Al-Qadisiyah Journal of Pure Science

Volume 25 | Number 3 Article 5

7-7-2020

A Subclass of Harmonic Univalent Functions Defined by Salagean
Integro Differential Operator

Hasan BAYRAM
Department of Mathematics, Bursa Uludag University, 16240, Nilufer, Bursa, Turkey,
hbayram@uludag.edu.tr

Follow this and additional works at: https://qgjps.researchcommons.org/home

6‘ Part of the Mathematics Commons

Recommended Citation

BAYRAM, Hasan (2020) "A Subclass of Harmonic Univalent Functions Defined by Salagean Integro
Differential Operator," Al-Qadisiyah Journal of Pure Science: Vol. 25: No. 3, Article 5.

DOI: 10.29350/qjps.2020.25.3.1138

Available at: https://qjps.researchcommons.org/home/vol25/iss3/5

This Article is brought to you for free and open access by Al-Qadisiyah Journal of Pure Science. It has been
accepted for inclusion in Al-Qadisiyah Journal of Pure Science by an authorized editor of Al-Qadisiyah Journal of
Pure Science. For more information, please contact bassam.alfarhani@qu.edu.iq.


https://qjps.researchcommons.org/home
https://qjps.researchcommons.org/home/vol25
https://qjps.researchcommons.org/home/vol25/iss3
https://qjps.researchcommons.org/home/vol25/iss3/5
https://qjps.researchcommons.org/home?utm_source=qjps.researchcommons.org%2Fhome%2Fvol25%2Fiss3%2F5&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/174?utm_source=qjps.researchcommons.org%2Fhome%2Fvol25%2Fiss3%2F5&utm_medium=PDF&utm_campaign=PDFCoverPages
https://qjps.researchcommons.org/home/vol25/iss3/5?utm_source=qjps.researchcommons.org%2Fhome%2Fvol25%2Fiss3%2F5&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:bassam.alfarhani@qu.edu.iq

Al-Qadisiyah Journal of Pure Science Vol.(25) Issue (3) (2020) pp. Math. 62-70

] Al-Qadisiyah Journal of Pure Science

QJPS ISSN(Printed): 19972490 ISSN(Online): 2411-3514

DOI: /10.29350/jops.

Al-Qadisiyah Journal of Pure Science

http: u.edu.iq/journalsc/index.php /JOPS

A Subclass of Harmonic Univalent Functions Defined by Salagean
Integro Differential Operator

Authors Names ABSTRACT
a. Hasan BAYRAM

In this paper, we scrutinize some fundamental features of a subclass of
Article History harmonic functions defined by a new operator. Like coefficient inequalities,
Received on: 8/5/2020 convex combinations, distortion bounds.

Revised on: 4 /6/2020
Accepted on: 18/6/2020 | MSC: 30C45, 30C50
Keywords:
Harmonic

Linear Operator

Univalent Functions

DOl :https://doi.org/10.29350/
jops.2020.25. 3. 1138

1. Introduction

Harmonic functions are a classic title in the class of geometric functions. Many researchers have studied these
function classes from past to present, and since it has a wide range of applications, it is still a popular class. In this
study, we will examinethe class of harmonic univalent functions, which is a subclass of harmonic functions. Let's
show the open unit disk as U. Let’s show the family of continuous complex-valued harmonic functions that are
harmonic in U as H. A denotes the subclass of , including functions that are analytic in the open unit disk. f be a
harmonic function in U and f may be written as f = b + g; where h and g are in A. We denominate } is the analytic
part of f, and g is the co—analytic part of f. S denotes normalized analytic univalent functions in the open unit disk.
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Clunie and Sheil-Small [5] proved that f is sense—preserving and locally univalent in Uif and only if [§'(z)| >
lg’(%)l. So no loss of generality we can write h(0) = 0 and §'(0) = 1 since h’'(z) # 0.

In this way, writing
B2 =2+ ) @z and 9(@) = ) hya (1)
k=2 k=1

does not break generality.

Let SH indicate the family of functions f = + g which are univalent, harmonic and sense—preserving in U for f
functions that provide f(0) = f,(0) — 1 = 0.

Consequently, SH includes the class of §, which is normalized analytic univalent functions. Clearly, it will become
apparent that although the analytic part § of a function f € SH is locally univalent, it need not be univalent. It can be
easily demonstrated that the inequality of |b;| < 1 must be achieved in order to have sense—preserving property.
The subclass SH° of SH covers all functions in S with f;(0) = 0 property. Clunie and Sheil-Small [5] examined
SH as well as its subclasses and discovered some coefficient bounds. Thenceforward, there have been various
associated articles on SH and its subclasses. For more details see ([1], [3], [4], [6], [7], [8], [10], [11], [13], [14] and
[15] etc.). Furthermore, notice that SH reduces to the class S, if the co—analytic part of f is identically zero.

For f € A,n € N; = N U {0}, the Salagean differential operator D" is defined by Salagean [9] D™: A — A,

D°f (=) = f(2)

D"f(z) = Z(D"f(z))'.

For
) = 2+ ) @z,
k=2
we get
D"f(z)=z+ Z k™a,z*.
k=2

This operator was developed and modified by many researchers over time. As a simple example for f =) +gas
stated in (1), Jahangiri et al. [8] described the modified Salagean operator of f like as

D°f(2) = f(2),

D™ f(z) = D"p(z) + (-1)"D"g(),

where

D"y(z) =z + z k™ a; 5"
k=2
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and

[oe]

D"g(z) = Z k™b, z*.

k=1
Salagean [9] defined a linear operator denoted by I™ given by
I°f () = f(2),

e =2 [0y
0

I"f(z) = I(I""'f(2)),

where f(z) € A,z € U,n € Ny and
fz) =12 +Z a,z"*
k=2
then
a
I"f(z) =z + Zk—ﬁzk.
k=2

Then Pall-Szabo [2] defined a linear operator for z € U,A = 0, n € N denoted by L™ given by L™: A — A,
L' () = (1 = )D"f(z) + A" f(z).

Therefore, if f(z) € A and
&) =5+ ast,
k=2
then
n — N n 1 k
L@ =2+ ) kM1 =) + A @)
k=2

Now we define the Salagean integro differential operator for functions f = h + g as stated in (1),

LOf(z) = (1= )D°f(2) + A°f(z)

L'f(z) =1 —-2)D"f(z) + AI"f(3)
= (1 -D(D"(z) + (-1)"D"g(2)) + A(I"H(2) + (—1)"I"g(3)),

wheren € Ny, 0 < 4 < 1. Therefore
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[oe]

L (z) =z + i [k"(l -+ Akin] az* + (—1)’12 [k"(l + )+ A% byz*. (3)
k=2 k=1

Let show the subclass of SH containing functions f as stated in (1) which provide the following condition as
SH(A,n, 1)

Re (Ln+1f(Z)

fz;}zgj—) >u 0<u<l1 (4

where L™ f(3), as stated in (2).
We denote the subclass SH (1, n, 1) containing harmonic functions f, = b + @, in S so that h and g,, be defined as
follows

[oe]

D@ =z2-) @z, 6, =(CD") b, (5)
k=1

k=2
Ay, bk > 0.

If the parameters are chosen specially, SH (1, n, i) classes are reduced to different subclasses of harmonic univalent
functions (For example Jahangiri [7], Jahangiri et al. [8], Silverman [10], Silverman and Silvia [11], Uralegaddi and
Somanatha [12], Cho and Srivastava [4], Bayram and Yalcin [13], Atshan and Wanas [16]).

2. Main Results

In Theorem 2.1, we present a sufficient coefficient condition for harmonic univalent functions that are the members
of SHO(A,n, u).

2.1 Theorem

Let f = b + . In here let h and g are as stated in (1) with b; = 0. Let

[oe]

z [k"(l i +/1%] (k"(l y +/1%— )Iakl +§: [k“(l +2) +/1kl—n] (k"(l +2) +/1%+u> bl < 1—p(6)
k=2 k=2

wheren € N;,0 <41 <1,0<u <1 Thenfis sense—preserving and harmonic univalent in U so we can say that
f ESH (A4 n, ).

As a special notation for convenience, sometimes, we write

A, = [k“(l ) +/1%] (k"(l DA )

kn
and

B, = [k"(l +A)+ /1%] (k"(l +A)+ Akl—n + u)
and

1

Cr=k"(1=2) + A
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in this article.

Proof. If we accept that z; # z,, we obtain

Yiea b (35 — zY)

a(z1) — 9(z,)
(31 —3,) + ZI(:J:Z ak(zf - Zf)

f(z1) — f(3,)
h(z1) —b(z,)

h(z1) — b(z;)

~  klb
or zk_i |by|
11—y, klag]
e, 2% by |
>1— bl

>
1= 3, 2 ol

that proving univalence. Pay attention f is sense—preserving in U. To show this feature;

b/ (@) = 1= ) Kla,llal*
k=2

>1_ 1_ |ak|
k=2
o B
zzl_" ||
k=2 H
> klbl 1214
k=2
> 1g'(2)].

Using the factthatRew = a & |1 — a + w| = |1 + a — w], it suffices to show the following inequality

(1 =L f(z) + L™ f(2)| — (1 + WL f(z) — L™ f(z)] = 0.

Replacing for L*f(z) and L™ f(z) in (7), we obtain
|1 =L f(z) + L f ()| — |1 + L f(z) — L™ f(2)]

2201 - plal = ) GG+ 1= Wlael a1 = D €u(Cy = 1+ byl 21*
k=2 k=2

= CalCa= 1= Wl gl = . CuCy+ 1+ wlbel I3l
k=2 k=2

Al ~o B,lbl
>2(1 — 1-— —Z .
( #)Izl{ eI p—

k=2 k=2

This last phrase is not negative with (6), and therefore the proof is complete.

()
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2.2 Theorem

Let f, = h + g, be as stated in (4) with b, = 0. Then f,, € SH°(A,n, 1), if and only if

> Al + ) Bilbl<1-p ®)
k=2 k=2

wheren €N, 0<1<1,0<u<1.

Proof. Notice that SH°(4,n,u)is a subclass of SH°(4,n,u). Then the “if’ part can be easily proved from 2.1
Theorem. For the “only if” part, we must demonstrate that f, & SH (4, n, u) if the inequality (8) is not valid. Here is
an issue to be considered; a necessary and sufficient condition for f,, = b+ g, be as stated in (5), to be in
SH (A, n, ) is that the condition (4) must be provided.

The above stipulation must be valid for all z complex numbers where, |z| = r < 1. After selecting the z values from
the positive real axis where 0 < |z| = r < 1, we obtain

A -z — Y, Ag 3" — X3, Byb 5"
Re = k = — =
3 — Yoy Coayez® + X7, Cby 2

This is equivalent to

{(1 — 1) = Tp Anar* - B, Bnbkrk-l} o o

1=, Chark=t + ¥, Cobyrkt

If the inequality (8) is not valid, then the expression in (9) is negative for r values approaching 1. Hence there exists
3o = 1 in (0,1) for which the quotient in (9) is negative. This shows the required condition for f, € SH°(4,n, 1)
and so the proof is complete.

2.3 Theorem

Let f, = b + @, be as stated in (5). At that case a necessary and sufficient condition for f, € SH°(4,n, ) is
@) = ) (X @ + Y0, (2)),
k=1
where

—u
A, °

1
h1(z) =3, b(z) =z —

and

1—yp
Z—k
B,

8n, (2) = 2,05, (3) =2+ (-1

forX, =0, ¥, > 0,5 (X, +¥) =1, k=23,nEN,0<A<1,0<u<1.
Notably, the extreme points of SH°(4,n, ) are {b; } and {g,, }.

Proof. For f, functions which are as stated in (5), we obtain
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AOEDYCANOERAME)
k=1

= Z(Xk +Y)z — Z X 3* + (—1)”2 Y, 5k,
Ay B,
k=1 k=2 k=2
Then
A 1-— B 1-—
1n<A#X">+ 1n<BMY’<)
= u n pr=c u n
=) K+ ) He=1-X,-% <1
k=2 k=2

1—p
<
a, < i
and
1—p
b, < .
Set
Ay
k_l_ k»
B,
Y, b,
k 1_#k

fork = 2,3,---and

X& *‘Y& =1- (:E:A% +‘Yk>

k=2

where X}, = 0, Y, = 0. Therefore, in accordance with, we have

f(@) = (0 + )z + ) (Xebi(2) + Y9, (2))
k=2

- Z(Xkbk(z) + Y8, (2))-
k=1

2.4 Theorem

Let f, € SH°(A,n,u). Thenfor |3l =r <1landn € N;,,0 <1< 1,0 < pu <1, wehave
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Er<ifi@l<r+

n n

oy

Proof. Here, we will only prove the right side since the proving of the left side, and the right side of the inequality is
very similar. Let f,, € SH °(4,n, it). Taking the absolute value of f,, we can easily see

“rz.

N 1—wrie A 1-wrixe B
|fn(Z)|Sr+Z(ak+bk)r"Sr+( A,u) Zl—n Iak|+( AM) Zl—n |by| <7 +

k=2 m k=2 H m k=2 H n
The left side can be shown in a similar way.

2.5 Theorem

The class SH °(4, n, u) is closed under convex combination.

Proof. Let fn]_ € SH°(A,n,p) for Letj= 1,2, .., where fnj is given by

[oe]

fn;(8) =2 — Z ak].zk + (D" Z bk].z‘k.
k=2

k=2

Then by (7),

A, - B, b
Zl—uakf-l_kz;l—u b <1 (10)

5
k=2

For Y% ,p; = 1,0 < p; < 1, the convex combination of f,, can be written as

ijfnj(z)=z—z pjax; Zk"‘(—l)"z ijbkj gk,
j=1 j=1 j=1

k=2 k=2

Then by (10),

This is the situation required by inequality (8). In this way X2, p;f, (2) € SH(A,n, w.
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