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1. Introduction 

Molodtsov [1] in 1999 introduced the concept of a soft set and develop the basics corresponding  

theory which is in that time a new approach for modeling uncertainties  also introduced many 

 directions for the applications of soft set. Majlet al.[2]  in 2001used the notions of fuzzy set and 

 soft set to introduced the notion fuzzy soft set. Ahmad and Kharal [3] in 2009 introduced some  

properties of fuzzy soft sets. In 2011 [4] Varol, B. P. ,Shostak Varol and Aygun introduced the  

structure of fuzzy soft topology. In [5] Varol and Aygun introduced basic properties of of fuzzy  

soft topology. 
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In this paper first we introduce the notion fuzzy soft metric space after that 
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    The fuzzy topological structure of a fuzzy normed space was studied by Sadeqi and Kia in 2009 

 [6]. Kider introduced a fuzzy normed space in 2011 [7]. Also he proved this fuzzy normed space 

 has a completion in [8]. Again Kider introduced a new fuzzy normed space in 2012 [9]. The 

 properties of fuzzy continuous mapping which is defined on a fuzzy normed spaces was studied  

by Nadaban in 2015 [10].  

      Kider and  Kadhum in 2017 [11] introduce the fuzzy norm for a fuzzy bounded operator on a 

 fuzzy normed space and proved its basic properties then other properties was proved by  

Kadhum in 2017 [12]. Ali in 2018 [13] proved basic properties of complete fuzzy normed  

algebra. Kider and Ali in 2018 [14] introduce the notion of fuzzy absolute value and study 

 properties of finite dimensional fuzzy normed space.    

     The concept of general fuzzy normed space were presented by Kider and Gheeab in 2019 [15] 

 [16] also they proved basic properties of this space and the general fuzzy normed space GFB(V,  

U). Kider and Kadhum in 2019 [17] introduce the notion fuzzy compact linear operator and  

proved its basic properties.   

    In the present research we introduce the structure of fuzzy soft metric space which very 

 different from the notion of fuzzy soft metric space that introduced by the authors in [18] and 

 [19] after that we introduce preliminaries then we proved basic properties of this space.      

2. Properties of Fuzzy Soft Set  

Definition (2.1):[6] 

A fuzzy set D on a universe set S is a mapping D:S→[0, 1] . The value D(s) represent the degree of  

membership of s ∈S in the fuzzy set, for all s ∈S. Let I=[0, 1] and Iୗ denotes the family of all fuzzy 

 set on S. 

Definition (2.2):[5] 

A pair (f, A) is called a fuzzy soft set over S, where f :A→ Iୗ, that is for each a ∈ A, f(a)= fୟ ∈ Iୗ.Put 

 f୅={fୟ: a ∈ A}. 
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Definition (2.3):[5] 

A fuzzy soft set f୅ on the universe set S is a mapping from the parameter set E to Iୗ, that is  f୅:E 

→ Iୗ, where f୅(d) ≠ 0௑ if d ∈A⊆E and f୅(d) =0௑ if d ∉A, where 0௑ is the empty fuzzy set on S. Let  

F(S, E) denotes the family of all fuzzy soft sets over S. 

Definition (2.4):[5] 

Let f୅ ∈ F(S, E) and let g୆ ∈ F(U, K) then the fuzzy product f୅ × g୆ is defined by (f × g)୅×୆ where  

(f × g)୅×୆(a,b)= f୅(ܽ) × g୆(ܾ) ∈ Iୗ×୙, for all (a, b) ∈ A×B. Also for all (x, y) ∈ S×U where 

 	f୅(ܽ) × g୆(ܾ)](x, y)=	f୅(ܽ)(ݔ) ∧ g୆(ܾ)(ݕ). According to this definition the fuzzy soft set f୅ × g୆  

is a fuzzy soft set over S×Uand its parameter universe is E×K. 

Definition (2.5) : [20] 

A binary operation  ⊛:I ×I→I is a continuous triangular norm (or simply t-norm) if for	all a, b, 

 c, e∈ I have the following conditions  

(1)a⊛b = b⊛a  (commutative) 

(2)a⊛1= a  

(3) [a ⊛b] ⊛c=a⊛[b⊛c]  

(4)If a ≤c and b≤e then  a⊛b 	≤	c⊛e 

	Examples (2.6) : [20] 

(1)Define a⊛b=ab for all a. b∈ I  where ab usual multiplication in I. Then ⊛ is continuous t- 
norm	 
(2)Define a ⊛b=a∧b for all a, b∈ I then ⊛  is continuous t-norm 

Remark (2.7):[20] 

(1)For any a, b ∈I with a>b we can find c ∈I such that a⊛c 	≥b. 

(2)We can find q ∈I such that q⊛q ≥d for some d ∈ I. 

Theorem (2.8):[20] 

If ⊛ is a continuous t-norm then 

(1)1⊛1=1 

(2)0⊛1=0=1⊛0 

(3)0⊛0=0 
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(4)a⊛a ≤a for all a ∈I. 

3. Properties of Fuzzy Soft Metric Space 

First we define a fuzzy soft metric space 

Definition (3.1): 

Let S be a universe set and let F(S, E) be the family of all soft fuzzy set over S. Let  f୅, g୆ ∈ F(S, E) 

 and put h୅×୆= (f × g)୅×୆= f୅ × g୆. Let ⊛be a continuous t-norm then h୅×୆ is a fuzzy soft metric  

on S×S if for all a ∈A, b ∈B  

(S1)	h୅×୆(a, b)[s, u] >0 for all s, u ∈S. 

(S2)	h୅×୆(a, b)[s, u]=1 ⟺ s=u 

(S3)	h୅×୆(a, b)[s, u] = h୅×୆(a, b)[u, s] for all s, u ∈S. 

(S4) h୅×୆(a, b)[s, w] ≥ h୅×୆(a, b)[s, u]	⊛  h୅×୆(a,b)[u, w] for all s, u, w ∈S. 

(S5)	h୅×୆(a, b)[s, u] is a continuous function for all s, u ∈S. 

Then the triple (S, h୅×୆(a, b), ⊛) is called a fuzzy soft metric space. In particular (S, h୅మ(a, b), ⊛)  

is a fuzzy soft metric space.  

Proposition (3.2): 

Let (S, d) be a metric space and let ߙ ߚ ,ߙ for all ߚߙ=ߚ⊛ ∈ I. Put h୅×୆(a, b)[s, u]= ଵ
ୣ୶୮	[ୢ(ୱ,୳)]

 then 

  (X, h୅×୆(a, b), ⊛) is a fuzzy soft metric space for all a ∈A, b ∈B. 

Proof: 

(S1) It is clear that	h୅×୆(a, b)[s, u] >0 for all s, u ∈S. 

(S2)	h୅×୆(a, b)[s, u]=1 ⟺ ଵ
ୣ୶୮	[ୢ(ୱ,୳)]

=1⟺exp[d(s, u)]=1⟺d(s, u)=0 ⟺  s=u 

(S3)	h୅×୆(a, b)[s, u] = ଵ
ୣ୶୮	[ୢ(ୱ,୳)]

= ଵ
ୣ୶୮	[ୢ(୳,ୱ)]

 =  h୅×୆(a, b)[u, s] for all s, u ∈S. 

(S4)d(s, w) ≤ d(s, u) + d(u, w) or exp[d(s, w)] ≤ exp[d(s, u)].exp[d(u, w)] then  

h୅×୆(a, b)[s, w]=	 ଵ
ୣ୶୮	[ୢ(ୱ,୵)]

 ≥ ଵ
ୣ୶୮	[ୢ(ୱ,୳)]

 ⊛ ଵ
ୣ୶୮	[ୢ(୳,୵)]

  

                                             =h୅×୆(a, b)[s, u]	⊛  h୅×୆(a,b)[u, w]  

for all s, u, w ∈S 

(S5) It is clear that	h୅×୆(a, b)[s, u] is a continuous function for all s, u ∈S. 
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Hence (S, h୅×୆(a, b), ⊛) is a fuzzy soft metric space 

The proof of the next result is similar to example 3.2 and hence is omitted 

Example (3.3): 

Let S=ℝ and let ߙ ⊛ ߚ ,ߙ for all ߚߙ=ߚ ∈I. Put h୅×୆(a, b)[x, y]= ଵ
ୣ୶୮	[|୶ି୷|]

 then  (X, h୅×୆(a, b), ⊛) is 

a fuzzy soft metric space for all a ∈A, b ∈B. 

Definition (3.4): 

Let (S, h୅×୆(a, b), ⊛) be a fuzzy soft metric space for all a ∈A, b ∈B. We define the soft fuzzy  

open ball SB(s, r) with center s ∈S and radius r∈J=(0, 1) by: SB(s, r)= {u ∈S : h୅×୆(a, b)[u, s]  

>(1−r) }. Also the soft fuzzy closed ball is defined by: SB[s, r]= {u ∈S : h୅×୆(a, b)[u, s] ≥(1−r)}. 

The proof of the next result is clear and hence is deleted. 

Proposition (3.5):  

Let (S, h୅×୆(a, b), ⊛) be a fuzzy soft metric space and let SB(x, r) and SB(x, q) where s ∈ S and r,  

q ∈J=(0, 1). Then either   SB(s, r) ⊆SB(s, q) or SB(s, q) ⊆SB(s, r) 

Definition (3.6): 

A subset D of a fuzzy soft metric space (S, h୅×୆(a, b), ⊛)  is said to be fuzzy soft open if for any d 

 ∈ D there exists r∈J such that SB(d, r) ⊆ A. Also a subset G ⊆ S is said to be fuzzy soft closed if  

 Gେ	is a fuzzy soft open. 

Theorem (3.7):  

In a fuzzy soft metric space every soft fuzzy open ball is a fuzzy soft open set  

Proof:  

Let (S, h୅×୆(a, b), ⊛) be a fuzzy soft metric space and	let SB(s, r) be a soft fuzzy open ball let y∈  

SB(s, r) then h୅×୆(a, b)[s, y]> (1 − r). Since h୅×୆(a, b)[s, y]> (1 − r). Put h୅×୆(a, b)[s, y]=(1−q).  

Now for (1−q) and (1−r)  we can find (1 − p) for some p ∈ J such that 

 (1 − q) > (1 − p) > (1 − r)	we can	find t with t ∈ J  such that (1− q) ⊛ (1 − t) ≥ (1− p)	 by 

 Remark 2.3. We will show SB(y, t) is a subset of SB(s, r). Let w ∈ SB(y, t) so 

 h୅×୆(a, b)[y, w]> (1− t). 

Now h୅×୆(a, b)[s, w] ≥ h୅×୆(a, b)[s, y] 	⊛ h୅×୆(a, b)[y, w] 

                                    ≥ (1− q) ⊛ (1− t) ≥ (1− p) > (1− r)  
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So w∈SB(s, r). Hence SB(y, t) ⊆ SB(s, r). Thus SB(s, r) is a fuzzy soft open set.  

Proposition (3.8): 

Every fuzzy soft metric space is a fuzzy topological space. 

Proof: 

Let (S, h୅×୆(a, b), ⊛) be a fuzzy soft metric space, put τ୦= {D ⊆S:d ∈D	⟺ there is 0< r <1 such  

that SB(d, r) ⊆D}. We will prove that τ୦ is a fuzzy topology. 

1-since S and	ϕ	are fuzzy soft open set so S, ϕ	belongs to	τ୦	 

2-Let D, G ∈ 	τ୦	,put E = D ∩ G. Let	e ∈ D ∩ G then	e ∈ D	and	e ∈ G	so there is ݎଵ ∈ Jand 0< rଶ <1  
such that SB(e, rଵ)  ⊆ D and SB(e, rଶ) ⊆ G. Let	r = rଵ ∧	rଶ	, r ≤	 rଵ	implies	(1 − r) ≥ (1− rଵ),	also 
 r ≤	 rଶ	implies	(1− r) ≥ (1− rଶ), therefore SB(e, r) ⊆ D ∩ G = E	 Hence 	D ∩ G = E	 ∈ τ୦ . 

3-Let 	Gଵ	, Gଶ, … . . , G୎ 	∈ τ୦	put G=⋃ G୨୨	∈୎	  suppose that d ∈ G this implies that d ∈ G୨ for some j ∈ J  

then there is r∈I such that SB(d, r) ⊆ G୨ ⊆ G=⋃ G୨୨	∈୎	 . This shows that G ∈ 	τ୦. Hence (S, τ୦) is a  

fuzzy topological space. 

Theorem (3.9):  

Every fuzzy soft metric space is Hausdorff  space. 

Proof: 

Let (S, h୅×୆(a, b), ⊛) be a fuzzy soft metric space and let s, u ∈S with s≠u. Then  

0 < h୅×୆(a, b)[s, u] 	< 1, put h୅×୆(a, b)[s, u] = (1 − r) for some 0< r <1 then by Remark 2.7, for 

 each	(1 − r) < (1 − (ݍ < 1 we can find 0< (1 − ε) <1 such that	(1 − ε) ⊛ (1 − ε) ≥ (1 − q).  

Now consider SB(s,	ε) and SB(u,	ε)  , we claim that SB(s,	ε)  ∩ SB(u,	ε) =ϕ	 if there is w ∈ SB(s,	ε) 

  ∩ SB(u,	ε) then  

(1 − r)=h୅×୆(a, b)[s, u] ≥ h୅×୆(a, b)[s, w]⊛ h୅×୆(a, b)[w, u]	 

                                         ≥ (1− ε) ⊛ (1− ε) ≥ (1− q) > (1 −   .(ݎ

Which is impossible. Hence (S, h୅×୆(a, b), ⊛)  is a Hausdorff space. 

Definition (3.10):  

Let (S, h୅×୆(a, b), ⊛) be a fuzzy soft metric space. A subset D of S is said to be fuzzy soft  

bounded if there exists   0< (1− r) <1 such that h୅×୆(a, b)[s, u] > (1− r)	 for each s, u ∈D. 

Definition (3.11) : 
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A sequence	(s୬) in a fuzzy soft metric space (S, h୅×୆(a,b), ⊛) is said to be fuzzy soft converges  

to s ∈ S if for each	ε > 0 there exists N such that h୅×୆(a, b)[s୬, s] > (1 − ε) for each	݊ ≥ ܰ. This is  

written	lim୬→∞ s୬= s or simply written s୬ →ୱs. s is called the fuzzy soft limit of (s୬). Or a  

sequence	(s୬) in a fuzzy soft metric space (X, h୅×୆(a, b), ⊛) is fuzzy soft converges to s∈S if and  

only if lim
୬→∞

 h୅×୆(a, b)[s୬, s]=1. 

Definition (3.12) : 

A sequence	(s୬) in a fuzzy soft metric space (S, h୅×୆(a, b),	⊛ ) is said to be fuzzy soft Cauchy 

 sequence if for each	0 < (1 − (ݎ < 1	there exists	a positive number N such that	 

 h୅×୆(a, b)[s୬, s୫] > (1− r) for all m, n	≥N. 

The proof of the following lemma is clear hence is omitted. 

Lemma (3.13): 

Every fuzzy soft convergent sequence in a fuzzy soft metric space is a fuzzy soft Cauchy  

sequence. 

Definition (3.6): 

Let (S, h୅×୆(a, b), ⊛) be a fuzzy soft metric space and let D ⊆ S. Then the fuzzy soft closure of D  

is denoted by FSC[D]	and is defined to be the	smallest fuzzy soft closed set contains D. 

Definition (3.7):  

A subset D of a fuzzy soft metric space (S, h୅×୆(a, b), ⊛) is said to be fuzzy soft dense in S if  

FSC[D]=S. 

Lemma (3.8): 

Let (S, h୅×୆(a, b), ⊛) be a fuzzy soft metric space and let D ⊆ S  then d ∈ FSC[D] if and only if  

there is a sequence	(d୬) in D such that	d୬ →ୱ d. 

Proof: 

Let d ∈	FSC[D] if d ∈ D then we take a sequence of the type (d, d, … , d, … ) if d ∉ D then it is a fuzzy 

 soft limit	point of D. Hence we construct the sequence (d୬) ∈ D by 	h୅×୆(a, b)[d୬, d] > ቀ1− ଵ
୬
ቁ  

for each n=1, 2, … then the open fuzzy soft ball SB ቀd, ଵ
୬
ቁ contains	d୬ which is fuzzy soft converges  

to d because lim୬→∞h୅×୆(a, b)[d୬, d] 	= 1. 
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Conversely if (d୬) in D and d୬ →ୱ d. Then d ∈ D or every open fuzzy soft ball of d contains 

	d୬ ≠ d. That is d is a fuzzy soft limit point of D hence d ∈ FSC[D]. 

The proof of the following result is easy hence is deleted. 

Proposition (3.9): 

Let	(s୬)  be a sequences in a fuzzy soft metric space (S, h୅×୆(a, b),	⊛ )  fuzzy soft converges to 

s∈Sthen every subsequence	൫s୬ౡ൯ of (s୬) fuzzy soft converges to s. 

Proposition (3.10): 

If a Cauchy sequence (s୬) in a fuzzy soft metric space (S, h୅×୆(a, b), ⊛) contains a fuzzy soft 

convergent subsequence ൫s୬ౡ൯ then (s୬) fuzzy soft converges to the same  fuzzy soft limit as the 

subsequence converges. 

Proof: 

Since (s୬) is a fuzzy soft Cauchy then given 0< ߝ < 1 there is a positive number N such 

that	h୅×୆(a, b)ൣs୨, s୫൧ > (1 − ε) for all m, j ≥N. Denote by	ቀs୬ౠቁ	a fuzzy soft convergent 

subsequence of (s୬) and its fuzzy soft limit by s. It follows that lim୬→∞h୅×୆(a, b) ቂs୬ౠ , sቃ 	=1 

since	൫n୨൯ is strictly	increasing sequence of positive numbers, we have  

h୅×୆(a, b)[s୬, s]= h୅×୆(a, b)ൣs୬, s୬ౣ൧ ⊛ h୅×୆(a, b)ൣs୬ౣ , s൧ 

                           > h୅×୆(a, b)ൣs୬, s୬ౣ൧ ⊛ (1− ε) 

Letting n→ ∞		we have  h୅×୆(a, b)[s୬, s]  ≥ 1⊛ (1 − ε) = (1 − ε). 

Hence	(s୬) fuzzy soft converges to s. 

Lemma (3.11): 

In a fuzzy soft metric space (S, h୅×୆(a, b), ⊛)  if s୬ →ୱs then (s୬)  is fuzzy soft bounded.  

Proof: 

Since (s୬)  is fuzzy soft converges to s∈S then for	any 0 < ݎ < 1 we can find a positive	number N 

such that	h୅×୆(a, b)[s୬, s] > (1 − r) for all n ≥N. Put 

(1−s)=min{h୅×୆(a, b)[sଵ, s], h୅×୆(a, b)[sଶ, s], … . . , h୅×୆(a, b)[s୒, s]}.  

Then by Remark 2.7 there is	0 < (1 − (ߝ < 1 such that 

 (1 − (ݏ ⊛ (1− r) > (1− ε). Since 

h୅×୆(a, b)[s୬, s] ≥ h୅×୆(a, b)[s୬, s୒]⊛ h୅×୆(a, b)[s୒, s]	 

                               ≥ (1− s) ⊛ (1− r) > (1− ε) 
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Hence (s୬) is fuzzy soft bounded. 

Lemma (3.12): 

In a fuzzy soft metric space (S, h୅×୆(a, b), ⊛)  if s୬ →ୱs  and s୬ →ୱu then s=u. 

Proof: 

Assume that	s୬ →ୱs and s୬ →ୱu so lim୬→∞h୅×୆(a, b)[s୬, s] 	= 1 and lim୬→∞h୅×୆(a, b)[s୬, u] 	= 1. 

But 

h୅×୆(a, b)[s, u] ≥ h୅×୆(a, b)[s, s୬]⊛ h୅×୆(a, b)[s୬, u].  

Taking limit to both sides as ݊ tends to ∞ we obtain  

	h୅×୆(a, b)[s, u] 	≥ 1⊛ 1 = 1	which implies that h୅×୆(a, b)[s, u] = 1 hence u=s. 

Proposition (3.13):  

In a fuzzy soft metric space (S, h୅×୆(a, b), ⊛)  every closed fuzzy soft ball is a fuzzy soft closed 

set. 

Proof:  

Assume that SB[s, r] is closed fuzzy soft ball in S and let  y∈ FSC[SB[s, r]] 	then by lemma 3.8  

there is sequence (y୬	)	in SB[s, r]  such that 	y୬ →ୱy so lim୬→∞h୅×୆(a, b)[y୬, y] 	= 1. Now  

h୅×୆(a, b)[s, y] ≥ h୅×୆(a, b)[s, y୬] ⊛ h୅×୆(a, b)[y୬, y]. Taking limit to both sides as	n → ∞		we 

 obtain	h୅×୆(a, b)[s, y] ≥ (1 − r) ⊛ 1 = (1− r). So y∈ SB[s, r].  Therefore SB[s, r] is a fuzzy  

closed soft set	.	 

Theorem (3.14):  

Let (S, h୅×୆(a, b), ⊛)  be a fuzzy soft metric space and let D ⊆ S then D is fuzzy soft dense in S if  

and only if for every  s∈S there is d ∈ D such that	h୅×୆(a, b)[x, d] > (1 − ε) for some 

	0 < (1− (ߝ < 1. 

Proof 

Suppose that D is a fuzzy soft dense in S and  s∈ S so  s∈ FSC[D] then by lemma 3.8 there is a  
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sequence (݀௡) ∈ D such that	݀௡ →௦s that is for any 	0 < (1− (ߝ < 1	and we can find N with  

	h୅×୆(a, b)[d୬, s] > (1 − ε) for all n ≥ N. Take d= d୒ so  h୅×୆(a, b)[d, s] > (1− ε).  

Conversely to prove D is a fuzzy soft dense in S we have to show that S⊆ FSC[D] let s ∈S then  

there is ௝݀ ∈ D such that h୅×୆(a, b)ൣd୨, s൧ > ቀ1− ଵ
௝
ቁ. Now take	0 < ߝ < 1 such that  ଵ

௝
<  for each ߝ

j	≥N for some N. Hence we have a sequence	൫ ௝݀൯ ∈ D such that	h୅×୆(a, b)ൣd୨, s൧ > ቀ1− ଵ
௝
ቁ >

(1 − for all j≥N that is d୨ (ߝ →ୱ s so  s∈ FSC[D]. 

4.Fuzzy soft continuous functions 

Definition (4.1):  

Let (S, h୅×୆(a, b), ⊛)  and (M, v୙×୛(u, w), ⊛)  be two fuzzy soft metric space. The function T: X 

 →Y is known as fuzzy soft continuous at	 ܛ૙ ∈ X	if for every and for every	0 < (1 − (ߙ < 1 

there exists 0< (1− β) <1 [depends on (1− α) and s଴] such that for all s∈S  

 h୅×୆(a, b)[s, s଴] > (1 − β)	 we have  	v୙×୛(u, w)[T(s), T(s଴)] > (1 − α) 

Then T is known as fuzzy soft continuous if T is fuzzy soft continuous	at every point	s଴ ∈S 

Theorem (4.2): 

Let (S, h୅×୆(a, b), ⊛) and (M, v୙×୛(u, w), ⊛)  be two fuzzy soft metric spaces. The function  

T:S→M is fuzzy soft continuous at s଴ ∈S if and only if whenever ݏ௡ →௦ s଴ then T(ݏ௡) →௦ T(s଴). 

܎ܗܗܚ۾ ∶ 

Assume that T is fuzzy soft continuous at s଴ ∈S and let (ݏ௡) ∈S with  ݏ௡ →௦ s଴. Let 0< (1− (ߝ <1 

 be taken then there is	0 < (1− (ߜ < 1 with for all s ∈S h୅×୆(a, b)[s, s଴] > (1− δ) implies 

 	v୙×୛(u, w)[T(s), T(s଴)] > (1− ε)  since	ݏ௡ →ୱ s଴ then we can find N ∈ ℕ such that for all n≥N  

we have  h୅×୆(a, b)[s୬, s଴] > (1 − δ).Therefore for all n≥N we v୙×୛(u, w)[T(s୬), T(s଴)] >

(1 − ε) thus 	T(s୬) →ୱ T(s଴). 
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Conversely assume that for every sequences (ݏ௡)	in S fuzzy soft converges	 to ݏ଴	 implies 

	൫ܶ(ݏ௡)൯ →ୱ  There must exists	଴ .ݏ suppose that ܶ is not fuzzy soft continuous at (଴ݏ)ܶ

 0 < (1− (ߝ < 1		and for all		0 < (1− (ߜ < 1		there exists s ∈S such that h୅×୆(a, b)[s, [଴ݏ >

(1 − δ) but v୙×୛(u, w)[T(s), T(s଴)] ≤ (1− ε). Now	 for any		݊ ∈ ܰ	we can find		ݏ୬ ∈S such that  

h୅×୆(a, b)[s୬, s଴] > ቀ1 − ଵ
୬
ቁ but  v୙×୛(u, w)[T(s୬), T(s଴)] ≤ (1− ε).    

Then the sequence ൫T(s୬)൯	does not fuzzy soft converges to	T(s଴).This contradicts our 

assumption that	T(s୬) fuzzy soft converges	to T(s଴)	. Therefore T is fuzzy soft continuous at ݏ଴. 

Proposition (4.3): 

Let (S, h୅×୆(a, b), ⊛) and (M, v୙×୛(u, w), ⊛)  be two fuzzy soft metric spaces. .The function T:S  

→M is fuzzy soft continuous at s଴ ∈ S if and only if for every	0 < ߝ < 1	there exists 0< ߜ <	1such 

 that 	ܵܤ(ݏ଴,ߜ) ⊆ ܶିଵ[ܵܤ(ܶ(ݏ଴),  		[(ߝ

Proof: 

The function T is a fuzzy soft continuous at ݏ଴ ∈S if and	only if for every 	0 < (1 − (ߝ < 1 there  

exists	0 < (1 − (ߜ < 1	such that v୙×୛(u, w)[T(s), T(s଴)] > (1 − ε) for all s satisfying  

h୅×୆(a, b)[s, s଴] > (1 − δ) that is s ∈ Sݏ)ܤ଴, ∋ implies T(s)	(ߜ ,(଴ݏ)൫ܶܤܵ [(ߜ,଴ݏ)ܤܵ]ܶ	 ൯ or(ߝ ⊆ 

,(଴ݏ)ܶ)ܤܵ ,଴ݏ)ܤܵ This is equivalent to .(ߝ (ߜ ⊆ ܶିଵ[ܵܤ(ܶ(ݏ଴),  .[(ߝ

Theorem (4.4) : 

Let (S, h୅×୆(a, b), ⊛) and (M, v୙×୛(u, w), ⊛)  be two fuzzy soft metric spaces. The function 

 T:S→M is fuzzy soft continuous if and only if 	Tିଵ(G) is fuzzy soft open set in S for all fuzzy soft  

open subset ܩ of M. 

Proof: 

Suppose that	ܶ	is fuzzy soft continuous on S and let G be a fuzzy soft open subset of M.  If  



J. R. Kider, Al-Qadisiyah Journal of Pure  Science  25 , 3 (2020) pp. Math. 46-61                                                                                                                                            57    
 

Tିଵ(G) = ϕ  or Tିଵ(G)= S then the proof is done. we may suppose that Tିଵ(G) ≠ ϕ and  

Tିଵ(G) ≠.S Let		x	 ∈ 	Tିଵ(G)	then T(x) ∈G but G is a fuzzy soft open  then there exists 0< ߝ <1  

such that	SB(T(x), ε) ⊆ G.	But	ܶ	is fuzzy soft continuous at	ݔ	so by proposition 4.3 for this ߝ	there  

exists 0< ߜ <1 and such that	SB(x,δ) ⊆ Tିଵ[SB(T(x), ε)] 	⊆ Tିଵ(G). Hence Tିଵ(G) is a fuzzy soft  

open in S.  

Conversely,	suppose that	Tିଵ(G) is open for all open subset G	of Y. Let x∈ S for each 0< ߝ <	1 the 

 open fuzzy soft ball	 SB(T(x), ε) is a fuzzy soft open set by Theorem 3.16 so	ܶିଵ[ܵ(ߝ,(ݔ)ܶ)ܤ] is a 

 fuzzy soft open in S. Since	x ∈ Tିଵ[SB(T(x), ε)]	 it follows that there exists	0 < ߜ < 1	such that  

SB(x,δ) ⊆ Tିଵ[SB(T(x), ε)], Hence T is fuzzy soft continuous by Proposition 4.3. 

Theorem (4.5): 

Let (S, h୅×୆(a, b),	⊛ ) and (M, v୙×୛(u, w), ⊛)  be two fuzzy soft metric spaces. The function  

T:S→M is fuzzy soft continuous if and only if 	Tିଵ(G) is fuzzy soft closed set in S for all fuzzy soft  

closed subset ܩ of M. 

Proof: 

Suppose that G be a fuzzy soft closed subset of M. Then M−G is a fuzzy soft open in M so  

 Tିଵ	(M − G)  is a fuzzy soft open in S by Theorem 4.4. But Tିଵ(M−G) =S−Tିଵ(G)  so Tିଵ(G)  is a  

fuzzy soft closed in S.  

Conversely suppose that Tିଵ(G)  is a fuzzy soft closed in S for all closed subset G of Y. But ߶ and S  

are fuzzy soft closed .Then S−Tିଵ(G) is a fuzzy soft open in S and Tିଵ(M−G)=S−Tିଵ(G) is a fuzzy 

 soft open in S. 

Theorem (4.6): 
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Let (S, h୅×୆(a, b), ⊛), (Y, v୙×୛(u, w), ⊛) and (Z, l୑×୕(m, q), ⊛) be three fuzzy soft metric 

spaces. Let T: S →Y and H: Y →Z be fuzzy soft continuous functions. Then H∘T is a fuzzy soft 

continuous function from X to Z. 

Proof: 

Let	G	be fuzzy soft open set in Z then by Theorem 4.6 Hିଵ(G) is fuzzy soft open set in Y.  Again by 

Theorem 4.4 Tିଵ[Hିଵ(G)] =(H ∘ T)ିଵ(G)	is fuzzy soft open	 set in S. Hence  H∘Tis fuzzy soft 

continuous . 

Theorem (4.7): 

Let (S, h୅×୆(a, b), ⊛) and (M, v୙×୛(u, w),	⊛ )  be two fuzzy soft metric spaces. Let T: S →M be a 

function then (1)⟺(2)⟺(3). 

1- T is fuzzy soft continuous  

2- For all subset D of M we have  FSC[Tିଵ(D)] ⊆ Tିଵ(FSC[D]). 

3- for all subset G of S we have T(FSC[G]) ⊆ FSC[T(G)]. 

Proof : (1)⟹(2) 

Le D be a subset of M Since FSC[D] is a fuzzy soft closed subset	of M then 	Tିଵ(FSC[D]) is a fuzzy 

soft closed in S. Moreover	Tିଵ(D) ⊆ Tିଵ(FSC[D])	and so FSC[Tିଵ(D)] 	⊆ 	Tିଵ(FSC[D]). [since 

FSC[Tିଵ(D)] is the smallest fuzzy soft closed set containing Tିଵ(D)]. 

(2)⟹(3): 

Let G be a subset of S, Put		D = T(G)	,	we have	G ⊆ Tିଵ(D) and  FSC[G] ⊆ 	FSC[Tିଵ(D)] 	⊆

Tିଵ(FSC[D]).	Thus T(FSC[G] ⊆ T൫Tିଵ(FSC[D])൯ = FSC[D] = FSC[T(G)]. 

(3)⟹(1): 

Let D be a fuzzy soft closed set in M and put	Tିଵ(D) = Dଵ.	By Theorem 4.5 it is sufficient to show 

that	ܦଵ is a fuzzy soft closed in S that is	Dଵ = FSC[Dଵ]. Now 	T(FSC[D]) ⊆ T൫Tିଵ(FSC[D])൯ ⊆

FSC[D] = D. FSC[ܦଵ]	⊆ Tିଵ(T(FSC[ܦଵ])) ⊆ Tିଵ(D)= Dଵ. 

Theorem (4.8): 
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Let (S, h୅×୆(a, b), ⊛) and (M, v୙×୛(u, w),	⊛ )  be two fuzzy soft metric spaces. If T: S→M and  

H:S→ M be fuzzy soft continuous functions then the set { s∈S: v୙×୛(u, w)[T(s), H(s)]=1} is a 

fuzzy soft closed subset of S. 

Proof: 

Put G= { s∈S: v୙×୛(u, w)[T(s), H(s)]=1} then S−G= { s∈S: 0< v୙×୛(u, w)[T(s), H(s)] <1}. We 

show that S−G is fuzzy soft open. If S−G =ϕ then there is nothing to prove. So let S−G	 ≠ 	ϕ		and 

let d	∈ S − G	, then v୙×୛(u, w)[T(s), H(s)] < 1	let v୙×୛(u, w)[T(s), H(s)]= (1 −  for some	(ߝ

	0 < ߝ < 1.		Then by fuzzy soft continuity of T and H there is	 0 < ߜ < 1		and such that 

h୅×୆(a, b)[s, d] > (1− δ)  implies v୙×୛(u, w)[T(s), T(d)] > (1−  (ߝ

and	v୙×୛(u, w)[H(s), H(d)] > (1− (1	Hence by Remark 2.7 There exist .(ߝ −  	,	ݎ	for some	(ݎ

0 < ݎ < 1 such that	 (1 − (ߝ ⊛ (1 − (ߝ ⊛ (1 − (ߝ 	> 	 (1−     Now .(ݎ

 v୙×୛(u, w)[T(d), H(d)]  ≥ v୙×୛(u, w)[T(d), T(s)] ⊛ 

                            v୙×୛(u, w)[T(s), H(s)]  ⊛ v୙×୛(u, w)[H(s), H(d)] 

                             ≥ (1− (ߝ ⊛ (1− (ߝ ⊛ (1− (ߝ 	> 	 (1 −  .(ݎ

For all s ∈ S satisfying h୅×୆(a, b)[s, d] > (1− δ). Thus for each d ∈SB(s, ߜ,) we have 

v୙×୛(u, w)[T(d), S(d)] <1. That is T(d) ≠S(d) so SB(d, ߜ) ⊆S−G. Hence S−G is fuzzy soft open so 

G is a fuzzy soft closed.  

Corollary (4.9):  

Suppose that (S, h୅×୆(a, b), ⊛) and (M, v୙×୛(u, w),	⊛ )  be two fuzzy soft metric spaces and 

assume that T: S→M and  H:S→ M be fuzzy soft continuous functions. If the set { s∈S: 

v୙×୛(u, w)[T(s), H(s)]=1} is a fuzzy soft dense in S. Then T=H. 

Proof: 

By Theorem 4.8 the set G is a fuzzy soft closed but G is assumed to be fuzzy soft dense in S so we 

have S= FSC[G]=G that is T(s)=H(s) for all s∈ S Hence T=H. 

Conclusion 
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In this paper, a new structure called a fuzzy soft metric space is introduced and studied which 

very different from the notion of fuzzy soft metric space that introduced by the authors in [18] 

and [19]. The notions of open fuzzy soft ball, fuzzy soft open set, fuzzy soft bounded set, fuzzy 

soft dense set, fuzzy soft convergence of sequences, fuzzy soft continuous function are 

introduced and some basic results are investigated. To continue this work, one could study and 

introduce other notions.   
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