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1. Introduction

Let H(U) be the class of function which are analytic in the open unit disk

U={zz€e(C:|z| < 1}.

Forn e N ={1,2,3,..},and a € C, let

Hlan]l={f €EH:f(z) = a+ a,z™ + aps12™ + -},

and also, let H, = [0,1].
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Let X denote the subclass of H(U) consisting of all univalent and analytic functions of

the form:
F(2) =2+ Z ™, (zeU). (1.1)
n=2
Komatu [8] introduced and investigated a family of integral operator
Jh2 -5

That is obtained as follows

JHf(@) =z+ X5 1( )Aanzn,(zEU*,n>1,/120). (1.2)

u+n—1
The Hurwitz - Lerch Zeta function

k
z
¢(z,s,a) = Z—S ,a€C/z,",s e Cwhen0 < |z| < 1.
n=o(k+a)

Interims of Hadamard product (or convolution) where Gg 4, is given by
Gsaz) = 1+ a)’[@p(z,5,a) —a™],(z € V).

Then a linear operator Iéa,ﬂf(z): X — X (see[2]) is defined

o1+ ay U A
Ig,a,uf(z) = Gs,a(z) *]ﬁf(z) =z+ Z (k n a) (‘u T 1) Cann. (13)
n=2

[t is easily verified from (1.3) that

2(B3f @) = ulauf @) — (= DILLF ) (14)

For several past years, there are many authors introduce and dealing with the theory of second-
order differential subordination and superordination for example ([3,4,10]). Recently, many
authors discussed the theory of third-order differential subordination and superordination for
example ([5,6,7,11,12,13,14,15]). In the present paper, we investigated the extended theory of
second-order differential subordination in the open unit disk introduced by Miller and Mocanu
[9] to third-order case. Now, we extend this to fourth-order differential subordination and
determined properties of functions p that satisfy the following fourth-order differential

subordination:
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W (2),2p'(2),2°p" (2),2°p""(2),2*p""" (2); 2): z € U}.
To prove our main results, we need the basic concepts in theory of the fourth-order.

Definition(1.1): [9]. Let f(z) and F(z) be members of the analytic function class H(U).The
function f(2) is said to be subordinate to f(z) or F(z) is superordinate to f(z) if there exists
a Schwarz function w(z) analyticin U with w(0) =0 and |w(z)| <1 (z € U), and such that
f(z) = F(w(z)). In such case, we write

f<F,or f(z) < F(2).
If F(z) is univalent in U, then f(z) < F(z) ifand only if f(0) = F(0) and f(U) < F(U).

Definition (1.2): [1]. Let Q be the set of all functions g that are analytic and univalent
on U/E(q) ,where

B(@ = {g:¢ € 0U:lim{q(2) = oo},

and are such that min|q'(§)| =p > 0 for é € d U/E(q). Further, let the subclass of Q for
which q(0) = a be denoted by Q(a) with

Q(0) = Qo and Q(1) = Q;.

Definition (1.3): Let ¥:C° X U - C and the function h(z) be univalent in U.If the function
p(z) is analyticin U and satisfies the following fourth-order differential subordination:

Y(p(2),2p'(2),2°p" (2),2°p"" (2),2*p"" (2); 2) < h(2), (1.5)

then p(z) is called a solution of the differential subordination. A univalent function q(z) is
called a dominant of the solutions of the differential subordination or more simply a dominant if
p(z) < q(z) for all p(z) satisfying (1.5). A dominant ¢(z) that satisfies §(z) < q(z) for all
dominants q(z) of (1.5) is said to be the best dominant.

Lemma ( 1.4): Let z, € U withry = |zy|. Forn > 1. Let
f(2) = az™ + app 12"+ ap 2™t +

be continuous on U—ro and analytic in U, U {2}, with f(z) # 0.1f

|f (20)| = max{|f(2)|:z € Uy}, (1.6)
then there exists an, m = n such that
zof " (o) _
e " (1.7)
zof" (2)

and
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zof"(20) + 325 f " (20) + z3f ® (20)
Re{ 20F o) } > m?. (1.9)
Then
e (20 (0) + 728" @) + 62" f O )42 f P 0| o (1.10)
zof"(20)

Proof: The relations (1.7), (1.8) were proved in Lemma [9, Chap 2, page. 19] and (1.9) were
proved in Lemma [9, Chap 6 ,page. 322]. We only need to prove (1.10).

Ifwe f(z) = R(ry,0)e®T® for z = rye'®,
then

zf'(z) 09 10R
f(Z) _%_LE%. (111)

Differentiating (1.11) with respect to 8, we obtain

zf @) [2(zf'(2))’ _zf'(x)| _9*0  [19°R (10R 2
T [ 2f'(2) f(2) ] T 962 lﬁﬁ‘(ze%) l (112)
Another differentiation with respect 8 leads to
zf'(2) Z(Z(Zf'(z))l)l B Bz(zf’(z)), zf'(z) +2 <Zf'(2)>2
f(2) zf'(2) zf'(z2) ~ f(2) f(2)
3¢ 9 [10%2R [10R\*
=‘W‘%[§W‘(Eﬁ) l (1.13)

Also differentiation (1.13) with respect to 8, we obtain

'@ |G @)Yy H(HS D)) @) e @) 2GrY o
@ ) i f oz

2L zf\* ; zf'\’|  9*® 0% [19?R (10R\’
2 <T> - <T> "am*‘am[ﬁam‘(ﬁ%)l-

Taking imaginary parts of this expression at z,; and using (1.7) leads to

Re [zOf’(zO)+7zO2f”(zO>+6zO3f"'(zO>+za’f<4><zO)] m — 4mZ2Re [zOf’(zO)+3zO2f”<zO)+zO3f<3>(zO)] _

Zof (zo) zof" (20)
2 zof"' (20) zof"" (o) 4 _ 0% |10°R (10R 2]
3m”Re [ f'(zo) + 1] + 12m*Re [ f'(zo) + 1] 6m 392 R 062 (R 69) )

Finally, by applying (1.8), (1.9), we obtain the desired result (1.10).
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Lemma (1.5): Let p € H[a,n] and q € Q with q(0) = a for z € U,,. Let

S=q'p@] = f(. (1.14)

If there exists points z, € U and s, € dU/E(q) such that p(z,) = q(s,) and P(U_TO) c q(U),

s0q" (So) zp'(z)
Re {m} >0 ’ q’(S) <k (115)
sgq® (50)} z°p" (2) 5
and Re {—q’(so) =0, 7 (s) < k-, (1.16)

where 1y = |z;|. Then there exists an m > n > 1 such that

zop'(29) = msyq'(so) (1.17)
zop'' (20) soq" (so)
ZoP Zo) > 207 20/ .
Re { Ln) 1} > mRe { Tt 1} (1.18)
and
ZoP’(Zo)+3Z§p”(Zo)+ZgP(3)(Zo) > m?2 Soql(so)+355q,’(50)+58q(3)(50)
Re{ o) } >m Re{ T } (1.19)
Then
Re {z(m'(zo) + 72" (20) + 6230 (20) + 28p® <z0)}
Zop'(20)
50’ (s9) + 752" (s9) + 6s3gP® (sy) + stg@ (s
Zm3Re{0q(°) 09" (s0) : 09" (So) +50q (o)}' (1.20)
Soq'(So)
723pB) (5 s3g@® (s
or Re {()P,—(o)} > k3Re {Oq,—(O)}. (1.21)
p'(2o) q'(s0)

Proof: The relations (1.17), (1.18) proved in [9, Chap. 2, page 22] and (1.19) proved in [9, Chap.
6, pages 325 and 327].We only need to prove (1.20). Note that g is univalent at s, and hence
q'(so) # 0 .Since p is analytic in U, the set p(U,,) is a bounded set and p(U,,) < q(U)/E(q).
From (1.14) we see that f is analytic in (U,) and satisfies |f(zo)| = Isol =1,f(0) =
Oand |[f(z)| <1 forl|z| <r,. A furlher calculation show that f®(0)=p®(0) fork =
1,2,...,n— 1. Thus f satisfies the conditions of Lemma (1.4) and deduce that there exists an m,n
such that

Zof'(20) —

, 1.22
fa) (1.22)

and



6 W. G. Atshan, A. H. Battor, A. F. Abaas and G. I. Oros, Al-Qadisiyah Journal of Pure Science 25,2 (2020) pp. Math. 1-13

zof"' (20)
Re {ZL(20) T +1} =2 m (1.23)

Since from (1.14) we have p(z) = q(s), with s = f(z), we obtain
zp'(2) = q'(2)zf"(2). (1.24)
Differentiating (1.20) leads to

2(zp' (@) sq"'(s) zf'(2) | z(zf'(2)
' () 4 f@ + 2f'(z) ' (1.25)

Another differentiation leads to

z(z(zp'(z)),> _ s3q®(s) (zf’(z))2 s2q''(s) zf'(2) z(zf’(z))’ Z<Z(Zf,(2))’) (1.26)

'@ sq'(s) \ f(2) sq'(s) T f2) T zf'(2) zf'(2)

While another differentiation leads to

(e @yyy (2 (e @)))
zp'(z) - zf'(2)

+42

s2q"(s) Z(Z(Zf (Z))) Zf’(z)+6s3q(3)(s) Z(Zf’(Z))’ (z]"(z))2
q'(s) zf'(z) f(2) sq'(s) ~ zf'(2) "\ f(2)

RO 2z @) 2f' @) RO <Zf’(2)>3
500 \ Tz | @ sae) \F@ )

If we evaluate the real part of this expression at z, and use (1.23) and (1.25), we obtain

Re {zop’(zo)+7z§p”(zo)+6zgp(3)(zo)+zo4p(4)(zo)} — Re {Zof'(Zo)+725f”(20)+623f(3)(Zo)+Zo4f(4)(Zo)} +

zop'(20) zof'(20)
Y ! 2l 3 (3)(2 ) qu/l(s ) zof " (o)
4 504 (SO)R zof " (20)+325f ' (2o)+25 f 0 0 o p 0 0 1
M Sod (50) e 20/ (70) }+3m 50d'(50) ¢ (f(o) + ) +
2 554 (s0) zof"" (2o) m3sgq™ (so)
Re 1 _—
om 509’ (So) { f'(z0) + } S0q’ (so)

By use condition (1.9) and (1.10) in Lemma(1.4) and use (1.7), (1.8), we obtain

Re {ZOP’(ZO) +722p" (20) + 6230 (2) + zy*p™W (Zo)}

zop'(20)
SZ "(s s2g" (s s3 3) s g4 @) s
> m3 + 4m 0‘1(0) 3m3w+6m30q,(0)+m30q,(0),
Soq (50) S0q’ (o) S0q'(so) s0q' (o)

hence
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Zop'(20)
s0q'(S0) + 7s2q" (so) + 6559 (so) + qu(4)(50)l
509’ (So)

Re {Zop’(Zo) + 723p" (20) + 625p® (20) + 2P (20)

>m?3

or Re {M} > k3Re {w}_
p'(2o) q'(so)

Definition(1.6): Let Q be a set in C, ¢ € Q and n € N/{2}. The class of admissible function
A,[Q, q] consists of those function ¥:C> X U — C that satisfies the following admissibility
condition Y(r, s, t,w, b; z) & (), whenever

=@ = kg O+ 1) zhr (G + 1), (1) 2R (S0

wa 2(0) 2 05 (C200)

wherez e U ,é € U/E(q) and k = n.

The next theorem is a foundation result in the theory of fourth-order differential subordinations.
Its proof is very short because of we use Lemma (1.5) and the special conditions given in the definition of
the class of admissible functions 4, [, q].

Theorem (1.7): Let p € H[a,n] with n € N/{2}. Also, let q € Q(a) and satisfy the following

conditions:
fzq”’(E)> z%p" (z)
R(——==]=20 ——| = k?, 1.27
< "G ) (127)
wherez € U,§ € 0U/E(q) and k = n.IfQasetinC, ¢ € A,[Q, q] and
Y(p(2),zp' (2),z%p" (2),23p"" (2),z*p""" (2); 2) € Q, (1.28)
then

r(z2) <q(z) (zeU).

Proof: If we assume that p <« g, then there exist point z, = 1,e'% € U and s, € 0U/E(q) such
that p(z,) = q(sy) and p(U—rO) c q(U). From (1.27), we see that the condition (1.16) of Lemma

(1.5) is satisfied when z € U_ro and s, € dU/E(q). Since all the conditions of that Lemma are

satisfied, conclusions (1.17), (1.18), (1.19) and (1.21) follow. Using these last four results of
Definition (1.6) leads to

I/J(P(Zo), zp'(20), 2%p" (20), 2P (24), z*p™® (20); Z) & (),

since this contradicts (1.28), we must have p < q.
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2. Fourth-order differential subordination with Iﬁ,a,”

We first define the following class of admissible function, which are required in proving the
differential subordination theorem involving the operator I;l,a,ﬂf(z) defined by (1.3).

Definition (2.1): Let Q be a setin C and g € Q, N Hy. The class function B, [}, q] consists of those
function ¢: C° X U — C that satisfy the following admissibility conditions:

d(w,v,x,y,9;2) € Q,

whenever
_ _k&q'(§) + (u—1)q($)
u= q(f) ) v = ,Ll
xpw—w-Dn ) - <€q”(€) )
R(vu—wu—ﬂ +@-20 ) ZR( T+ 1
yu® — 3xp® + (2u+ D —1)° - ) 2 (?qmﬁv
R( v —u(u—1) TG D 2R q'()
and
32<gu4-(u-—1)4-F(4u4-2u3)y-F(u-—1)3(4u-+2)u-+(12u24-6u)(xu2-(u-1)2u
vp—u(p—1)
$3q""(§)
_ 3 2 2z k3r (21—
(12p° + 6u~ + 8u 2) =k iR( e )
Theorem (2.2): Let ¢ € B;[Q, q].If the function f(z) € £ and q € Q, and satisfy the following
conditions:
€2q”’(E)> . L@ _
R( 7@ )=° 7@ |5 @D
and
{0(I5hf D, o pnf @), I5a0f (@, I35 f @), 135/ (2) ); 2 € U} < Q, (2.2)
then

If(2) <qz (zeU).
Proof: Define the analytic function p(z) in U by
p(2) = I3,f(2), (z€ ). (2.3)

Then, differentiating (2.3) with respect to z and using (1.4), we have
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zp'(z) + (u — Dp(2)

I%,a,uf(z) = (2.4)
Further computations show that
zp"(2) + (2p — Dzp'(2) + (1 — 1)*p(2)
I f(2) = e (2.5)
z3p""(z) + 3uz®p" (z) + Bu? = 3u+ 1zp'(2) + (u— 1)3p(2)
Baif (2) = ; - (26)
U
and
A3 F = z*p""(2) + 2(2u+1)z°p"" (2) + (6p* + 1)2%p" (2) + (4p® = 3p* + u — Dzp'(2) + (u — 1)*p(2) @27)
sapn) — ‘Ll4 . .
We now define the transformation from C> to C by
s+ u—Dr
u(r,s, t,w,b) =r, v(r,s,t,w,b) = (IJT),
t+Qu—1Ds+ (u—1?%*r
x(r,s, t,w,b) = (2 )2 w ) )
U
w+3ut+ @Bu?—=3u+1)s+ (u—1)>3r
y(r,s,t,w,b) = 3 ,
U
b+2Qu+ Dw+ (6u?+ Dt + (4u® —3u®> +u—1)s+ (u— 1?r
95, 6w, b) = Cu+Dw+ (6u”+1) 54# prtpu—1s+p-1) @28
Let
Y(r, s, t,w,b;z) =¢dp(uw,v,x,y,9;2) =
s+(u—Dr t+Qu—-1s+u—-13 w+3ut+@u?—-3u+1Ds+ (u—1)>3r
u ' p? ' u3 ’
¢ b+2Qu+Dw+ (6p?+ Dt + (4u® —3u?> +pu—1Ds+ (u—1)%r 2129
ut

The proof will make use of Theorem(1.7). Using the equations (2.3) to (2.7), we have from (2.9)
that

Y(p(2),2p'(2),2°p" (2),2°p"" (2),2*p""' (2); 2) =
(IS (2), Boauf (2), Balf (2), 1855 f (2), 155 f (2) )- (2.10)
Hence, clearly, (2.2) becomes

Y(p(2),zp'(2),2°p" (2),2°p"" (2),z*p"" (2); 2) € Q,
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we note that

t xp® — (u—1)%u
“+1= 2-2
s+ vu—u(u—1) *( H
w P —3xpd+ e+ 1(u—1)>2
w_YH WA Qu+ -1 G- 1),
S vp—u(u—1)
and
b gu—(u—D*+ (4u* — 23y + (u— 1)°(4u + 2)u + (12u° + 6p) (xp® — (u — 1)%u
s vp—u(u—1)

— (12u3 + 6u% + 8u — 2).

Therefore, the admissibility condition for ¢ € B;[Q,q] in Definition (2.1) is equivalent to
admissibility condition for y € A3[Q, q] as given in Definition (1.6) with n = 3.

Therefore, by using (2.1) and Theorem (1.7), we obtain
p(z) = E1Lf(2) < q(2).
This completes the proof of Theorem (2.2).

Our next corollary is an extension of Theorem (2.2) to the case when the behavior of q(z) on dU
is not known.

Corollary (2.3): Let Q c C and let function q(z) be univalent in U with q(0) = 0. Let ¢ €
B,[Q,q] for some p € (0,1) , where q,(z) = q(pz) .If the function f € X and q, satisfies the
following conditions:

R(%FO % Sk, (zeUk 226 €0U/E(q)),  (21D)

and
UML), P f (), B f(2), B2 f (), I3, f (2;2) < h(z),  (2.12)

then

(@ <q@ (zel).
Proof: By using Theorem (2.2), yield

() <q,(2)  (zel),
then, we obtain the result from

4p(2) < q(z) (z€).
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This completes the proof of Corollary (1).

If Q# C is simply-connected domain, then Q = h(U) for some conformal mapping h(z) of U
onto ( .In this case , the class B;[h(U),q] is written as B;[h, q]. The following two results are
immediate consequence of Theorem (2.2) and corollary (2.3).

Theorem (2.4): Let ¢ € B;[h,q] . If the function f €X and q € Q, satisfy the following
conditions (2.1) and

¢(I§1,Z,1uf(z)11 auf(Z) Isauf(z) Isauf(z) Isauf(z) Z) < h(2), (2.13)
then
I f(2) <q@ (zel).

Corollary (2.5): Let Q c C and let function g be univalent in U with q(0) = 0. Also Let ¢ €
By|h,q,] for some p € (0,1) , where q,(z) = q(pz) .If the function f € £ and g, satisfies the
conditions (2.11), and

QIS (@), Bapuf (2), Ialuf (2, 1o, f (2), 1355 (2); 2) < h(2), (2.14)
then
ILf(@<q@ (zel).
The following result yield the best dominant of differential subordination (2.12).

Theorem (2.6): Let the function h be univalent in U. Also let ¢: C° X U = C and Suppose that
following differential equation:

2q'(2) + (u - 1)q(Z) 2’q"(2) + 2u—Dzq'(2) + (u — 1)ZQ(Z)

q(2),

I w2
" 23q"" (2) + 3uz?q" (2) + 3u* M—33u +1)zq'(2) + (u — 1)3q(Z) —h@),  (215)
z*q""(2) + 2Qu+ 1)2°q"" (2) + (6p* + 1)22q" (2) + (4u* — 3p® + u — 1)zq'(2) + (u — 1)‘*q(Z)
ut

has a solution q(z) with g(0) = 0, which satisfies the condition (2.1). If f € X satisfies the
condition (2.12) and if

¢(Iﬁ;,1uf(z)»l auf(z) Isauf(z) Isauf(z) Isauf(z) Z)
is analytic in U, then
1.2 <q(@ (zeU)
and q(z) is the best dominant.

Proof: Using Theorem(2.2), that q(z) is a dominant of (2.12). Since q(z) satisfies (2.14), it is also
a solution of (2.12). Therefore, g(z) will be dominated by all dominants. Hence g(z) is the best
dominant.
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