 𝑇𝑣‖] 

𝑧3) ‖𝑤1 , … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖ ≤ 𝛾[‖𝑤1, … , 𝑤𝑛−1, 𝑢 − 𝑇𝑣‖ + ‖𝑤1 , … , 𝑤𝑛−1, 𝑣 − 𝑇𝑢‖]. 

Then T is a Picard operator. 

Proof: We first fix 𝑢, 𝑣 ∈ H. At least one of (𝑧1), (𝑧2) or (𝑧3) is true. If (𝑧2) holds, then we have  

‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖ ≤ 𝛽[‖𝑤1 , … , 𝑤𝑛−1 , 𝑢 − 𝑇𝑢‖ + ‖𝑤1 , … , 𝑤𝑛−1, 𝑣 − 𝑇𝑣‖]  
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                                              ≤ 𝛽{‖𝑤1, … , 𝑤𝑛−1, 𝑢 − 𝑇𝑢‖ + [‖𝑤1 , … , 𝑤𝑛−1, 𝑣 − 𝑢‖ 

                                             + ‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑇𝑢‖ + ‖𝑤1 , … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖]}.  

So  

(1 − 𝛽)‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖ ≤ 2𝛽‖𝑤1, … , 𝑤𝑛−1, 𝑢 − 𝑇𝑢‖ + 𝛽‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑣‖,  

Which yields 

‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖ ≤
2𝛽

1−𝛽
‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑇𝑢‖ +

𝛽

1−𝛽
‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑣‖.                (2.21) 

If (iii) holds, then similarly we get  

 ‖𝑤1 , … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖ ≤
2𝛾

1−𝛾
‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑇𝑢‖ +

𝛾

1−𝛾
‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑣‖                 (2.22) 

Therefore denoting: 

𝛿 = max {∝,
𝛽

1−𝛽
,

𝛾

1−𝛾
}  we have  0 ≤ 𝛿 < 1  and then, ∀ 𝑤1, … , 𝑤𝑛−1, 𝑢, 𝑣 ∈ H 

The following inequality 

‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖ ≤ 2𝛿‖𝑤1, … , 𝑤𝑛−1, 𝑢 − 𝑇𝑢‖ + 𝛿‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑣‖                       (2.23) 

holds. In a similar manner we obtain 

‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖ ≤ 2𝛿‖𝑤1, … , 𝑤𝑛−1, 𝑢 − 𝑇𝑣‖ + 𝛿‖𝑤1, … , 𝑤𝑛−1, 𝑢 − 𝑣‖                       (2.24) 

valid  ∀ 𝑤1 , … , 𝑤𝑛−1 , 𝑢, 𝑣 ∈ H. 

From (2.23) it follows that card 𝐹𝑇 ≤ 1  we will show that  T  has a unique fixed point. 

Let  𝑢° ∈ A  be arbitrary and  {𝑢𝑛}𝑛=0
∞ ,  𝑢𝑛 = 𝑇𝑢°

𝑛 , 𝑛 = 0,1,2, … 

be the Picard iteration associated to  T   if  𝑢 = 𝑢𝑛 , 𝑣 = 𝑢𝑛−1  are two successive approximations, 

then by (2.24) we have: ‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛+1 − 𝑢𝑛‖ ≤ 𝛿‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑛−1‖  

From this we deduce that {𝑢𝑛}𝑛=0
∞   is a Cauchy sequence, and hence a convergent sequence. Let  

𝑢∗ ∈ H be it is limit we have :  lim
𝑛→∞

‖𝑤1 , … , 𝑤𝑛−1 , 𝑢𝑛+1 − 𝑢𝑛‖ = 0. 

By condition (𝑁4) and (2.23) we get : 

‖𝑤1, … , 𝑤𝑛−1, 𝑢∗ − 𝑇𝑢∗‖ ≤ ‖𝑤1 , … , 𝑤𝑛−1, 𝑢∗ − 𝑢𝑛+1‖ + ‖𝑤1 , … , 𝑤𝑛−1, 𝑇𝑢𝑛 − 𝑇𝑢∗‖  

≤ ‖𝑤1 , … , 𝑤𝑛−1, 𝑢∗ − 𝑢𝑛+1‖ + 𝛿‖𝑤1 , … , 𝑤𝑛−1, 𝑢∗ − 𝑢𝑛‖ + 2𝛿‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛 − 𝑇𝑢𝑛‖, 

which by letting  𝑛 → ∞  yields  

‖𝑤1, … , 𝑤𝑛−1, 𝑢∗ − 𝑇𝑢∗‖ = 0 ⇔ 𝑢∗ = 𝑇𝑢∗ , since  
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‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑇𝑢𝑛‖ = ‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑛+1‖ → 0  

And, therefore  𝐹𝑇 = {𝑢∗} and  𝑢𝑛 → 𝑢∗, (𝑛 → ∞) for each  𝑢° ∈ H. 

Definition(2.9): Let (A,‖. , … , . ‖) be a 𝑛-normed space. A mapping  T: H→H  is called n-weak  

contraction if there exists a constant 𝛼 ∈ (0,1) and some 𝑘 ≥ 0 ∋ 

‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖ ≤ 𝛼‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑣‖ + 𝑘‖𝑤1 , … , 𝑤𝑛−1, 𝑣 − 𝑇𝑢‖,                         (2.25) 

∀ 𝑢, 𝑣 ∈ A.                                                            

Remark(2.10): Due to the symmetry of the distance, the 𝑛-weak contractive condition (2.25) 

implicitly includes the following dual one  

‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖ ≤ 𝜕‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑣‖ + 𝐽‖𝑤1, … , 𝑤𝑛−1, 𝑢 − 𝑇𝑣‖                           (2.26)   

∀ 𝑢, 𝑣 ∈ A,   𝜕 ∈ (0,1)and  𝐽 ≥ 0. 

Proposition(2.11): Any mapping satisfy condition (2.1), is a 𝑛-weak contraction. 

Proof: By condition (2.1) and condition (𝑁4), we get  

‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖ ≤ ℎ[‖𝑤1, … , 𝑤𝑛−1, 𝑢 − 𝑇𝑢‖ + ‖𝑤1 , … , 𝑤𝑛−1, 𝑣 − 𝑇𝑣‖] ≤  

ℎ{[‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑣‖ + ‖𝑤1 , … , 𝑤𝑛−1, 𝑣 − 𝑇𝑢‖] +  

[‖𝑤1 , … , 𝑤𝑛−1, 𝑣 − 𝑇𝑢‖ + ‖𝑤1 , … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖]}  

which yields: 

(1 − ℎ)‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖ ≤ ℎ‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑣‖ + 2ℎ‖𝑤1 , … , 𝑤𝑛−1, 𝑣 − 𝑇𝑢‖.     

And which implies : 

‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖ ≤
ℎ

1−ℎ
‖𝑤1, … , 𝑤𝑛−1, 𝑢 − 𝑣‖ +

2ℎ

1−ℎ
‖𝑤1 , … , 𝑤𝑛−1, 𝑣 − 𝑇𝑢‖,  

∀ 𝑢, 𝑣 ∈ A, and hence, if  0 < ℎ <
1

2
 ,  (1) holds with 𝛼 =

ℎ

1−ℎ
 and 𝑘 =

2ℎ

1−ℎ
 . 

Proposition(2.12): Any mapping  T  satisfying the contractive condition (2.10) is a 𝑛-weak 

contraction. 

Proof: Using  ‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑇𝑣‖ ≤ ‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑣‖ + ‖𝑤1 , … , 𝑤𝑛−1, 𝑣 − 𝑇𝑢‖ +
‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖  

we get ‖𝑤1 , … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖ ≤
ℎ

1−ℎ
‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑣‖ +

2ℎ

1−ℎ
‖𝑤1 , … , 𝑤𝑛−1, 𝑣 − 𝑇𝑢‖,  

which is (2.25), with 𝛼 =
ℎ

1−ℎ
< 1  (since 𝑘 <

1

2
)  and 𝑘 =

2ℎ

1−ℎ
≥ 0.  

3.  𝒏 −Zamfirescu mappings 
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An immediate consequence of Propositions (2.11) and (2.12) is the following.  

Theorem(3.1): Let (A,‖. , … , . ‖) be a 𝑛-Banach space and T: H→H be a 𝑛-weak contraction, i.e., a 
mapping satisfying (2.25) with 𝛼 ∈ (0,1) and some 𝑘 ≥ 0.  Then  

1)Fix(T) = {𝑢 ∈ A: 𝑇𝑢 = 𝑢} ≠ 0. 

2)For  any 𝑢0 ∈ A the Picard  iteration {𝑢𝑛}𝑛=0
∞   converges  to  some 𝑢∗ ∈ Fix(T). 

3)The following estimates ‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢∗‖ ≤
𝛼𝑛

1−𝛼
‖𝑤1 , … , 𝑤𝑛−1, 𝑢0 − 𝑢1‖, 𝑛 = 0,1,2,. (3.1) 

‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢∗‖ ≤
𝛼

1−𝛼
‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛−1 − 𝑢𝑛‖,   𝑛 = 0,1,2, …                                          (3.2) 

hold, where 𝛼 is the constant appearing in (2.25) 

Proof: We shall prove that  T  has at least one fixed point in H. To this, let 𝑢0 ∈ H be arbitrary and 
let {𝑢𝑛}𝑛=0

∞  be the Picard iteration defined by (2). 

Take 𝑢 = 𝑢𝑛−1, 𝑣 = 𝑢𝑛  in (2.25) to obtain  

‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑢𝑛−1 − 𝑇𝑢𝑛‖ ≤ 𝛼‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛−1 − 𝑢𝑛‖, which  shows  that 

‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑛+1‖ ≤ 𝛼‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛−1 − 𝑢𝑛‖,                                                                    (3.3) 

Using (3.3), we obtain by  induction  

‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑛+1‖ ≤ 𝛼𝑛‖𝑤1 , … , 𝑤𝑛−1, 𝑢0 − 𝑢1‖, 𝑛 = 0,1,2, …  

And then  

‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑛+𝑝‖ ≤ 𝛼𝑛(1 + 𝛼 + 𝛼2 + ⋯ + 𝛼𝑝−1)‖𝑤1 , … , 𝑤𝑛−1, 𝑢0 − 𝑢1‖ =  

𝛼𝑛

1−𝛼
(1 − 𝛼𝑝)‖𝑤1 , … , 𝑤𝑛−1, 𝑢0 − 𝑢1‖, 𝑛, 𝑝 ∈ 𝑁, 𝑝 ≠ 0.                                                                            (3.4) 

Since, 0 < 𝛼 < 1, (3.4) shows  that  {𝑢𝑛}𝑛=0
∞   is 𝑛-Cauchy sequence and hence is 

convergent. Denote  𝑢∗ = lim
𝑛→∞

𝑢𝑛                                                                                                         (3.5)    

then  ‖𝑤1 , … , 𝑤𝑛−1 , 𝑢∗ − 𝑇𝑢∗‖ ≤ ‖𝑤1 , … , 𝑤𝑛−1, 𝑢∗ − 𝑢𝑛+1‖ + ‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛+1 − 𝑇𝑢∗‖ 

      = ‖𝑤1 , … , 𝑤𝑛−1 , 𝑢𝑛+1 − 𝑢∗‖ + ‖𝑤1 , … , 𝑤𝑛−1, 𝑇𝑢𝑛 − 𝑇𝑢∗‖.  

By (2.25) we have  

‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑢𝑛 − 𝑇𝑢∗‖ ≤ 𝛼‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢∗‖ + 𝑘‖𝑤1 , … , 𝑤𝑛−1, 𝑢∗ − 𝑇𝑢𝑛‖  

And hence ‖𝑤1 , … , 𝑤𝑛−1, 𝑢∗ − 𝑇𝑢∗‖ ≤ (1 + 𝑘)‖𝑤1 , … , 𝑤𝑛−1, 𝑢∗ − 𝑢𝑛+1‖ + 

                  𝛼‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢∗‖, ∀ 𝑛 ≥ 0                                                                                          (3.6) 
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Letting  𝑛 → ∞  in (3.6) we obtain ‖𝑤1 , … , 𝑤𝑛−1, 𝑢∗ − 𝑇𝑢∗‖ = 0  i.e.,𝑢∗ is a fixed point of  T. The 
estimate (3.1) can be obtained from (3.4) by letting 𝑝 → ∞. To obtain (3.2), observe that by (3.3) 

we inductively obtain  

‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛+ℎ − 𝑢𝑛+ℎ+1‖ ≤ 𝛼ℎ+1‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛−1 − 𝑢𝑛‖, ℎ, 𝑛 ∈ 𝑁  

 Similarly to deriving (3.4) we obtain  

‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑛+𝑝‖ ≤
𝛼(1−𝛼𝑝)

1−𝛼
‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛−1 − 𝑢𝑛‖, 𝑛 ≥ 1, 𝑝 ∈  𝑁∗                           (3.7) 

Now letting  𝑝 → ∞  in (3.7),(3.2) follows. 

Corollary(3.2): Any mapping satisfying the assumptions (𝑧1)-(𝑧3) in theorem (2.8), is a 𝑛-weak 

contraction. 

Theorem(3.3): Let (A,‖. , … , . ‖) be a 𝑛-Banach space and  T: H→H  a weak contraction for which 
there exists  𝜇 ∈ (0,1) and some  𝑘1 ≥ 0 ∋ 

‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖ ≤ 𝜇‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑣‖ + 𝑘1‖𝑤1, … , 𝑤𝑛−1, 𝑢 − 𝑇𝑢‖, ∀ 𝑢, 𝑣 ∈ H.        (3.8)       

Then : 

1)T  has a unique fixed point, i.e., 𝐹𝑇 = {𝑢∗} 

2)The Picard iteration {𝑢𝑛}𝑛=0  
∞ given by (2) converges to 𝑢∗, for any  𝑢0 ∈ A. 

3)The a priori and a posteriori error estimates. 

‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢∗‖ ≤
𝛼𝑛

1−𝛼
‖𝑤1 , … , 𝑤𝑛−1, 𝑢0 − 𝑢1‖, 𝑛 = 0,1,2, …  

‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢∗‖ ≤
𝛼

1−𝛼
‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛−1 − 𝑢𝑛‖, 𝑛 = 1,2, …   . hold, 

4)The rate of convergence of the Picard iteration is given by  

‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢∗‖ ≤ 𝜇‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛−1 − 𝑢∗‖, 𝑛 = 1,2, …                                                       (3.9) 

Proof: Assume  T  has two distinct fixed point 𝑢∗, 𝑣∗ ∈ A. Then by (3.8) with 𝑢 = 𝑢∗, 𝑣 = 𝑣∗, we   

get :‖𝑤1 , … , 𝑤𝑛−1, 𝑢∗ − 𝑣∗‖ ≤ 𝜇‖𝑤1 , … , 𝑤𝑛−1, 𝑢∗ − 𝑣∗‖ ⇔ (1 − 𝜇)‖𝑤1 , … , 𝑤𝑛−1 , 𝑢∗ − 𝑣∗‖ ≤ 0 

So contradicting  ‖𝑤1 , … , 𝑤𝑛−1, 𝑢∗ − 𝑣∗‖ > 0 

Letting 𝑢 = 𝑢∗, 𝑣 = 𝑢𝑛 in (3.8), we obtain the estimate (3.9). The rest of the proof follows by 

Theorem (3.1). 

Definition(3.4): [1]. Let  𝜎 ∶ 𝑅+ → 𝑅+ be a function, 𝜎 is called a comparison function if  the 

following satisfies 

i𝜎)𝜎  is monotone increasing, i.e., 𝑡1 ≤ 𝑡2  implies 𝜎(𝑡1) ≤ 𝜎(𝑡2) 

ii𝜎) {𝜎𝑛(t)} converges to 0, ∀ 𝑡 ≥ 0. 
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Definition(3.5):[1]. Let  𝜎 ∶ 𝑅+ → 𝑅+ be a function, 𝜎 is called a (𝑐) comparison function if  the 

following satisfies 

i𝜎) 𝜎 is monotone increasing, i.e., 𝑡1 ≤ 𝑡2  implies 𝜎(𝑡1) ≤ 𝜎(𝑡2) 

ii𝜎) ∑ 𝜎𝑛(𝑡)∞
𝑛=0  converges ∀ 𝑡 > 0 

Lemma(3.6): [1]. 

1.  If   𝜎  is a comparison function then 𝜎(𝑡) < 𝑡, ∀ 𝑡 > 0. 

2. Any (𝑐)-comparison function is a comparison function. 

3. If  is a (𝑐)-comparison function, then the function 𝜇: 𝑅+ → 𝑅+, 𝜇(𝑡) = ∑ 𝜎ℎ(𝑡)∞
ℎ=0 , 𝑡 ∈ 𝑅+ 

is monotone increasing 𝜇(0) = 0. 

Example(3.7): [13]. 

i. 𝜎(𝑡) =
1

2
𝑡, if 0 ≤ 𝑡 ≤ 1 and 𝜎(𝑡) = 𝑡 −

1

2
, if 𝑡 > 1 is a comparison function 

ii. 𝜎(𝑡) = 𝑎𝑡, 𝑡 ∈ 𝑅+, 𝑎 ∈ [0,1)  then 𝜎 is (𝑐)-comparison function. 

Definition(3.8): Let (A,‖. , … , . ‖) be a 𝑛-Banach space. A self mapping T: A → A is said to be a 𝑛-
weak 𝜎-contraction or 𝑛- (𝛼,𝑘)-weak contraction, if there exist a comparison function 𝜎 and 
some 𝑘 ≥ 0, ∋ 

‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖ ≤ 𝜎‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑣‖ + 𝑘‖𝑤1 , … , 𝑤𝑛−1, 𝑣 − 𝑇𝑢‖, ∀ 𝑢, 𝑣 ∈ A.         (3.10) 

Remark(3.9): 

i.  Any weak contraction is a 𝑛-weak 𝜎-contraction, with  𝜎(𝑡) = 𝛼𝑡, 𝑡 ∈ 𝑅+ , 0 < 𝛼 < 1 but 

the converse is not necessary true. 

ii. All  𝑛 −contractions are weak  𝜎-contractions if  𝑘 = 0   in (2.25). 

iii. In the case of 𝑛-weak contractions, the fact that 𝑇 satisfies (3.10) ∀ 𝑢, 𝑣 ∈ A, does imply 

that the following dual inequality 

‖𝑤1, … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖ ≤ 𝜎‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑣‖ + 𝑘‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑇𝑣‖,                            (3.11) 

obtained from (3.10) by formally replacing ‖𝑤1 , … , 𝑤𝑛−1, 𝑇𝑢 − 𝑇𝑣‖  and 

‖𝑤1, … , 𝑤𝑛−1, 𝑢 − 𝑣‖  by  ‖𝑤1 , … , 𝑤𝑛−1, 𝑇𝑣 − 𝑇𝑢‖  and  ‖𝑤1 , … , 𝑤𝑛−1, 𝑣 − 𝑢‖, respectively, and 
then interchanging 𝑢 and 𝑣, is also satisfied. So, to prove that a mapping T  is a 𝑛 −weak  𝜎-

contraction, we check the both (3.10) and (3.11). 

      Now, extend Theorem (3.1) and Theorem (3.3) to 𝑛 −weak 𝜎-contraction.  

Theorem(3.10): Let (A,‖. , … , . ‖) be  a 𝑛-Banach space and  T: A →A  be a weak 𝜎-contraction 
with 𝜎 a (m)-comparison function. Then: 
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i)𝐹(𝑇) = {𝑢 ∈  A:𝑇𝑢 = 𝑢} ≠ ∅ 

ii)For any  𝑢0 ∈ A the Picard iteration {𝑢𝑛}𝑛=0
∞  defined by  𝑢0 ∈ A and 𝑢𝑛+1 = 𝑇𝑢𝑛 ,   𝑛 = 0,1,2, … 

converges to a fixed point  𝑢∗  of  T. 

iii)The following estimate ‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢∗‖ ≤ 𝜇(‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢𝑛+1‖), 𝑛 = 0,1,2, …  

holds, where 𝜇(𝑡) in Definition (3.4) 

Theorem(3.11): Let A  and  T be as in Theorem (3.8). Suppose  T  also satisfies the following 
condition, there exists a comparison function  𝜎and some 

𝑘1 ≥ 0 ∋ ‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢∗‖ ≤ 𝜎(‖𝑤1 , … , 𝑤𝑛−1, 𝑢 − 𝑣‖) + 𝑘1‖𝑤1, … , 𝑤𝑛−1, 𝑢 − 𝑇𝑢‖,  

holds,  ∀ 𝑢, 𝑣 ∈ A.  Then  

i)T  has a unique fixed point, i.e., 𝐹(𝑇) = {𝑢∗}. 

ii)The estimate (Theorem (3.3)-3) holds 

iii)The rate of convergence of the Picard iteration is given by : 

‖𝑤1, … , 𝑤𝑛−1, 𝑢𝑛 − 𝑢∗‖ ≤ 𝜎(‖𝑤1 , … , 𝑤𝑛−1, 𝑢𝑛−1 − 𝑢∗‖), 𝑛 = 1,2, …. 

The proofs of Theorem (3.8) and (3.9) are essentially similar to those of Theorem (3.1) and(3.3). 
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