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1. Introduction 

Let 𝐻(𝑈) be the class of function which are analytic in the open unit disk  

𝑈 = {𝑧: 𝑧 ∈ 𝐶: |𝑧| < 1}. 

For 𝑛 ∈ 𝑁 = {1,2,3, … }, and 𝑎 ∈ 𝐶, let  

𝐻[𝑎, 𝑛] = {𝑓 ∈ 𝐻: 𝑓(𝑧) = 𝑎 + 𝑎𝑛𝑧
𝑛 + 𝑎𝑛+1𝑧

𝑛+1 +⋯}, 

and also, let 𝐻0 = [0,1]. 
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ABSTRACT 

 
In this paper, we introduce new concept that is fourth-order differential 
subordination associated with linear operator 𝐼𝑠,𝛼,𝜇  

𝜆 for univalent analytic 

functions in the open unit disk. Here, we extended some lemmas. Also  some 
interesting new results are obtained. 
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  Let Σ denote the subclass of H(U) consisting of all  univalent and analytic functions of 

the form: 

𝑓(𝑧) = 𝑧 +∑𝑎𝑛

∞

𝑛=2

𝑧𝑛,      (𝑧 ∈ 𝑈).                                                (1.1) 

       Komatu [8] introduced and investigated a family of integral operator  

𝐽𝜇
𝜆: 𝛴 → 𝛴. 

      That is obtained as follows 

                          𝐽𝜇
𝜆𝑓(𝑧) = 𝑧 + ∑ (

𝜇

𝜇+𝑛−1
)
𝜆

𝑎𝑛𝑧
𝑛∞

𝑛=1 , (𝑧 ∈ 𝑈∗, 𝑛 > 1, 𝜆 ≥ 0).                               (1.2)                                                                                     

        The Hurwitz - Lerch Zeta function  

𝜙(𝑧, 𝑠, 𝑎) = ∑
𝑧𝑘

(𝑘 + 𝑎)𝑠
 ,

∞

𝑛=0

𝑎 ∈ ℂ 𝑧0
−, 𝑠 ∈ ℂ 𝑤ℎ𝑒𝑛 0 < |𝑧|⁄ < 1. 

         Interims of Hadamard product (or convolution) where 𝐺𝑠,𝑎(𝑧) is given by 

𝐺𝑠,𝑎(𝑧) = (1 + 𝑎)
𝑠[𝜙(𝑧, 𝑠, 𝑎) − 𝑎−𝑠], ( 𝑧 ∈ 𝑈). 

        Then a linear operator 𝐼𝑠,𝑎,𝜇
𝜆 𝑓(𝑧): 𝛴 → 𝛴 (𝑠𝑒𝑒[2]) is defined 

                  𝐼𝑠,𝑎,𝜇
𝜆 𝑓(𝑧) = 𝐺𝑠,𝑎(𝑧) ∗ 𝐽𝜇

𝜆𝑓(𝑧) = 𝑧 +∑(
1 + 𝑎

𝑘 + 𝑎
)
𝑠

(
𝜇

𝜇 + 𝑛 − 1
)
𝜆

𝑎𝑛𝑧
𝑛.

∞

𝑛=2

              (1.3) 

      It is easily verified from (1.3) that 

         𝑧 (𝐼𝑠,𝑎,𝜇
𝜆+1𝑓(𝑧))

′

= 𝜇𝐼𝑠,𝑎,𝜇
𝜆 𝑓(𝑧) − (𝜇 − 1)𝐼𝑠,𝑎,𝜇

𝜆+1 𝑓(𝑧)                                       (1.4) 

For several past years , there are many authors introduce and dealing with the theory of  second-
order differential subordination and superordination for example ([3,4,10]). Recently, many 
authors discussed the theory of third-order differential subordination and superordination for 
example ([5,6,7,11,12,13,14,15]). In the present paper, we investigated the extended theory of 
second-order differential subordination in the open unit disk introduced by Miller and Mocanu 
[9] to third-order case. Now, we extend this to fourth-order differential subordination and 
determined properties of functions 𝑝 that satisfy the following fourth-order differential 
subordination: 
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{𝜓(𝑝(𝑧), 𝑧𝑝′(𝑧), 𝑧2𝑝′′(𝑧), 𝑧3𝑝′′′(𝑧), 𝑧4𝑝′′′′(𝑧); 𝑧): 𝑧 ∈ 𝑈}. 

To prove our main results, we need the basic concepts in theory of the fourth-order. 

Definition(1.1): [9].  Let 𝑓(𝑧)  and  𝐹(𝑧)  be members of the analytic function class  𝐻(𝑈).The 
function 𝑓(𝑧) is said to be subordinate to  𝑓(𝑧)  or  𝐹(𝑧)  is superordinate to  𝑓(𝑧)   if there exists 
a Schwarz function  𝑤(𝑧)   analytic in  𝑈  with  𝑤(0) = 0  and   |𝑤(𝑧)| < 1 (𝑧 ∈ 𝑈), and such that 

𝑓(𝑧) = 𝐹(𝑤(𝑧)). In such case, we write  

𝑓 ≺ 𝐹 , 𝑜𝑟  𝑓(𝑧) ≺ 𝐹(𝑧). 

If 𝐹(𝑧) is univalent in 𝑈, then 𝑓(𝑧) ≺ 𝐹(𝑧) if and only if 𝑓(0) = 𝐹(0) 𝑎𝑛𝑑 𝑓(𝑈) ⊂ 𝐹(𝑈). 

Definition (1.2): [1]. Let ℚ be the set of all functions 𝑞 that are analytic and univalent 

on 𝑈̅ 𝐸(𝑞)⁄  ,where 

𝐸(𝑞) = {𝜉: 𝜉 ∈ ∂𝑈: lim
𝑧→𝜉
{𝑞(𝑧)} = ∞},          

      and are such that 𝑚𝑖𝑛|𝑞′(𝜉)| = 𝑝 > 0 𝑓𝑜𝑟 𝜉 ∈ 𝜕 𝑈 𝐸(𝑞)⁄ . Further, let the subclass of 𝑄 for 
which 𝑞(0) = 𝑎   be denoted by 𝑄(𝑎) with  

ℚ(0) = ℚ0  and  ℚ(1) = ℚ1. 

Definition (1.3): Let 𝜓: ℂ5 × 𝑈 → ℂ and the function ℎ(𝑧) be univalent in  𝑈. If the function 
𝑝(𝑧)  is analytic in  𝑈 and satisfies the following fourth-order differential subordination: 

𝜓(𝑝(𝑧), 𝑧𝑝′(𝑧), 𝑧2𝑝′′(𝑧), 𝑧3𝑝′′′(𝑧), 𝑧4𝑝′′′′(𝑧); 𝑧) ≺ ℎ(𝑧),                      (1.5) 

then p(z) is called a solution of the differential subordination.   A univalent function  𝑞(𝑧) is 
called a dominant of the solutions of the differential subordination or more simply a dominant if  
𝑝(𝑧) ≺ 𝑞(𝑧) for all  𝑝(𝑧)  satisfying (1.5).  A dominant  𝑞̆(𝑧) that satisfies   𝑞̆(𝑧) ≺ 𝑞(𝑧) for all 
dominants  𝑞(𝑧)  of (1.5) is said to be the best dominant. 

Lemma ( 1.4): Let  𝑧0 ∈ 𝑈 with 𝑟0 = |𝑧0|. For 𝑛 ≥ 1. Let  

𝑓(𝑧) = 𝑎𝑛𝑧
𝑛 + 𝑎𝑛+1𝑧

𝑛+1 + 𝑎𝑛+2𝑧
𝑛+2 +⋯ 

be continuous on 𝑈𝑟0
̅̅ ̅̅  and analytic in 𝑈𝑟0 ∪ {𝑧0}, with 𝑓(𝑧) ≠ 0. If  

|𝑓(𝑧0)| = max{|𝑓(𝑧)|: 𝑧 ∈ 𝑈𝑟0
̅̅ ̅̅ },                                                                (1.6) 

then there exists 𝑎𝑛,𝑚 ≥ 𝑛 such that  

𝑧0𝑓
′(𝑧0)

𝑓(𝑧0)
= 𝑚,                                                                            (1.7) 

𝑅𝑒 {
𝑧0𝑓

′′(𝑧0)

𝑓′(𝑧0)
+ 1} ≥ 𝑚,                                                               (1.8) 

 and 
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𝑅𝑒 {
𝑧0𝑓

′(𝑧0) + 3𝑧0
2𝑓′′(𝑧0) + 𝑧0

3𝑓(3)(𝑧0)

𝑧0𝑓′(𝑧0)
} ≥ 𝑚2.                                         (1.9) 

 Then  

𝑅𝑒 {
𝑧0𝑓

′(𝑧0) + 7𝑧0
2𝑓′′(𝑧0) + 6𝑧0

(3)
𝑓(3)(𝑧0)+𝑧0

(4)
𝑓(4)(𝑧0)

𝑧0𝑓′(𝑧0)
} ≥ 𝑚3.                           (1.10) 

Proof: The relations (1.7), (1.8) were proved in Lemma [9, Chap 2, page. 19] and (1.9) were 
proved in Lemma [9, Chap 6 ,page. 322]. We only need to prove (1.10). 

If we  𝑓(𝑧) = 𝑅(𝑟0, 𝜃)𝑒
𝑖∅(𝑟0,𝜃), 𝑓𝑜𝑟 𝑧 = 𝑟0𝑒

𝑖∅, 

then 

𝑧𝑓′(𝑧)

𝑓(𝑧)
=
𝜕∅

𝜕𝜃
− 𝑖

1

𝑅

𝜕𝑅

𝜕𝜃
 .                                                            (1.11) 

Differentiating (1.11) with respect to 𝜃, we obtain 

𝑖
𝑧𝑓′(𝑧)

𝑓(𝑧)
[
𝑧(𝑧𝑓′(𝑧))

′

𝑧𝑓′(𝑧)
−
𝑧𝑓′(𝑧)

𝑓(𝑧)
] =

𝜕2∅

𝜕𝜃2
− 𝑖 [

1

𝑅

𝜕2𝑅

𝜕𝜃2
− (

1

𝑅

𝜕𝑅

𝜕𝜃
)
2

].                                     (1.12) 

Another differentiation with respect 𝜃 leads to  

𝑧𝑓′(𝑧)

𝑓(𝑧)
[
𝑧 (𝑧(𝑧𝑓′(𝑧))

′
)
′

𝑧𝑓′(𝑧)
− 3

𝑧(𝑧𝑓′(𝑧))
′
  

𝑧𝑓′(𝑧)
.
𝑧𝑓′(𝑧)

𝑓(𝑧)
+ 2(

𝑧𝑓′(𝑧)

𝑓(𝑧)
)

2

]

= −
𝜕3∅

𝜕𝜃3
− 𝑖

𝜕

𝜕𝜃
[
1

𝑅

𝜕2𝑅

𝜕𝜃2
− (

1

𝑅

𝜕𝑅

𝜕𝜃
)
2

] .                                                                              (1.13) 

Also differentiation (1.13) with respect to 𝜃, we obtain 

𝑖
𝑧𝑓′(𝑧)

𝑓(𝑧)
[
𝑧(𝑧(𝑧(𝑧𝑓′(𝑧))

′
)′)′

𝑧𝑓′(𝑧)
− 4

𝑧 (𝑧(𝑧𝑓′(𝑧))
′
)
′

𝑧𝑓′
.
𝑧𝑓′(𝑧)

𝑓
− 3

𝑧(𝑧𝑓′(𝑧))
′

𝑧𝑓′
.
𝑧(𝑧𝑓′)′

𝑧𝑓′
.
𝑧𝑓′

𝑓

+ 12
𝑧(𝑧𝑓′)′

𝑧𝑓′
. (
𝑧𝑓′

𝑓
)

2

− 6(
𝑧𝑓′

𝑓
)

3

] = −
𝜕4∅

𝜕𝜃4
+ 𝑖

𝜕2

𝜕𝜃2
[
1

𝑅

𝜕2𝑅

𝜕𝜃2
− (

1

𝑅

𝜕𝑅

𝜕𝜃
)
2

] . 

Taking imaginary parts of this expression at 𝑧0 and using (1.7) leads to  

𝑅𝑒 [
𝑧0𝑓

′(𝑧0)+7𝑧0
2𝑓′′(𝑧0)+6𝑧0

3𝑓′′′(𝑧0)+𝑧0
4𝑓(4)(𝑧0) 

𝑧0𝑓′(𝑧0)
]𝑚 − 4𝑚2𝑅𝑒 [

𝑧0𝑓
′(𝑧0)+3𝑧0

2𝑓′′(𝑧0)+𝑧0
3𝑓(3)(𝑧0)

𝑧0𝑓′(𝑧0)
] −

3𝑚2𝑅𝑒 [
𝑧0𝑓

′′(𝑧0)

𝑓′(𝑧0)
+ 1]

2

+ 12𝑚2𝑅𝑒 [
𝑧0𝑓

′′(𝑧0)

𝑓′(𝑧0)
+ 1] − 6𝑚4 =

𝜕2

𝜕𝜃2
[
1

𝑅

𝜕2𝑅

𝜕𝜃2
− (

1

𝑅

𝜕𝑅

𝜕𝜃
)
2

]. 

Finally, by applying (1.8), (1.9), we obtain the desired result (1.10). 
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Lemma (1.5): Let  𝑝 ∈ 𝐻[𝑎, 𝑛] and 𝑞 ∈ 𝑄 with 𝑞(0) = 𝑎 for 𝑧 ∈ 𝑈𝑟0
̅̅ ̅̅ . Let 

                                       𝑆 = 𝑞−1[𝑝(𝑧)] = 𝑓(𝑧).                                                                                            (1.14)  
    

If there exists points 𝑧0 ∈ 𝑈 and 𝑠0 ∈ 𝜕𝑈 𝐸(𝑞)⁄  such that 𝑝(𝑧0) = 𝑞(𝑠0) and 𝑃(𝑈𝑟0
̅̅ ̅̅ ) ⊂ 𝑞(𝑈), 

𝑅𝑒 {
𝑠0𝑞

′′(𝑠0)

𝑞′(𝑠0)
} ≥ 0      ,     | 

𝑧𝑝′(𝑧)

𝑞′(𝑠)
| ≤ 𝑘                                                           (1.15)  

   𝑎𝑛𝑑             𝑅𝑒 {
𝑠0
2𝑞(3)(𝑠0)

𝑞′(𝑠0)
} ≥ 0  ,     | 

𝑧2𝑝′′(𝑧)

𝑞′(𝑠)
| ≤ 𝑘2,                                                     (1.16)  

 

 where 𝑟0 = |𝑧0|. Then there exists an  𝑚 ≥ 𝑛 ≥ 1 such that  

𝑧0𝑝
′(𝑧0) = 𝑚𝑠0𝑞

′(𝑠0)                                                                      (1.17)  

                                               𝑅𝑒 {
𝑧0𝑝

′′(𝑧0)

𝑝′(𝑧0)
+ 1} ≥ 𝑚𝑅𝑒 {

𝑠0𝑞
′′(𝑠0)

𝑞′(𝑠0)
+ 1}                                                      (1.18)  

and 

       𝑅𝑒 {
𝑧0𝑝

′(𝑧0)+3𝑧0
2𝑝′′(𝑧0)+𝑧0

3𝑝(3)(𝑧0)

𝑧0𝑝′(𝑧0)
} ≥ 𝑚2𝑅𝑒 {

𝑠0𝑞
′(𝑠0)+3𝑠0

2𝑞′′(𝑠0)+𝑠0
3𝑞(3)(𝑠0)

𝑠0𝑞′(𝑠0)
}.                                      (1.19)          

Then 

𝑅𝑒 {
𝑧0𝑝

′(𝑧0) + 7𝑧0
2𝑝′′(𝑧0) + 6𝑧0

3𝑝(3)(𝑧0) + 𝑧0
4𝑝(4)(𝑧0)

𝑧0𝑝′(𝑧0)
}      

≥ 𝑚3𝑅𝑒 {
𝑠0𝑞

′(𝑠0) + 7𝑠0
2𝑞′′(𝑠0) + 6𝑠0

3𝑞(3)(𝑠0) + 𝑠0
4𝑞(4)(𝑠0)

𝑠0𝑞′(𝑠0)
} ,                                                        (1.20) 

    𝑜𝑟    𝑅𝑒 {
𝑧0
3𝑝(4)(𝑧0)

𝑝′(𝑧0)
} ≥ 𝑘3𝑅𝑒 {

𝑠0
3𝑞(4)(𝑠0)

𝑞′(𝑠0)
}.                                                (1.21)  

Proof: The relations (1.17), (1.18) proved in [9, Chap. 2, page 22] and (1.19) proved in [9, Chap. 
6, pages 325 and 327].We only need to prove (1.20). Note that 𝑞 is univalent at 𝑠0 and hence 
𝑞′(𝑠0) ≠ 0 .Since 𝑝 is analytic in 𝑈, the set  𝑝(𝑈𝑟0

̅̅ ̅̅ ) is a bounded set and 𝑝(𝑈𝑟0
̅̅ ̅̅ ) ⊂ 𝑞(𝑈̅) 𝐸(𝑞)⁄ . 

From (1.14) we see that 𝑓 is analytic in (𝑈𝑟0
̅̅ ̅̅ ) and satisfies |𝑓(𝑧0)| = |𝑠0| = 1, 𝑓(0) =

0 𝑎𝑛𝑑 |𝑓(𝑧)| ≤ 1 𝑓𝑜𝑟 |𝑧| ≤ 𝑟0. A furlher calculation show that 𝑓(𝑘)(0) = 𝑝(𝑘)(0) 𝑓𝑜𝑟 𝑘 =
1,2, … , 𝑛 − 1. Thus 𝑓 satisfies the conditions of Lemma (1.4) and  deduce that there exists an 𝑚, 𝑛 
such that 

                                                                        
𝑧0𝑓

′(𝑧0)

𝑓(𝑧0)
= 𝑚,                                                                 (1.22) 

and 
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                                                       𝑅𝑒 {
𝑧0𝑓

′′(𝑧0)

𝑓′(𝑧0)
+ 1} ≥ 𝑚.                                                                    (1.23) 

Since from (1.14) we have 𝑝(𝑧) = 𝑞(𝑠), with 𝑠 = 𝑓(𝑧), we obtain  

                                                      𝑧𝑝′(𝑧) = 𝑞′(𝑧)𝑧𝑓′(𝑧).                                                                      (1.24)  

Differentiating (1.20) leads to 

                                          
𝑧(𝑧𝑝′(𝑧))′

𝑧𝑝′(𝑧)
=
𝑠𝑞′′(𝑠)

𝑞′(𝑠)
.
𝑧𝑓′(𝑧)

𝑓(𝑧)
+
𝑧(𝑧𝑓′(𝑧))′

𝑧𝑓′(𝑧)
,                                                          (1.25)  

Another differentiation leads to  

        
𝑧(𝑧(𝑧𝑝′(𝑧))

′
)
′

𝑧𝑝′(𝑧)
=
𝑠3𝑞(3)(𝑠)

𝑠𝑞′(𝑠)
(
𝑧𝑓′(𝑧)

𝑓(𝑧)
)
2

+ 3
𝑠2𝑞′′(𝑠)

𝑠𝑞′(𝑠)
.
𝑧𝑓′(𝑧)

𝑓(𝑧)
.
𝑧(𝑧𝑓′(𝑧))

′

𝑧𝑓′(𝑧)
+
𝑧(𝑧(𝑧𝑓′(𝑧))

′
)
′

𝑧𝑓′(𝑧)
.                   (1.26)           

While another differentiation leads to  

𝑧(𝑧(𝑧(𝑧𝑝′(𝑧))′)′)′

𝑧𝑝′(𝑧)
=
𝑧 (𝑧 (𝑧(𝑧𝑓′(𝑧))

′
)
′

)
′

𝑧𝑓′(𝑧)
 

                                       + 4
𝑠2𝑞′′(𝑠)

𝑞′(𝑠)
.
𝑧 (𝑧(𝑧𝑓′(𝑧))

′
)
′

𝑧𝑓′(𝑧)
.
𝑧𝑓′(𝑧)

𝑓(𝑧)
+ 6

𝑠3𝑞(3)(𝑠)

𝑠𝑞′(𝑠)
.
𝑧(𝑧𝑓′(𝑧))

′

𝑧𝑓′(𝑧)
. (
𝑧𝑓′(𝑧)

𝑓(𝑧)
)

2

     

                                      +3
𝑠2𝑞′′(𝑠)

𝑠𝑞′(𝑠)
. (
𝑧(𝑧𝑓′(𝑧))

′

𝑧𝑓′(𝑧)
)

2

.
𝑧𝑓′(𝑧)

𝑓(𝑧)
+
𝑠4𝑞(4)(𝑠)

𝑠𝑞′(𝑠)
. (
𝑧𝑓′(𝑧)

𝑓(𝑧)
)

3

. 

If we evaluate the real part of this expression at 𝑧0 and use (1.23) and (1.25), we obtain 

 𝑅𝑒 {
𝑧0𝑝

′(𝑧0)+7𝑧0
2𝑝′′(𝑧0)+6𝑧0

3𝑝(3)(𝑧0)+𝑧0
4𝑝(4)(𝑧0)

𝑧0𝑝′(𝑧0)
} = 𝑅𝑒 {

𝑧0𝑓
′(𝑧0)+7𝑧0

2𝑓′′(𝑧0)+6𝑧0
3𝑓(3)(𝑧0)+𝑧0

4𝑓(4)(𝑧0)

𝑧0𝑓′(𝑧0)
} +

4𝑚
𝑠0
2𝑞′′(𝑠0)

𝑠0𝑞′(𝑠0)
𝑅𝑒 {

𝑧0𝑓
′(𝑧0)+3𝑧0

2𝑓′′(𝑧0)+𝑧0
3𝑓(3)(𝑧0)

𝑧0𝑓′(𝑧0)
} + 3𝑚

𝑠0
2𝑞′′(𝑠0)

𝑠0𝑞′(𝑠0)
𝑅𝑒 {(

𝑧0𝑓
′′(𝑧0)

𝑓′(𝑧0)
+ 1)

2

} +

6𝑚2
𝑠0
3𝑞(3)(𝑠0)

𝑠0𝑞′(𝑠0)
𝑅𝑒 {

𝑧0𝑓
′′(𝑧0)

𝑓′(𝑧0)
+ 1} +

𝑚3𝑠0
4𝑞(4)(𝑠0)

𝑠0𝑞′(𝑠0)
. 

By use condition (1.9) and (1.10) in Lemma(1.4) and use (1.7), (1.8), we obtain  

  

𝑅𝑒 {
𝑧0𝑝

′(𝑧0) + 7𝑧0
2𝑝′′(𝑧0) + 6𝑧0

3𝑝(3)(𝑧0) + 𝑧0
4𝑝(4)(𝑧0)

𝑧0𝑝′(𝑧0)
}

≥  𝑚3 + 4𝑚3
𝑠0
2𝑞′′(𝑠0)

𝑠0𝑞′(𝑠0)
+ 3𝑚3

𝑠0
2𝑞′′(𝑠0)

𝑠0𝑞′(𝑠0)
+ 6𝑚3

𝑠0
3𝑞(3)(𝑠0)

𝑠0𝑞′(𝑠0)
+ 𝑚3

𝑠0
4𝑞(4)(𝑠0)

𝑠0𝑞′(𝑠0)
, 

hence 
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𝑅𝑒 {
𝑧0𝑝

′(𝑧0) + 7𝑧0
2𝑝′′(𝑧0) + 6𝑧0

3𝑝(3)(𝑧0) + 𝑧0
4𝑝(4)(𝑧0)

𝑧0𝑝′(𝑧0)
}

≥ 𝑚3 [
𝑠0𝑞

′(𝑠0) + 7𝑠0
2𝑞′′(𝑠0) + 6𝑠0

3𝑞(3)(𝑠0) + 𝑠0
4𝑞(4)(𝑠0)

𝑠0𝑞′(𝑠0)
] 

    𝑜𝑟    𝑅𝑒 {
𝑧0
3𝑝(4)(𝑧0)

𝑝′(𝑧0)
} ≥ 𝑘3𝑅𝑒 {

𝑠0
3𝑞(4)(𝑠0)

𝑞′(𝑠0)
}.                                                    

Definition(1.6): Let Ω be a set in ℂ, 𝑞 ∈ 𝑄 and 𝑛 ∈ 𝑁/{2}. The class of admissible function 

𝐴𝑛[Ω, 𝑞] consists of those function 𝜓: ℂ5 × 𝑈 ⟶ ℂ that satisfies the following admissibility 
condition 𝜓(𝑟, 𝑠, 𝑡, 𝑤, 𝑏; 𝑧) ∉ Ω,  whenever 

𝑟 = 𝑞(𝜉), 𝑠 = 𝑘𝜉𝑞′(𝜉), ℜ (
𝑡

𝑠
+ 1) ≧ 𝑘ℜ(

𝜉𝑞′′(𝜉)

𝑞′(𝜉)
+ 1) , ℛ (

𝑤

𝑠
) ≧ 𝑘2ℛ (

𝜉2𝑞(3)(𝜉)

𝑞′(𝜉)
)  

                                       and   ℛ (
𝑏

𝑠
) ≧ 𝑘3ℛ (

𝜉3𝑞(4)(𝜉)

𝑞′(𝜉)
),   

where 𝑧 ∈ 𝑈  , 𝜉 ∈ 𝜕𝑈 𝐸(𝑞)⁄  𝑎𝑛𝑑  𝑘 ≧ 𝑛. 

The next theorem is a foundation result in the theory of fourth-order differential subordinations. 

Its proof is very short because of we use Lemma (1.5) and the special conditions given in the definition of 
the class of admissible functions 𝐴𝑛[Ω, q].   

Theorem (1.7):  Let  𝑝 ∈ 𝐻[𝑎, 𝑛] with 𝑛 ∈ 𝑁 {2}⁄ . Also, let  𝑞 ∈ Q(𝑎) and satisfy the following 
conditions: 

ℛ(
𝜉2𝑞′′′(ξ)

𝑞′(𝜉)
) ≧ 0                     |

𝑧2𝑝′′(𝑧)

𝑞′(𝜉)
| ≦ 𝑘2,                                  (1.27)   

where 𝑧 ∈ 𝑈 , 𝜉 ∈ 𝜕𝑈 𝐸(𝑞)⁄  𝑎𝑛𝑑  𝑘 ≧ 𝑛. If Ω a set in ℂ, 𝜓 ∈ 𝐴𝑛[Ω, 𝑞] and 

𝜓(𝑝(𝑧), 𝑧𝑝′(𝑧), 𝑧2𝑝′′(𝑧), 𝑧3𝑝′′′(𝑧), 𝑧4𝑝′′′′(𝑧); 𝑧) ∈ Ω,                            (1.28) 

then 

𝑝(𝑧) ≺ 𝑞(𝑧)       (𝑧 ∈ 𝑈).  

Proof: If we assume that 𝑝 ⊀ 𝑞, then there exist point 𝑧0 = 𝑟𝑜𝑒
𝑖𝜃0 ∈ 𝑈 𝑎𝑛𝑑 𝑠𝑜 ∈ 𝜕𝑈 𝐸(𝑞)⁄  such 

that 𝑝(𝑧0) = 𝑞(𝑠0) and 𝑝(𝑈𝑟0
̅̅ ̅̅ ) ⊂ q(U). From (1.27), we see that the condition (1.16) of Lemma 

(1.5) is satisfied when 𝑧 ∈ 𝑈𝑟0
̅̅ ̅̅  and  𝑠𝑜 ∈ 𝜕𝑈 𝐸(𝑞)⁄ . Since all the conditions of that Lemma are 

satisfied, conclusions (1.17), (1.18), (1.19) and (1.21) follow. Using these last four results of 
Definition (1.6) leads to  

𝜓(𝑝(𝑧0), 𝑧𝑝
′(𝑧0), 𝑧

2𝑝′′(𝑧0), 𝑧
3𝑝(3)(𝑧0), 𝑧

4𝑝(4)(𝑧0); 𝑧) ∉ 𝛺, 

since this contradicts (1.28), we must have 𝑝 ≺ 𝑞. 
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2. Fourth-order differential subordination with  𝑰𝒔,𝒂,𝝁
𝝀  

We first define the following class of admissible function, which are required in proving the 

differential subordination theorem involving the operator 𝑰𝒔,𝒂,𝝁
𝝀 𝑓(𝑧) defined by (1.3).  

Definition (2.1): Let Ω be a set in ℂ and 𝑞 ∈ ℚ0 ∩ H0. The class function 𝐵𝐼[Ω, 𝑞] consists of those 

function 𝜙: ℂ5 × 𝑈 → ℂ that satisfy the following admissibility conditions: 

𝜙(𝑢, 𝑣, 𝑥, 𝑦, 𝑔; 𝑧) ∉ Ω, 

whenever 

𝑢 = 𝑞(𝜉) , 𝑣 =
𝑘𝜉𝑞′(𝜉) + (𝜇 − 1)𝑞(𝜉)

𝜇
 

ℛ (
𝑥𝜇2 − (𝜇 − 1)2𝑢

𝑣𝜇 − 𝑢(𝜇 − 1)
+ (2 − 2𝜇)) ≧ ℛ (

𝜉𝑞′′(𝜉)

𝑞′(𝜉)
+ 1) 

ℛ(
𝑦𝜇3 − 3𝑥𝜇3 + (2𝜇 + 1)(𝜇 − 1)2

𝑣𝜇 − 𝑢(𝜇 − 1)
+ (3𝜇2 − 1)) ≧ 𝑘2ℛ(

𝜉2𝑞′′′(𝜉)

𝑞′(𝜉)
) 

and 

ℛ (
𝑔𝜇4 − (𝜇 − 1)4 + (4𝜇4 − 2𝜇3)𝑦 + (𝜇 − 1)3(4𝜇 + 2)𝑢 + (12𝜇2 + 6𝜇)(𝑥𝜇2 − (𝜇 − 1)2𝑢

𝑣𝜇 − 𝑢(𝜇 − 1)

− (12𝜇3 + 6𝜇2 + 8𝜇 − 2) ≧ 𝑘3ℛ (
𝜉3𝑞′′′′(𝜉)

𝑞′(𝜉)
). 

Theorem (2.2): Let  𝜙 ∈ 𝐵𝐼[Ω, 𝑞].If the function 𝑓(𝑧) ∈ Σ and  𝑞 ∈ ℚ0 and satisfy the following 
conditions: 

ℛ (
𝜉2𝑞′′′(ξ)

𝑞′(𝜉)
) ≧ 0                     |

Is,a,μ
λ−1𝑓(𝑧)

𝑞′(𝜉)
| ≦ 𝑘2,                                                              (2.1)  

and 

{𝜙(𝑰𝒔,𝒂,𝝁
𝝀+𝟏 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁

𝝀 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁
𝝀−𝟏 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁

𝝀−𝟐 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁
𝝀−𝟑 𝑓(𝑧) ); 𝑧 ∈ U} ⊂ Ω,                         (2.2) 

then 

𝑰𝒔,𝒂,𝝁
𝝀+𝟏 𝑓(𝑧)  ≺ 𝑞(𝑧)       (𝑧 ∈ 𝑈). 

Proof: Define the analytic function 𝑝(𝑧)  in 𝑈 by  

     𝑝(𝑧) = 𝑰𝒔,𝒂,𝝁
𝝀+𝟏 𝑓(𝑧),    (𝑧 ∈ 𝑈).                                                                                 (2.3) 

Then, differentiating (2.3) with respect to 𝑧 and using (1.4), we have 
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𝑰𝒔,𝒂,𝝁
𝝀 𝑓(𝑧) =

𝑧𝑝′(𝑧) + (𝜇 − 1)𝑝(𝑧)

𝜇
.                                                               (2.4) 

Further computations show that 

𝑰𝒔,𝒂,𝝁
𝝀−𝟏 𝑓(𝑧) =

𝑧2𝑝′′(𝑧) + (2𝜇 − 1)𝑧𝑝′(𝑧) + (𝜇 − 1)2𝑝(𝑧)

𝜇2
                                            (2.5) 

𝑰𝒔,𝒂,𝝁
𝝀−𝟐 𝑓(𝑧) =

𝑧3𝑝′′′(𝑧) + 3𝜇𝑧2𝑝′′(𝑧) + (3𝜇2 − 3𝜇 + 1)𝑧𝑝′(𝑧) + (𝜇 − 1)3𝑝(𝑧)

𝜇3
.                 (2.6) 

and 

 𝑰𝒔,𝒂,𝝁
𝝀−𝟑 𝑓 =

𝑧4𝑝′′′′(𝑧) + 2(2𝜇+1)𝑧3𝑝′′′(𝑧) + (6𝜇2 + 1)𝑧2𝑝′′(𝑧) + (4𝜇3 − 3𝜇2 + 𝜇 − 1)𝑧𝑝′(𝑧) + (𝜇 − 1)4𝑝(𝑧)

𝜇4
 .        (2.7) 

We now define the transformation from ℂ5 to ℂ by  

𝑢(𝑟, 𝑠, 𝑡, 𝑤, 𝑏) = 𝑟,    𝑣(𝑟, 𝑠, 𝑡, 𝑤, 𝑏) =
𝑠 + (𝜇 − 1)𝑟

𝜇
,    

 𝑥(𝑟, 𝑠, 𝑡, 𝑤, 𝑏) =
𝑡 + (2𝜇 − 1)𝑠 + (𝜇 − 1)2𝑟

𝜇2
,      

𝑦(𝑟, 𝑠, 𝑡, 𝑤, 𝑏) =  
𝑤 + 3𝜇𝑡 + (3𝜇2 − 3𝜇 + 1)𝑠 + (𝜇 − 1)3𝑟

𝜇3
,     

 𝑔(𝑟, 𝑠, 𝑡, 𝑤, 𝑏) =
𝑏 + 2(2𝜇 + 1)𝑤 + (6𝜇2 + 1)𝑡 + (4𝜇3 − 3𝜇2 + 𝜇 − 1)𝑠 + (𝜇 − 1)2𝑟

𝜇4
 .       (2.8) 

Let  

ψ(𝑟, 𝑠, 𝑡, 𝑤, 𝑏; 𝑧) = 𝜙(𝑢, 𝑣, 𝑥, 𝑦, 𝑔; 𝑧) = 

= 𝜙

(

 
 

𝑠 + (𝜇 − 1)𝑟

𝜇
,
𝑡 + (2𝜇 − 1)𝑠 + (𝜇 − 1)3𝑟

𝜇2
,
𝑤 + 3𝜇𝑡 + (3𝜇2 − 3𝜇 + 1)𝑠 + (𝜇 − 1)3𝑟

𝜇3
,

𝑏 + 2(2𝜇 + 1)𝑤 + (6𝜇2 + 1)𝑡 + (4𝜇3 − 3𝜇2 + 𝜇 − 1)𝑠 + (𝜇 − 1)2𝑟

𝜇4

; 𝑧

)

 
 
. (2.9) 

The proof will make use of Theorem(1.7). Using the equations (2.3) to (2.7), we have from (2.9) 
that 

𝜓(𝑝(𝑧), 𝑧𝑝′(𝑧), 𝑧2𝑝′′(𝑧), 𝑧3𝑝′′′(𝑧), 𝑧4𝑝′′′′(𝑧); 𝑧) = 

𝜙(𝑰𝒔,𝒂,𝝁
𝝀+𝟏 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁

𝝀 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁
𝝀−𝟏 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁

𝝀−𝟐 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁
𝝀−𝟑 𝑓(𝑧) ).                                                                (2.10) 

Hence, clearly, (2.2) becomes  

𝜓(𝑝(𝑧), 𝑧𝑝′(𝑧), 𝑧2𝑝′′(𝑧), 𝑧3𝑝′′′(𝑧), 𝑧4𝑝′′′′(𝑧); 𝑧) ∈ Ω, 
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we note that  

𝑡

𝑠
+ 1 =

𝑥𝜇2 − (𝜇 − 1)2𝑢

𝑣𝜇 − 𝑢(𝜇 − 1)
+ (2 − 2𝜇) 

𝑤

𝑠
=
𝑦𝜇3 − 3𝑥𝜇3 + (2𝜇 + 1)(𝜇 − 1)2

𝑣𝜇 − 𝑢(𝜇 − 1)
+ (3𝜇2 − 1), 

and 

𝑏

𝑠
=
𝑔𝜇 − (𝜇 − 1)4 + (4𝜇4 − 2𝜇3)𝑦 + (𝜇 − 1)3(4𝜇 + 2)𝑢 + (12𝜇2 + 6𝜇)(𝑥𝜇2 − (𝜇 − 1)2𝑢

𝑣𝜇 − 𝑢(𝜇 − 1)
− (12𝜇3 + 6𝜇2 + 8𝜇 − 2). 

Therefore, the admissibility condition for 𝜙 ∈ 𝐵𝐼[Ω, 𝑞]  in Definition (2.1) is equivalent to 
admissibility condition for 𝜓 ∈ A3[Ω, 𝑞] as given in Definition (1.6) with 𝑛 = 3. 

Therefore, by using (2.1) and Theorem (1.7), we obtain  

                                                     p(z) = Is,a,μ
λ+1𝑓(𝑧) ≺ 𝑞(𝑧). 

This completes the proof of Theorem (2.2). 

Our next corollary is an extension of Theorem (2.2) to the case when the behavior of 𝑞(𝑧) 𝑜𝑛 𝜕𝑈 
is not known. 

Corollary (2.3): Let  Ω ⊂ ℂ and let function 𝑞(𝑧) be univalent in 𝑈 𝑤𝑖𝑡ℎ 𝑞(0) = 0. Let 𝜙 ∈
 𝐵𝐼[Ω, 𝑞]  for some 𝑝 ∈ (0,1) , where 𝑞𝜌(𝑧) = 𝑞(𝜌𝑧) .If the function 𝑓 ∈ Σ and 𝑞𝜌 satisfies the 

following conditions: 

ℛ (
𝜉2𝑞𝜌

′′′(𝜉)

𝑞𝜌′ (𝜉)
) ≧ 0         |

𝑰𝒔,𝒂,𝝁
𝝀−𝟏 𝑓(𝑧)

𝑞𝜌′ (𝜉)
| ≦ 𝑘2,    (𝑧 ∈ 𝑈; 𝑘 ≧ 2; 𝜉 ∈ 𝜕𝑈 𝐸(𝑞𝜌)),         (2.11)⁄  

and    

  𝜙(𝑰𝒔,𝒂,𝝁
𝝀+𝟏 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁

𝝀 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁
𝝀−𝟏 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁

𝝀−𝟐 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁
𝝀−𝟑 𝑓(𝑧); 𝑧) ≺ ℎ(𝑧),            (2.12) 

then 

𝑰𝒔,𝒂,𝝁
𝝀+𝟏 𝑓(𝑧) ≺ 𝑞(𝑧)       (𝑧 ∈ 𝑈).  

Proof: By using Theorem (2.2), yield 

 

𝑰𝒔,𝒂,𝝁
𝝀+𝟏 𝑓(𝑧) ≺ 𝑞𝜌(𝑧)       (𝑧 ∈ 𝑈), 

then, we obtain the result from 

𝑞𝜌(𝑧) ≺ 𝑞(𝑧)       (𝑧 ∈ 𝑈). 
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This completes the proof of Corollary (1). 

If Ω ≠ ℂ is  simply-connected domain, then Ω = ℎ(𝑈) for some conformal mapping ℎ(𝑧) 𝑜𝑓 𝑈 
onto Ω .In this case , the class 𝐵𝐼[h(U), 𝑞]  is written as 𝐵𝐼[h, 𝑞]. The following two results are 
immediate consequence of Theorem (2.2) and corollary (2.3). 

Theorem (2.4): Let 𝜙 ∈  𝐵𝐼[h, 𝑞] . If the function 𝑓 ∈ Σ   and  𝑞 ∈ ℚ0 satisfy the following 
conditions (2.1) and  

𝜙(𝑰𝒔,𝒂,𝝁
𝝀+𝟏 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁

𝝀 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁
𝝀−𝟏 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁

𝝀−𝟐 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁
𝝀−𝟑 𝑓(𝑧); 𝑧) ≺ ℎ(𝑧),                   (2.13) 

then 

𝑰𝒔,𝒂,𝝁
𝝀+𝟏 𝑓(𝑧) ≺ 𝑞(𝑧)       (𝑧 ∈ 𝑈).  

Corollary (2.5): Let  Ω ⊂ ℂ and let function 𝑞 be univalent in 𝑈 𝑤𝑖𝑡ℎ 𝑞(0) = 0. Also Let 𝜙 ∈

 𝐵𝐼[h, 𝑞𝑝]  for some 𝑝 ∈ (0,1) , where 𝑞𝜌(𝑧) = 𝑞(𝜌𝑧) .If the function 𝑓 ∈ Σ and 𝑞𝜌 satisfies the 

conditions (2.11), and 

𝜙(𝑰𝒔,𝒂,𝝁
𝝀+𝟏 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁

𝝀 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁
𝝀−𝟏 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁

𝝀−𝟐 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁
𝝀−𝟑 𝑓(𝑧); 𝑧) ≺ ℎ(𝑧),                      (2.14) 

then 

𝑰𝒔,𝒂,𝝁
𝝀+𝟏 𝑓(𝑧) ≺ 𝑞(𝑧)       (𝑧 ∈ 𝑈).  

The following result yield the best dominant of differential subordination (2.12). 

Theorem (2.6): Let the function ℎ be univalent in 𝑈.  Also let  𝜙: ℂ5 × 𝑈 → ℂ  and Suppose that 
following differential equation: 

𝜙

(

 
 
 
 

𝑞(𝑧),
𝑧𝑞′(𝑧) + (𝜇 − 1)𝑞(𝑧)

𝜇
,
𝑧2𝑞′′(𝑧) + (2𝜇 − 1)𝑧𝑞′(𝑧) + (𝜇 − 1)2𝑞(𝑧)

𝜇2
,

𝑧3𝑞′′′(𝑧) + 3𝜇𝑧2𝑞′′(𝑧) + (3𝜇2 − 3𝜇 + 1)𝑧𝑞′(𝑧) + (𝜇 − 1)3𝑞(𝑧)

𝜇3
,

𝑧4𝑞′′′′(𝑧) + 2(2𝜇 + 1)𝑧3𝑞′′′(𝑧) + (6𝜇2 + 1)𝑧2𝑞′′(𝑧) + (4𝜇4 − 3𝜇2 + 𝜇 − 1)𝑧𝑞′(𝑧) + (𝜇 − 1)4𝑞(𝑧)

𝜇4
; 𝑧
)

 
 
 
 

= ℎ(𝑧),         (2.15) 

has a solution 𝑞(𝑧) with 𝑞(0) = 0, which satisfies the condition (2.1). If  𝑓 ∈ 𝛴 satisfies the 
condition (2.12) and if  

𝜙(𝑰𝒔,𝒂,𝝁
𝝀+𝟏 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁

𝝀 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁
𝝀−𝟏 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁

𝝀−𝟐 𝑓(𝑧), 𝑰𝒔,𝒂,𝝁
𝝀−𝟑 𝑓(𝑧); 𝑧), 

is analytic in 𝑈, then 

𝑰𝒔,𝒂,𝝁
𝝀+𝟏 𝑓(𝑧) ≺ q(𝑧)       (𝑧 ∈ 𝑈) 

and 𝑞(𝑧) is the best dominant. 

Proof: Using Theorem(2.2), that 𝑞(𝑧) is a dominant of (2.12). Since 𝑞(𝑧) satisfies (2.14), it is also 
a solution of (2.12). Therefore, 𝑞(𝑧) will be dominated by all dominants. Hence 𝑞(𝑧) is the best 
dominant.  
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