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1. Introduction

The topological idea from study this set is generalization the properties and using it's to
prove the theorems. In [7] N. Leven (1963) gives the definition of semi open(s-open)set, semi
closed (s-closed) set and studies the properties of it . He defined a set A named (s-open) set in
topological space X if find an open set : O c A< O where O denoted by the closure of O in X,
the complement semi-open (s-open) set called semi-closed (s-closed) set. In (1971) S. G.
Crossiey and S. K. Hildebrand defined the concept semi closure and they defined it , the semi
closure of a set A in topological space X is the smallest semi-closed (s-closed) set contained A [2]

and shortened by Scl(A) or A°. The truth A is the intersection of all semi closed sets
—s

contained A, A cAandA  =A .Maheswari and Tapi (1978) in [3] defined feebly closed (f-
closed), feebly open (f-open) set. A set A in a topological space X named feebly open (f-open)

set in X if find an open set V such that Vc A ng. A set A in a topological space X is feebly closed
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if it is complement is feebly open. Every open is (f- open)set, but the converse may be not true.
Every closed is (f- closed) set, but the converse may be not true.

We will use the( tp-s )symbol to denote the topological space, (s-open) to semi open set,( s-
closed) to semi closed set,( f-open) to feebly open set and ( f-closed) to feebly closed set .
wherever it is found in this paper.

2. Preliminaries

Definition(2.1)[7]: Assume that (X,t) is a tp-s & Ac X. Then A is named s-open in X if there

exists 0 €t : 0 cAc O . Or equivalent [5], A called s-open inX < A c A°, equivalent A = A,
the complement of s-open is named s-closed.

Definition(2.2)[7]: Let (X,t) be tp-s & Ac X then A called s-closed in X if there exists a closed

set F such that F'c A cF, or equivalent[5], A is s-closed inX & A cA, equivalent A" = 4 .

Definition(2.3)[5]: Let (X,t)be tp-s& A <X, then the intersection of all s-closed subset of X
contained A named (s-closure) of A and the union of all s-open subset of X contained A named

s-interior) of A and are shortened b A_S, A" respectively.
y p y

Proposition (2.4)[7]: Let {A;};,c4 be a family of s-openina tp-s X then U;cp A, is s-open.

Proposition (2.5)[7]: Let X be a tp-s then the intersection of two s-open in X does not need to
be s-open.

Example (2.6): Let X = {k,v,h},t = {{k} v}, {k, v}, X, (Z)} then each of {k, h},{v, h} are s-open,
but {k, h} N {v,h} = {h} not s-open.

Definition(2.7)[4]: The intersection of every semi open subset of tp-s X contained a set A is
named Semi kernel of A and shortened by (S ker(A) ).

Means that: S ker (A) =N {U: U s-open and A € U}.

Definition(2.8)[8]: A set A in a tp-s X called f-open in X if there exists an open set IV such that

VcA QVS, or equivalent, A set A called f-open in X if and only if A c A, the complement of f-
open is called f-closed that A° c A.

Remark(2.9)[6]: Let (X, t)be tp-s & Ac tthen Ais f-open and A€ is f- closed.

But the converse is not true in general as in the next example.

Example (2.10): Assume that X = {1,2,3,4,5} and t = {(D, X, {1},{2,4}, {1,2,4}} then, f-open sets
are {0,X,{1},{2,4},{1,2,4},{1,2,3,4}}, f-closed sets are {@, X, {2,3},{1,3,5}, {3,5}, {5} }.

Take A = {1,2,3,4} is f-open, but it not open set & A° = {5} f-closed, but it is not closed.

Proposition (2.11)[9]: Assume that (X, t)is a tp-s & A, B subsets of X then:
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1. Zf f-closed .

2 Ach.

3. Ais(f-closed) & A= Zf.

4 AcB =2 cB.

5. If {A;},ea be acollection of subset of X then U;c, A;Lf = UAEAA_Af

6. If {A;},ea beacollection of subsetof X then N;c, Alf CNjea A_,lf.

-/ _
7 4 =7

11.2 =AU T,

12.x € Zf & any f-open G contained x,ANG # Q.

Proposition(2.12)[9]: Let X be a tp-s & A, B subset of X where B f-open, If x € B and ANB =
@ then x ¢ Zf.

Definition(2.13)[10]: Let X be a tp-s a subset A of X is said to be

i. Dense or (every dense) in X & A4 = X.
ii. Nowhere dense or ( non-dense ) in X iff (4)° = @.

Definition(2.14)[5]: Let (X,t)be a tp-s and A< X, A is named preopen (p-open) if A — A and
ACis named pre closed (p-closed) that A’ c A.

Lemma(2.15)[4]: Every singleton {x} in a tp-s X is either nowhere dense or preopen.
3. The Main Results

Definition(3.1): Assume that (X,t) is a tp-s then a subset 4 in a space X is named semi feebly

open (sf-open) set in a space X ifAcU whereU semi open set in X then ngU. The

complement of semi feebly open is called semi feebly closed (sf-closed) it is as follows Uc A7
where U semi closed setin X.
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Example (3.2): Let X = {k,v,h},t = {X,0,{k}} then

open set: {X, @, {k}}, closedset: {®,X, {v, h}}

s-open: {@,X,{k},, {k, v},{k, h}}, s-closed : {®,X, {v, h},{h}, {(v}}
f-open: {@,X,{k},, {k,v},{k, h}}, f-closed: {@,X, {v, h}, {h}, {v}}

sf-open :{0,%,{v}, {h}, (v, h}}

—f
we notes that {{k}, {k,v},{k, h}} not sf-open because {k}c {k} where {k} s-open, but {k} =
Xz {k}, {k}is not sf-open.

—Ff
{k,v} c {k, v} where {k, v} s-open, but {k,v} = Xz {k,v}, {k,v}is not sf-open.

{k,h} < {k, h} where{k, h}s-open, but {k, h}f = X {k, h}, {k, h} is not sf-open.

Remark(3.3): Each f-closed is sf-open.

Proof : let A be f-closed set in a tp-s X. Ac U, U s-open, A is (f-closed) set then A =
Zf and A = Zf c U = Ais (sf-open) set.

The converse of (Remark(3-3)) is not true in general, as in the next example shows:

Exampl(3.4):LetX = {1,2,3,4,5}, t = {X,0,{1},{3,4},{1,34},{2,3,4,5}}
and A = {1,2,4,5} then A is sf-open not f-closd.

Proof: The open sets are {X, 0,{1},{3,4},{1,3,4} ,{2,3,4,5}},
the closed sets are {@,X,{2,3,4,5},{1,2,5},{2,5},{1}} and
s-open sets are {X, 0, {1}, {3,4},{1,3,4},{2,3,4,5},{2,3,4}, {3,4,5},{1,2,3,4}, {1,3,4,5}}
Let A = {1,2,4,5} and U = X which is s-open, then A c U
2’ = (1,245 u 1245 [Proposition (2.11)(11)]
Zf ={1,245} uX=XcU=X = A sf -open set, but A not f-closed because {1,275} =
Xz {1,2,4,5}.
Remark(3.5): Every closed set is sf-open set.
Proof: Let A closed set = A is f-closed by [Remark (1.15)] A is sf-open set.
But the converse of (Remark(3-5)) in general is not true as in our [Example (3.4)] shows:

A ={1,2,4,5} sf-open, A=X+#A = A+ Athen Ais not closed.
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The next diagram explains the relationship these types of sets.

Open f-open - s-open
4 /
Sf-open
Closed f-closed g s-closed

S

Notes(3.6)

For each tp-s @,X are sf-open.
Every subset of discreet or indiscreet tp-s is sf-open.
Every closed interval in (R, U) where U is usual topology is sf -open.

Proposition(3.7): Let X be tp-s then the union of all sf-open sets in X is also sf- open set.

Proof: Let U;ep 43 S U, U semi-open in a topological space X then
AAQUAEAAA gUﬁAlgU :>A_,1f§U:,>U,16AA_,1f§U
since {A;},ex be a collection of all subset of X then U;¢, 4; = U;LeAA_,1f

= Uren 4z =Usesdy €U = Upend; ] SU isUzep A; sf-Open.

Proposition(3.8): Let A be nowhere dense ina tp-s X then A is f-closed.
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Proof: Assume that 4 is a subset of X so that 4 is nowhere dense then (4)° = @ and (4)° = @, but
@ €A = Ais f-closed set.

Lemma(3.9): A subset 4 of a tp-s X is sf-open it A’ c Sker (A).

Proof:(=) Let A be sf-open in X, then Zf C U when A € U and U is sf-open in X, this emplace
Zf cNn{U: AcUandUe s-open(X)} =S ker (A). (<)Conversely,

assume thatif C Sker(4) = a2’ cn {U: A € Uand U€e s-open(X)}= = U for all s-open
setUin X.

Proposition(3.10): Let X be tp-s, then the arbitrary intersection of sf-open sets in X is sf-open
set.

Proof: Let {4;: Ae A } be arbitrary collection of sf-open sets in a space X, and let A =N 4,,_,, let

XE Zf then by [Lemma(2.15)] we consider the following two cases.
Case 1: {x}is nowhere dense

If x¢ A then for some ae A we have x € A, as nowhere dense subset are feebly closed
[Proposition(3.8)] there fore x € S ker (4).0n the other hand by [Lemma(3.9)] A, is sf-open,

then, x € Zf c Ef c S ker (4)
paradoxically x € A and hence x € S ker (4) = Zf C S ker (A),A sf-open set.

Case 2: {x} is preopen, Let F = {x—} and x € S ker (A), 3 semi closed set C containing X, so

that CNA =0, x€F = m CC SCAs F is an open set containing x and x € Zf
therefore, FNA# @ asF S C = CNA=@ paradoxically x € S ker (A) = A sf-open set.

Proposition(3.11): If Ais sf-openand B f-closed in a tp-s X then AN B is sf-openinX.

Proof: Assume that AN B € U where Uis s-opensetthenANBNU°=0Q

= ANBNU)=0 = ASB°UU,butB°UU s-open ZfEBCUU

=an(BCuU)C=¢ —2 nBcU =4AnB cU = AnB sf-open.

Proposition(3.12): Assume that Xisa tp-s & A € X then Zf is sf-open set.

—f
Proof: Let Zf C G where G is s-open set, since Zf = Zf cuU

= —f
= A <G = A sf-openset.

Proposition(3.13): Assume that X is a tp-s& A € X then A is sf-open set.
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Proof: Let A € U where U is s-open set, since A = =A [Proposition(2.11)(9)]. Then
=f _ =f

A =A = A €U whereUiss-open = Ais sf-open set.

Proposition(3.14): Assume that X is an tp-s & A € X, if A is s-closed and pre closed then Ais
sf-open set.

Proof: Let A is s-closed then A" = A , since A pre closed then A C AbutA =A thenAd CA
= A f-closed by using [ Remark(3.3)] A4 is sf-open set.

Definition(3.15): Assume that X is a tp-s & A € X .Then the intersection of all sf-closed of X

which containing A is named sf-closure of A and shortened byZSf, that means Zsf =N
{F:F is sf-closed in X}.

Lemma(3.16): Assume that Xisa tp-s & A € X. Then x € Zsfiff for all sf-open set G and x €G ,
GNA+Q.

Proof:(=) Assume that x & Zsf then x € N {F:F is sf-closed in X} and A € F, then x €[N F ]°,
[N F]¢ sf-open containing x .Hence [NF]°NA S [nNF]° n[nF]=0.(<) Conversely,
Suppose that 3 sf-open set G so thatx €G,GNA =@ thenA S G¢ G is sf-closed hence x &

a7

Definition(3.17): Let X be a tp-s, x € X & A € X .The point x is called sf-limit point of A if each
sf-open set containing U, contains a point of A distinct from x .We shall call the set of all sf-limit
point of A the sf- derivative set of A and denoted by A’S/. Therefore x € A’S/ if for every sf-open
set U in X such x € V implies that N(4 — {x}) # @.

Proposition(3.18): Let Xbe atp-sand A € B € X. Then:

1. 47 = auass,
2. Aisan sf-closed setiff A’/ c A .

3. A'Sf c B'sf,

Proof: 1- By definition A gzsf ...... (1).Let x € A’ = x ¢ A. Then V sf-open set U contained x
then (U NnA)—{x}+# @. Then Vsf-open set in U contained x ,then UNA=#@ by

Lemma(3.16)]. Then x € 27 = A'sngSf ...... (2).From (1) and (2) AU A'Sf _cZSf.

Let x € Zsf . Since A gZSf by definition and + x € Zsf Then either x €4 or xgA. If x €
A = x€eAUAS and if x#A. Since x € Zsf: vV sf-open set U contained x ,then UNA # @
,Since x¢A then (UNA) —{x}# @. Then x € A’S = x € AU A'SS then Zsfg AUA'ST then
a2l =avass,
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—sf . —sf —sf .
2-(=>)Let ASTcA. A" =AUAS cA,SinceAcA” thenA=A", then A is an sf-closed set

(<) Let A be sf-closed set . Thus A = Zsf from [proposition (3.18)(1)]. A=A U A’/ then
ASTcA.

3-Let AcB andlet x € A/, VU is sf-open set contained x then (U N A) — {x} # @ .Since
AcB = (UNB)—{x}#®. Thenx € B’/ then A'Sf cB'S/.

Remark(3.19): Assume that X isa tp-s & A € X, then Zsf is smallest sf-closed set containing
A.

proof : Suppose that B is sf-closed set contend such that A € B since Zsf = AUA'S/. And Zsf -
§Sf, A C B then 27 = AUA'ST € AUA’ST c B, then 2”7 < B therefore 4" is smallest sf-closed
set contained A.

Proposition(3.20): Let X be a tp-s & A, B are subset of X with B sf-openset.If x € Band B N
A=0Qthenx ¢ Zsf.

proof : Suppose x € Zsf, then either x €A orx€ A/, If x€A thenBNnA # @ which
contradicts the assumption and if x € A’/ and x ¢ 4, thenthen (BN A) — {x} # @ for every sf-
open G in X containing x and hence G N A # @ which is a contradiction since B is sf —-open set

containingxand BN A = @ and hence x & Zsf.
Definition(3.21): Assume that X is a tp-s& B € X .An sf-neighborhood of B is any subset of X

which contains an sf-open set containing B .The sf-neighborhood of a subset {x} is also called
sf-neighborhood of the point x.

Definition(3.22): Assume that A is a subset of a tp-s X . For each x € X, then x is said to be sf-
boundary point of A if each sf-neighborhood U, of x, we have U,NA # @ and U,NA° # @ . The
set of all sf-boundary point of A is denoted by bs¢(4) .

Proposition(3.23): Assume that X isa tp-s and A, B € X, then

1. Aisansf-closedset © A = Zsf.
2. 27 c 7.

—sf
3. a7 =27 .

4. 1fAC B thend” c B”.

proof :1- (=) Let A is an sf-closed set. Since A © st. Then Zsf C A (since Zsf is the smallest
sf-closed set containing 4), then A = Zsf.
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(<) Let Zsf = A .Then Zsfis an sf-closedset. as A = Zsf = A isa sf-closed set.

2- Let x € Zsfand A is a sf-closed set, then A = Zsf = x €A gj. Then x € A. Therefor
—Sf —
A cA.
—sf
. —sf . —sf  —=sf
3-Since A~ issf-closedset,thenAd " = A by (2).

—=sf =sf =sf. - . —sf.
4-Let A€ Band BSB ,then A € B = B "is a sf-closed set containing A. Since A " is

smallest sf-closed set containing A. Then Zsf c §Sf.

Definition(3.24): Assume that X is tp-s and A € X. The union of all sf-open sets of X contained
in A is named sf-Interior of 4, shortened by A™for sf-In,(A), that means sf-In,(4) =U{B:B is
sf-openin X and B € A}.

=g . —Sf Cosf c
Proposition(3.25): Assume that X istp-s& A € X.Then A~ = (4°*)".

_ _ofC __gC°SS . _ofC . . _
Proof:Since A € 4”7 = 47 cac=2" caf = 77 c ac = 4 a3 ().

— —cf o
Since 4™/ € Ac= A € 4"/ = A < 4e’TCT = ASFC . (2). From (1) and (2) we get
Al = ()

Proposition(3.26): Assume that X is tp-s & A € X. Then x € A’/ iff there is an sf-open set U
containing x sothatx € U € A.

Proof: Assume that x € A/ < x € U{U:U € A such that U is sf — open in X} <3 U is sf-
openin X sothat x € U € A.

Proposition(3.27): Assume that X tp-s & A € B C X, then:

1. A’/ isansf-openset.

2. Aisan sf-opensetiff A= A"/,
3. ASf =g,

4. If A C Bthen A € B/,

Proof: 1- A/ =U{B:Bis sf-open and B € A} by [proposition(3. 7)]. Then A’/ is an sf-open
set.

2- (=) Let A be an sf-open set from definition A/ € A, A/ =u{U:U < A,Uisan sf —
open set in X}. Since A is sf-open setin X. Then A c A/ = A = A™S/.

(<) Let A = A™/, since A’/ is the union sf-open sets and since A/ = A= A isa sf-open set.
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3- Let A°f =U{B: B is an sf-open set in X and BCA}. A°/ "/ =U{B: B is an sf-open set in X and
BC A} By (2) A = A™/. Then A/ = At

4-Let Ac B & x € A/ . Then 3 sf-open U in X such that x € Uc A. Since A < B. Then 3 sf-open
Uin X suchthat x € UcAc B.x € Uc B = x € B*/. Then A/ cB".

Proposition(3.28): Assume that X is a tp-s & A < X.Then:

1. by(A) =4~ nac’
2. AT =A—by(4).

&Z”=Aumﬂm.

Proof: Clear

Proposition(3.29): Assume that X is a tp-s & A < X.Then:

1- 47 = 455 U by (A).

2- Aisan sf-open set< bgr(A) C A
_ c

3- (4)°f = (Acsf).

Proof: Clear
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