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ABSTRACT
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n — Banach spaces..
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1. Introduction

The term metric fixed point theory refers to those fixed point theoretic results in which

geometric conditions on the underlying spaces and (or) mappings play a crucial role.'

The basic idea of the metric fixed point principle firstly appeared in explicit form in

Banach’s thesis in 1922, where it was used to establish the existence of the solution to

an integral equation"[18]. This principle (Banach’s contraction mapping principle) is

remarkable in its simplicity contraction it is perhaps the most widely applied fixed

point theorem in all of the analysis. "This is because the contraction condition on the

mappings is simple and

easy to test, it requires only complete metric space for its
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setting, it provides a contraction algorithm (iterative method), it finds almost canonical
applications in the theory of differential and integral equations especially existence
and uniqueness solution" [9]. Later, the researchers presented several studies that
included different generalizations of the Banach principle in various spaces such as [1,
2,3,4,5,6,7,8,10, 11, 12,13, 14, 15, 16, 17]. This paper deals with three independent
principles for existence a unique fixed point, namely: Let (A, p) mapping on A. For all

u,vinA
i Banach'’s principle, 74,0 < A< 1 such that p(Tu, Tv) <Apu, v).

ii. Kanann’s  principle, 7 g 0< p <1/2 such that p(TuTv) < p
[pw,Tw)+p,Tv)].

iii. Chatterge’s principle, 7a, 0 < a < 1/2 such that p(Tu,Tv)< a [p(u,Tv)+ p(
u,Tv)/.

The conditions in (i), (ii) and (iii) are independent that is if the mapping T satisfies
(i) will be continuous but, if it satisfies (ii) or (iii) may be discontinuous. The following

examples illustrate these facts [11]:

T satisfies (i) is continuous: Let T:[0,1] —[0,1] , Tu=u/3 but does not satisfy (ii) when
u=0and y=1/3.

T satisfies (ii) and T is discontinuous: Let T: [0, 1] — [0,1] such that Tu=u /4 if u €[0,
1/2) and Tu=u/5ifue[1/2 1].

T satisfies (ii) but does not satisfy (iii): Let T:R—R, Tu=-u/2 take u=2,v=-2.

T satisfies (iii) but does not satisfy (ii): Let T:[0,1] —[0,1], Tu =u/2 if ue/0,1) and
Tu=0ifu=1takeu=1/2 v=0.

Throughout this paper, we prove the above principles in 7-normed spaces.

Definition(1.1): [7]. Let A be a real linear space with dimA =n ,n€ N and ||, ...,.|:

A™ - [0, ) be a function. Then (A,|l., ..., .|| ) is called a linear n-normed space, if

forall wy,...,w, € A,and x € R.
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(ND) llwy, ..., wyll =0 & wy,...,w, are linearly dependent.

(N2) [lwy, ..., wy || is invariant under permutation.

(N3) llwy, o, Wo—q, X Wy |l = || [lwy, oo, Wy, wyll, VX E R

(Na) |lwy, o, wp_q,u + vl < llwy, oo, wp_q, ull + llwy, oo, wyg, vIl,Vu, v €R.
A usual example of an n —normed space is the following

Example(1.2): [6]. As an example of an n-normed space, we may take A= R™, equipped

with the Euclidean n-norm

Wip 0t Wip

lwy, wy, .., wyllg = |det(wl-j)| = abs(
Wni ° Wnp

where w; = (W;q, ...,w;,) € R™ foreach i = 1,2,...,n.

llwy, wy, ..., w, || = the volume of the n-dimensional parallelepiped spanned by the
vectors wj, Wy, ...,w,, in A. In special case n =1, (If A =R, R is the set of real

numbers) ||w||p=the absolute value of w, |w|.
Remark (1.3): [8]. In an n-normed space (All., ..., ||), we have
1-|lwy, ..., wyll =0,
2-wy, oo, Wy, Wy ll = llwy, oo, Wy, Wy, + aywy + - + awy |,V wy, ..., w,, € A and
ai, -,y €ER.

Definition(1.4): [6]. A sequence {u,} in a n-normed space (A|l., ...,.||) is said to be a

Cauchy sequenceif lim |lwy,..,w,_;,u, —uy,l|l=0,Vv € A.
n,m—oo

Definition(1.5): [6]. A sequence {u,} in a n-normed space (A,|l.,...,.||) is said to be

convergent if there isa point u in A suchthat lim |lwy,..,w,_q,u, —u|[=0, Vv €
n—-oo

A if {u,} convergesto u wewrite u, > u as n — oo, forevery wy,...,w,_; in A.
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Definition(1.6): [8]. A n-normed space is said to be complete if every Cauchy sequence
is convergent to an element of A. A complete n-normed space A is called n-Banach

space.
We give some topological concepts in n-normed space.

Definition(1.7): [6]. Let (A, ||, ...,.|]) be a linear n-normed space, G be a subset of A
then the closure of G is G = { u € A; there is a sequence u, of G: u, - u}. We say G

is sequentially closed if G =G.

Theorem(1.8): [15]. Let (Al.,...,.])) be a linear n-normed space, B be a nonempty
subset of A and u € B, then B is said to be u-bounded if there exist some M > 0,
lwy, .., w,_q.ull < M, Vu € B. If for all u €B, B is u-bounded then B is called a

bounded set.

Definition(1.9): [15] and [10]. Let (A, ...,.||) be a linear n-normed space. Then the

mapping T: A = A is said to be a n —contraction if there exists h € [0,1),
lwy, oo, Wy, Tu — T|| < h|lwy, .., wp_,u—v||, YWy, .., wy_q,u,v € A

a n —nonexpansive mapping with respect to C, if |lwy, .., w,_,Tu—Tv| <

||W1, sany Wn—l' u— 17”, V Wl’ eny Wn_l, u,v E A.

The following lemma used by Sukaesih and at et. [15] to show when a vector is zero,

which is essential in proving theorems.

Lemma(1.10): [15]. Let [ € A. If ||, w;y, ..., wi, |l = 0 for every {i,, ..., i} € {1,2,...,n}
then!l = 0.

In the following, we recall the fixed point theorem for a contractive mappings on a

closed and bounded subset concerning? = {wy, ..., w, }.

Theorem(1.11): [15]. Let (Al., ...,.|]) be a n-Banach space and B c A be a nonempty
closed and bounded with respect to W. If T : B - B is contraction mapping with

respect to W, then T has a unique fixed pointin B.
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2.n —Zamfirescu mappings
In this section, we give Kannan fixed point theorem and Chatterjea fixed point theorem

arising from n —normed spaces.
Definition(2.1): Let (Al., ..., . |]) be a n-normed space. A mapping T : A —»A is called Picard

mapping if 3u* € A3 F; = {u*}and T™"(uy) — u*,V uy € A.

Definition(2.2): Let (A, ..., . ||]) be a n-normed space. Then the mapping T : A —A is said to be a
n-contractive we get ||wy, ..., w,,_1, Tu — Tv|| < [lwy, ..., wp_,u —v|[,Vu,v € A
Definition(2.3): Let (A,l., ..., . ||]) be a n-normed space. Then the mapping T : A —A is said to be a
n-quasi nonexpansive where p is fixed point of T, we have

lws, oo, Wn_q, Tu = Tpll < |lwy, oo, Wy, u = pll.

Theorem(2.4): Let (Al., ...,.||) be a n-Banach space and H be a nonempty closed and bounded
subset of A, if T: H —» H satisfying:

||W1, ey WTl—l' Tu - TU” S o8 [ ”Wl’ T ,Wn_l,u - Tu” + ”Wl' e ,Wn_l,v - TU”] (2.1)
where « € [0,0) then T is Picard operator

Proof: Let u, €A and {u,};-; be a sequence in H defined by Picard iteration Scheme i.e.
u, = Tu,_4, we have :

||W1, ey Wn—l' un - un+1” = ”Wl’ . ’W‘I’l—l' T’un_1 - Tun” S

o8 ||W1, ey Wn—l' un_l - un” + ||W1, e ,Wn_l, un - un+1” (2.2)
<

||W1, ey Wn—l' un - un+1” S a ||W1, ""WTl—l’ un_l - un” (2.3)

Note, that o €[0,%),then h=—" € [0,1)

Thus, T is a contraction mapping, also, from (2.3) we have :

[«

n
lWq, cooy Wo—q, Uy — Upyq Il < (1_—“) Wy, oo, Wo—q, U — uq|l.

Now, we show that {u,};-, isa Cauchy sequence.

Let m,n > 0 with m > n, Taking m =n+p

lWy, oo, Wp—q, Uy, — Ul = ||W1, ey Wy, Uy — un+p|| <

Wy, oo, Wy, Uy — Ul + Wy, e, Wiog, Uy — Ul + it

||W1: o Wno1, Unyp-1 — un+p”' (2.4)
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From (2.4) we have :

lwi, o Wy_g, Uy — Ul < A" [lwy, oo, Wi, up —uy || +

R |lwy, o, wyg, g — ug | + ot RPTP7L lwy, W g, 0 — ug (2.5)
Letting p,n » o in (2.5) we have:

lim ||wy, ..., Wy _q, Uy, — Uy || = lim ||W1, ey W1, Uy — un+p|| < 0. (2.6)
n—-oo n—-oco

Thus, {u,},~; isa Cauchy sequence in H.

Hence, there exists v € H such that lim u, = v (2.7)

n—-oo

Now, we show that v € H is a fixed point of T. Using condition (iv) in Definition (1.1)

Wy, o, Wy, TV — 2|l < Wy, o, wy— 1, TV —uy || + [lwy, oo, wyo g, uy — vl (2.8)
Letting n — oo in (2.8) we have

lwy, oo, Wy, T — 2|l < |lwy, o, Wy, T — V|| + |y, oo., wp_q, v — V||

lim|lwy, ..., wy_1,Tv —v|| = 0.
n-0

Therefore, v = Tv and implies that v is a fixed point of T.
Now, assume that v is another fixed point of T.Thus, we have Tv = ¥ and
lwy, o, Wy_q, v = 0|l = |lwy, .., wyy, Ty — TD]|
< & [llwy, v, Wy, v =TVl + |lwy, o, Wy, 9 =TP|| =0 (2.9)

The inequality (2.9) implies that v = v. Hence, we obtain that the fixed point is unique,

This completes the proof.

Theorem(2.5): Let (A, ...,.||) be a n-Banach space, H be a nonempty n-closed and n-bounded
subset of A.If T: H — H satisfying:

lwy, oo, Wo—q, Tu — TV|| < B[ Wy, e, Wy, u — TV|| + llwy, o, Wy_q, v — Tull] (2.10)
where f € [0, ; ) then T is Picard operator.
Proof: Let u, € Aand {u,},-; beasequenceinA definedas u, =Tu,_, =T, ,n=12,...
We have |lwy,...,Wy_1, Up — Upsrll = lWq, oo, wyg, Tup—q — Ty, |l

< Blllwy, oo, Wyq, Up—q — Tuyll + llwg, oo, Wyq, Uy — Tup_41[]

=B [lIwyg, oo, Wo— 1, U1 — upll + llwy, oo, wy—q, Uy, — Upgall] (2.11)

From (2.11) we obtain that
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B
||W1, ey WTl—l' un - un+1” S E ||W1, e ,Wn_l, un_l - un” (2.12)

Note that § € [0,2),then h= % € [0,1). Also, from (2.12) we have

lwy, oo, Wpq, Uy, — Uppr Il < Ry, oo, Wi q, wo — uq |l (2.13)
Using condition (N,) of n-norm, we have

(Wi, cooy Wo—q, Uy — Ul < llWg, oo, Wio g, U — U Il + W, e, Wi, U — Uil + -+ +
W1, ooy W1, Uz — Up—q Il < R Wy, oo, Wi, ug —uqll [T+ R+ R™ + -] (2.14)
Letting m, n = oo in (2.14) we have

lim ||lwy, .., Wy, Uy —upll =0 (2.15)
m,n—oo

Thus, we obtain that {u,};-, isa Cauchy sequence in H, hence there exists u* € H such that
(up) 2> u* as n - oo,

Now, we will show that u* € H is a fixed point of T.

lwy, oo, Wp—q, u* — Tu*|| < llwy, e, Wy, " — upll + llwy, e, Wy, uy, — Tu¥|| <

Wy, oo, W, w0 = ugll 4wy, o, Wiy, upy = up g 4 llwy, e, Wiy, u g — Tl

< lwy, e, Wy, " —uyll + R™Mlwy, oo, Wi, o — ugll + llwy, oo, wy g, Tuy,, — Tu||

< wy, e, W, u = up [l + R lwy, o w0 — |l +

Blllwa, o, wn_g, upy = Tu*l + llwy, oo, wyg, u™ — Tugl] (2.16)

Letting n = oo in (2.16) we obtain that

lwy, oo, Wp_q, u* — Tu*|| < 2B|lwy, ..., Wy, u* — Tu*|| (2.17)

Inequality (2.17) is a contradiction unless ||wy, ..., w,_;,u* — Tu*|| = 0. This implies that u* =
Tu* and we obtain that u* € H is a fixed point of T. To complete the proof, we show that the
fixed point is unique. Assume that 2 € H is another fixed point of T. Hence, we have Tu =u
and ||lwy, .., w,_, u* —ul| = |lwy, ..., wy_q, Tu* — T1||

< Blllwy, o, Wy, u* =T + |[wy, ., wy_q, t — Tu*||

S Zﬁ”Wl, ...,Wn_l,u* - Tll” (2.18)
The inequality (2.18) is a contradiction with B € [0,%) unless ||lwy, ..., wy_q, u* — 1|l = 0.

Thus, u* = 1. This completes the proof.
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To confirm the independence of condition (2.1) from n-contraction and n-nonexpansive, we
give the following example:

Example(2.6): In the case n = 1 we recall a simple example, let A=R and T: H-H, T(u) = 0, if
U € (—0,2] and Tu = —%,if u > 2.then:

i)T is not continuous (in the sense of usual metric)

ii)T achieves (withx= g) and hence, by Theorem (2.4), T is a Picard operator.

TR : . 9
iii)T is not 1-nonexpansive (to show this, take u = 2,and v = Z)'

Corollary(2.7): i-Let the assumptions in Theorem (2.5) be satisfied. Then the error estimates of

the Picard iteration are given by
an

lwy, oo, Wp_q, Uy, — U < E”WL e Wn_1, U — W, n=10,1,2,... (2.19)
a

lwy, oo, Wp_q, Uy — U < Ellwl, vy Wh_1,Up —Up_qll, n=0,1,2,... (2.20)

X
where a = T

ii-If T any mapping on A and there exists k € N 3 T¥ is a Picard operator, then F; = {u*}.
Proof: i-From (2.12) and (2.13) in Theorem (2.2) we have (2.19) and (2.20).

ii- Let T® = S. By Theorem (1.9), T* has a unique fixed point u*. Hence, T**lu* = T(T*ku*) =
T(u*). So T(u*) is also fixed point of T*. Since the fixed point of T¥ is unique, it must be the case
that Tu* = u”.

Now, we give a generalization of Theorems (2.4)-(2.5) by generalizing (2.1) and (2.10).

Theorem(2.8): Let (Al ...,.|]) be a n-Banach space and T : H>H be a mapping (we call it
n —Zamfirescu mappings) for which there exist the real numbers «, f and y satisfying 0 < a <
1,0 < B <0.53 u,v € H, atleast one of the

following is true :

z) lwq, o, Wp_q, Tu — TV|| < allwy, ..., wy_1, u — v||

zy) [lwy, o, wy_q, Tu — T|| < Blllwy, oo, Wy_g, u — Tull + llwy, ..., wy_q, v — Tv[]

z3) [lwy, o, wp_q, Tu — TY|| < ylllwy, oo, Wy_g, u — TV|| + |lwy, .., wy_q, v — Tull].

Then T is a Picard operator.

Proof: We first fix u, v € H. Atleast one of (z;), (z;) or (z3) is true. If (z;) holds, then we have

||W1, ey Wn—l' Tu - TU” S ﬁ[”Wl, ...,Wn_l,u - Tu” + ”Wl’ ey Wn_l,v - TU”]
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< B{llwy, .., wp_q, u — Tull + [llwq, ..., wp_q, v — ull
+ [lwy, o, W, u = Tull + llwy, ..., wy—q, Tu — Tv||]}.
So

(1 =Pllwy, oo, Wy, Tu = Tv|| < 2B|lwy, ..., wp_q, u — Tull + Bllwy, .., wp_q, u — v,

Which yields
[|w w Tu — Tv|| <£”W w u— Tull +i”W w u—vl| (2.21)
1) > Wn—1» = 1—B 1y 2 Wn—-1» 1—ﬁ 1r 2 Wn—-1» . .
If (iii) holds, then similarly we get
2
||Wll ;Wn—l' Tu - TU” S :yy ||W1, ey Wn—l:u - Tu” + 1L__y ”Wl) ;Wn—lru - v” (222)

Therefore denoting:

_ B v
d= max{oc,l_ﬁ,l_y

} wehave 0 <6 <1 andthen, Vwy,..,w,_4,u,v €H

The following inequality

lwy, .., Wwp—q, Tu — Tv|| < 28[lwy, oo, wy—q, u — Tull + Sllwy, ., wy_q, u — v|| (2.23)
holds. In a similar manner we obtain

lwy, o, Wy, Tu — TV|| < 26||lwy, oo, wy_q, u — TV|| + Sllwy, ..., wy_q, u — V| (2.24)
valid Vwy, ...,w,_1,u,v € H.

From (2.23) it follows that card F < 1 we will show that T has a unique fixed point.

Let u. € A be arbitrary and {u,}n—q, U, =T, n=0,1,2, ...

be the Picard iteration associatedto T if u = u,, v = u,,_; are two successive approximations,

then by (2.24) we have: [[wy, ..., Wy _1, Upt1 — Unll < Sllwy, oo, Wy_q, Uy — Up_4 |l

From this we deduce that {u,},-, is a Cauchy sequence, and hence a convergent sequence. Let
u* € Hbeitislimit we have: lim |[wy, ...,w,_1, Upsq — Uyll = 0.
n—-oo

By condition (N, ) and (2.23) we get :

lWy, oo, Wo—q, u* — Tu*|| < llwy, o, Wy, U — Ui || + g, oo, wioq, Tu,, — Tu||

< lwy, oo, Wyo, U — Upq Il + Sllwy, oy wp_q, u — ugll + 28wy, oo, Wy g, uy, — Tuyll,
which by letting n — oo yields

llwy, .., wp_q,u* — Tu*|| = 0 & u* = Tu*, since
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lwy, oo, Wp_q, Uy, — Tugll = llwy, oo, Wy—q, Uy — Upyell = 0

And, therefore F; = {u*}and u, - u*,(n - o) for each u. € H.

Definition(2.9): Let (A, ..., . ||) be a n-normed space. A mapping T: H—H is called n-weak
contraction if there exists a constant « € (0,1) and some k >0 3>

lwy, ., Wwp_q, Tu — TV|| < allwy, ..., wp_q,u — vl + kllwy, ..., wy_q, v — Tull, (2.25)
Vu,v€EA.

Remark(2.10): Due to the symmetry of the distance, the n-weak contractive condition (2.25)
implicitly includes the following dual one

lwy, oo, Wy_q, Tu — TV|| < 0|lwy, .., Wy_g, u — || + Jllwy, oo, Wy, u — T|| (2.26)
Yuve€eA de€(0,1)and J = 0.

Proposition(2.11): Any mapping satisfy condition (2.1), is a n-weak contraction.

Proof: By condition (2.1) and condition (N,), we get

lwy, eoo, Wp—q, Tu — TV|| < A[llwy, ey wy—g, u — Tull + |lwy, oo, wy_q, v = Tv||]] <

h{[llwy, .. . Wy, u — V|| + llwy, .., wy_q, v — Tull] +

[lwy, oo, Wp_q, v — Tull + [lwy, ..., wy_1, Tu — Tv||]}

which yields:

A -=nllwy, e, wp_q, Tu — T|| < hllwy, ..., wy_q,u — V|| + 2h[lwy, ..., w,,_q, v — Tul|.

And which implies :

h 2h
lwy, o, Wp_q, Tu — To|| < Py lwy, o, Wy, u —v|| + Py [lwy, ..., w,_q, v — Tull,

VY u,v € A, and hence, if 0 <h<%, (1)holdswitha=£—handk =1

Proposition(2.12): Any mapping T satisfying the contractive condition (2.10) is a n-weak
contraction.

Proof: Using Wy, oWy, u — TV|| < |lwy, o, Wy, u —v|l+  lwy, oo, wy_q, v — Tull +
||W1, ey WTl—l' Tu - TU”

h 2h
we get |lwy, .., wp_1, Tu — Tv|| < - lwq, o, Wp_q,u — vl + P lwy, ..., wp_1,v — Tull,
I . h . 1 2h
which is (2.25), with a = T < 1 (since k < E) and k = n > 0.

3. n —Zamfirescu mappings
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An immediate consequence of Propositions (2.11) and (2.12) is the following.

Theorem(3.1): Let (A,[|., ...,. ||) be a n-Banach space and T: H—H be a n-weak contraction, i.e., a
mapping satisfying (2.25) with ¢ € (0,1) and some k > 0. Then

1Fix(T)={u€A:Tu=u} # 0.

2)For any u, € A the Picard iteration {u,},~, converges to some u* € Fix(T).
n
3)The following estimates |[wy, ..., w,,_q,u,, — u*|| < f_—a lwy, oo, Wy_q, Uy — u4ll,n = 0,1,2,. (3.1)
* a
||W1, . Wn—l' un —u ” S E ”Wl’ ""WTl—l’ un_l - un”, n = 0,1,2, e (3.2)

hold, where « is the constant appearing in (2.25)

Proof: We shall prove that T has atleast one fixed point in H. To this, let u, € H be arbitrary and
let {u,}; =, be the Picard iteration defined by (2).

Take u = u,_4,v = u, in(2.25) to obtain

lwy, oo, Wp—q, TUp—1 — Tuyll < allwy, ..., Wy_1, Upn—1 — u,ll, which shows that

Wy, oo, Wn_g, up = Uil < allwy, oo wyg, upg —ugll, (3-3)
Using (3.3), we obtain by induction

lwy, oo, Wp—q, Uy, — U Il < @™llwy, oo, wp_g, ug — uqll,n = 0,1,2, ...

And then

||W1, vy Wy, Uy — un+p|| <a"l+a+a?+ -+ aP D|wy, .., wy_,uy —uqll =
an
E(l —aP)|lwy, ..., wy_q,ug —uqsll,n,p € N,p # 0. (3.4)

Since, 0 < a < 1, (3.4) shows that {u,};~, is n-Cauchy sequence and hence is

convergent. Denote u* = lim u, (3.5)

n—co

then |lwy, ..., wy_, u* = Tu*|| < Wy, o, Wy, U5 — Uppq Il + lIWg, oo, Wy—q, Uy — TU|
= |lwy, o, Wy_qg, Uppq — U + llwy, oo, wy_q, Tu,, — Tu*||.

By (2.25) we have

lwy, oo, Wy, Tu, — Tu*|| < allwy, ., wp_g, uy, — w¥|| + kllwy, o, wyog, ¥ — Tuy||

And hence ||lwq, ., wp_, u* = Tu*|| < (1 + k) |lwy, oo, Wy, U — Uppq |l +

allwy, .., Wy, up —u'll, vn=0 (3.6)
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Letting n — o in (3.6) we obtain [lwy, ..., w,_q,u* — Tu*|| = 0 i.e,u” is a fixed point of T. The
estimate (3.1) can be obtained from (3.4) by letting p — oo. To obtain (3.2), observe that by (3.3)
we inductively obtain

||W1, ---:Wn—l' un+h - un+h+1” S ah+1||W1, ""W‘)'l—l' un_l - un”, h,n E N

Similarly to deriving (3.4) we obtain

a(1-aP)
1-«x

||W1, ""WTl—l' un - un+p|| S ||W1, ...,Wn_l,un_l - un”, n 2 1, p E N* (3.7)

Now letting p — o in (3.7),(3.2) follows.

Corollary(3.2): Any mapping satisfying the assumptions (z;)-(z3) in theorem (2.8), is a n-weak
contraction.

Theorem(3.3): Let (A,]]., ..., . ||) be a n-Banach space and T: HoH a weak contraction for which
there exists u € (0,1) and some k; =0 3

Wy, oo, Wy—q, Tu — To|| < pllwy, oo, Wy, u — vl + kqllwy, oo, Wy, u — Tull,Vu,v €H.  (3.8)
Then:

1)T has a unique fixed point, i.e., Fr = {u"}

2)The Picard iteration {u,},—, given by (2) converges to u*, for any u, € A.

3)The a priori and a posteriori error estimates.
an
lwy, oo, Wy_q, Uy, — u*|| < E”WL v Wh_1, U — W|l, n=10,1,2,...
a
||W1, ""WTl—l' un - u*” S E”Wl, ...,Wn_l,un_l - un”, n = 1,2, e hOld,

4)The rate of convergence of the Picard iteration is given by

lwy, oo, Wy_q, Uy, — w¥|| < pllwy, oo, Wy, Uy — u¥|l,n = 1,2, ... (3.9)
Proof: Assume T has two distinct fixed point u*,v* € A. Then by (3.8) withu = u*, v = v*, we
get:|lwy, ..., wy_, u* —v*|| S ullwy, ...,wp_,u" — vl & (1 — wWllwy, ., Wy, u* —v*[| <0

So contradicting [lwy, ...,w,,_q,u* —v*|| > 0

Letting u = u*,v = u, in (3.8), we obtain the estimate (3.9). The rest of the proof follows by
Theorem (3.1).

Definition(3.4): [1]. Let ¢ : R, = R, be a function, o is called a comparison function if the
following satisfies

i;)o is monotone increasing, i.e., t; < t, implies o(t;) < o(t;)

ii,;) {o™(t)} convergesto 0,V t > 0.
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Definition(3.5):[1]. Let o : R, — R, be a function, o is called a (¢) comparison function if the
following satisfies
i) 0 is monotone increasing, i.e., t; < t, implies a(t;) < o(t,)
iiy) 2m=o 0™ (t) converges Vit >0
Lemma(3.6): [1].

1. If o isacomparison functionthen a(t) <t,vVt > 0.
2. Any (c)-comparison function is a comparison function.

3. If is a (c)-comparison function, then the function u: R, - R, u(t) = X5 ,0"(t),t € R,
is monotone increasing u(0) = 0.

Example(3.7): [13].

i o(t) = %t, if0<t<1lando(t)=t-— %, if t > 1 isa comparison function
ii. a(t) = at,t € R,,a € [0,1) then o is (¢)-comparison function.
Definition(3.8): Let (A,l., ..., . ||) be a n-Banach space. A self mapping T: A — A is said to be a n-

weak o-contraction or n- (a,k)-weak contraction, if there exist a comparison function ¢ and
some k = 0,3

lwy, o, Wp_q, Tu — TV|| < allwy, ..., wy_q, u — V|| + kllwy, ..., wy_q, v — Tul|, Vu, v €A. (3.10)
Remark(3.9):

i. Any weak contraction is a n-weak g-contraction, with o(t) = at, t e R, ,0< a < 1 but
the converse is not necessary true.

ii. All n —contractions are weak o-contractions if k = 0 in (2.25).

iii. In the case of n-weak contractions, the fact that T satisfies (3.10) V u, v € A, does imply
that the following dual inequality

lwy, o, wy_q, Tu = TV|| < ollwy, .., wy_q, u — V|| + kllwy, .., Wy, u — TV||, (3.11)
obtained from (3.10) by formally replacing ||lwy, ...,w;,,_;, Tu — Tv|| and

lwy, .., wp_q,u—vl|l by |lwy,..,wyp_1,Tv—Tul|l and |lwq,...,w,_1, v — ull, respectively, and
then interchanging u and v, is also satisfied. So, to prove that a mapping T is a n —weak o-
contraction, we check the both (3.10) and (3.11).

Now, extend Theorem (3.1) and Theorem (3.3) to n —weak g-contraction.

Theorem(3.10): Let (Al., ...,.]|) be a n-Banach space and T: A »A be a weak g-contraction
with o a (m)-comparison function. Then:
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DF(T)={u€ ATu=u}+0

ii)For any u, € A the Picard iteration {u,},-, defined by u, € Aand u,,; = Tu,, n=10,12,..
converges to a fixed point u* of T.

iii)The following estimate ||wy, ..., w;,,_1, U, — u*|| < u(llwy, ..., wy_1, Uy, — Upn441), n = 0,1,2, ...
holds, where u(t) in Definition (3.4)

Theorem(3.11): Let A and T be as in Theorem (3.8). Suppose T also satisfies the following
condition, there exists a comparison function gand some

ki =03 |lwy, o, wp_g, uy — Wl < a(llwg, oo, Wy, u — vl) + kg llwy, o, wy_g, u — Tul,
holds, V u,v € A. Then

)T has a unique fixed point, i.e., F(T) = {u*}.

ii)The estimate (Theorem (3.3)-3) holds

iii)The rate of convergence of the Picard iteration is given by :

lwy, oo, Wi_q, uy, — Ul < a(llwy, e, Wy, Uy — D), n=1,2, ...

The proofs of Theorem (3.8) and (3.9) are essentially similar to those of Theorem (3.1) and(3.3).
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