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1 .Introduction

Throughout, R will represent an associative ring with center Z(R). A ring R is said to be n-torsion free
where n is nonzero integer if na = 0 withha € R implies that a = 0. R is said to be prime ring if a R
b=0 implies that either a =0 or b = 0foralla,b € R, and R is semiprime if a R a = 0 then a = 0 [8].
Forallu,v € R,thecommutator of u and v is [u, r] = ur — ru. An additive subgroup U/off R is said to
be a Lie ideal of R if [u,7] € U forall u € eU, re R [9]. A mapping d: R — R is a derivation of R if d is
an additive mapping that satisfies the following d(uv) = d(u)v + ud(v) for all u,r€ R and d is said
to be Jordan derivation if u =7 and this means d(u?) = d(u)u +ud(u) [12]. In general every
derivation is a Jordan derivation, but the converse is not true. In [4] Herstein proved that every Jordan
derivation of a prime ring R of char #2 is a derivation. Awtar in [2] generalized Herstein's result to Lie
ideal, he proved that in a prime ring R of char #2, every Jordan derivation d|;,: U —» R is a derivation,
where U is a Lie ideal of R such that u? € U for all u € U. A family of additive mappings D = (&, )nen Of
R into itself where d, = idgiis called a higher derivation (resp. Jordan higher derivation), if
dn(uv) = Xiyj=nd;(W)d;(u) for all u,v €R, n€ N, where N is the set of natural number [6].
According to [5], Ferrero and Haetinger were extended Herstein's result to higher derivations, they
proved that every Jordan higher derivation of 2-torsion free semiprime ring is a higher derivation. In
[7] Haetinger extended Awtar's theorem to/higher derivation on Lie ideal. Further, Faraj, Haetinger
and Majeed were expanded this result to higher (U, R)-derivation [6]. In this paper, new generalization

aDepartment of Applied Sciences, University of Technology, Baghdad, Iraq. Email: anwar_78 2004 @yahoo.com
b Department of Applied Sciences, University of Technology, Baghdad, Irag. Email: marwahadis2016@gmail.com



. Anwar Khaleel Faraj Marwa Hadi Sapur Al-Qadisiyah Journal of Pure Science 25, 2 (2020) ) pp. Math.40-50 41

of Herstein's theorem to symmetric higher (U, R)-n-derivation will introduce as different kind from
previous generalizations, where U is a Lie ideal of R by introducing many concepts that play role to
arrive main goal. Throughout this paper d, is defined to be the identity mapping idz: R — R.

2. Symmetric (U, R)-n-Derivation

The concept of symmetric (U, R)-n-Derivation is introduced and studied throughout this section.
We begin with following definition:

Definition (2.1) [10]:

A mappingd: R x ... x R — Ris called symmetric if the equationd(u;, u,, ..., ;)= d(Ur (1) U2y, » Ur(ny) hOIdS, for
all u; € R and for every permutation {m(1), #(2), ..., m(n)}.

The concept of (U,R) —n —derivation as a generalization of the concept (U,R) — derivation can be introduced as
follows

Definition (2.2):

Let U bealLieideal of R. An n- additive mappingd: R x R x ...x R - R issaid tobe (U, R)-n-derivation of R, if
the following equations are equivalentforallu ,u,...,u, €U, r,s € R

AT + 5Uq, Uy Uy) = AUy Uy Uu)T Fugd (T, uy) FaA(Suy. U uy + sd(ug . uy)

AUy Uy, U ” + suyp) =d Uy Uy Uy )r+u, d(ug Uy, .. 1) + AUy, .S Uy, + s d(ug i, . uy)

Moreover, d is said to be a symmetric(U, R)-n-derivation if the above equations are equivalent to each other.
Further, if R is 2-torsion freeand r = s = u, the above equations can be reduced to d(u?u, ...u,)= d(uUu,...u,)u+
ud(uuy ... uy,)

Recall that a Lie ideal U of a ring is called a square closed Lie ideal if u? € U for all u € U and U is called an
admissible Lie ideal of R if U is no central closed Lie ideal [6]

Lemma (2.3):[6]

Let R be a prime ring of char #2 and U be an admissible Lie ideal of R such that tw?+w?t =0forallw € U,teR.
Thent =0.

Remark (2.4):
Let D=(d,,) ey be a family of additive symmetric mappings of R x R x ... x R. We set ¢, (ur, U,...,u,) for
dn(ur,Uy...Uy) = Xy jmn di(Uuy. . up)d(r u,. .. uy) forallu,u,...,u, EU,r € R,n€eN.

Lemma (2.5): Let U R be a Lie ideal of 2-torsion free ring and d:R x R x ... x R —» R be a symmetric (U, R)-n-
derivation. Then

d(uru,uzy...,un) = d(u,uzy...,un)ru + ud(r, uzy...,un)u+urd(u,u21...,un) forallu,u,...,u, eU,reR.
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Proof: Substituting r = s = (2u)r + r(2u) in the Definition (2.2), then H = d(u(2u)r + Cu)r + r(2u)(2u) +
TU Uy . Up)

=2(d(u,uy. . ug)ur + d(u,uzy...,un)ru+ud(u,u21...,un)r+u2d(r,uzy...,un)+ud(r, uzy...,un)u+
urd(u,uzy. . .,un) + d(u,uzy. . .,un)ru +ud(ruy... up)u+ dru,... u)u? +rd(u, u,. .., uy)u +
ur d(u,uy. .., uy) +ru (W, .., uy)

On the other hand, H = 2d (u, u, ..., u, Jur+2ud (w, u, ..., uy )r
+2uld(r,uy. . up JF2 d (1 Uy wn JuPH2rd (w, Uy Uy Jut2ru d(W, Uy Uy ) A (ur, u, . uy,). Compare the
both sides of H and since R is 2-torsion free, then we get the required result.

The following corollary is immediate from Lemma (2.9).
Corollary (2.6):

Let U R be a Lie ideal of 2-torsionfree ringand d: R x R x ... x R - R be a symmetric (U, R)-n-derivation of R.
Thenforallw,u,u,...,u, € U,r,s€R. Thend(ww+wruu,..., u,)

=duy..., u)rw+ ud(r,u,. .., u ) )w +urd(w,u,...,uy,)
+dWw,uy... uy)su+wd(s,uy. .. up)u + wsd(u, uy ..., uy,) .
Lemma (2.7):

Let R be a prime ring of char(R) # 2, U be an admissible Lie ideal of Rand d:R x R x ... x R - R be a symmetric
mapping such thatd(u? u, ..., u,) = d(u, u,..., uy)u + ud(u,u, ..., u,) forallu,u, ..., u, € U Then
o(uv,uy... uy)[u,v] =0forallu,v,u,...,u, € U.

Proof: Since U be an admissible Lie ideal of R, then 2uv € U for all u, v €U. So by Definition (2.2),
d((uv)®, uy..., uy) = duv, u,..., uy)uv + uvduv, u, ..., u,

Replace w by 2uv in Corollary (2.6) to get

H = 2d(uv(uv) + (uv)vu, uy ..., uy )= 2(dW, Uy . .., uy)v(uv)+
ud(,uy,..., u)uv +uvdUv, U, ... Uy )+dUv, Uy .. Uy )vu tuvd (v, U, u Jut(uu)vd (U, u, ... uy,)

But H = 2d(uv(uv) + (uv)vu, u,..., u,)= 2d((uv)? + uvu,u,..., u,)
2(d(uv,uy. .. up )uv + uvd(uv, uy....., uy ) + d(w uy. . uy Jv2u
+uld(v,uy. .., u v +vd(v, Uy wy) Ju+ wv?d(w u,. .., uy))
Comparing both sides of H and since char (R) # 2, then ¢(uv,u,,...,u,)[u,v] =0forallu,v,u,...,u, € U.
The proof of following lemma is similar to the proof of Lemma (2.7):
Lemma (2.8):

Let R be a prime ring of char(R) # 2,U be anadmissible Lie ideal of Rand d:R x R x ... X R — R be a symmetric
mapping such thatd(u? u, ..., u,) = d(u, u,..., u)u+ ud(u,u,...,u,) forallu,u,...,u, € U.Then
[w,vl¢p(uv,u,...,u,) =0forallu,v,u,...,u, €U.

Lemma (2.9):

Let R be a prime ring of char(R) # 2,U beaanadmissible Lieidealof Randd: R xR x ... xR - R bea
symmetric mapping such that d(u?,u, ..., u,)
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=d,uy...,u)u+ ud(u,u,...,u,) forallu,u,...,u, € Uandforallu € U € C(U) = {x € R:[x,U] = 0} Then
d(w,uy... ,uy) € Z(R) forall w,u,...,u, € U.

Proof: Since UzZ(R), then [4, Lemma 2] implies that C(U) = Z(R) which givesu € Z(R). In view of Definition (2.2)
we have

dQuv,uy, ..., uy) = dW, Uy, ..., uy)v + vd(U, Uy, ..., u,) + 2ud(W, uy, ..., uy). . (1)
Putv =wvw + wvinequation (1), where w € U, then

dQu(vw +wv),uy,...,uy) =

du,uy, ..., uy)(ow +wv) + (vw +wv)d (W, uy, ..., u,) + 2ud(vw + wv, u,,...,u,) . (2)
Sinceu € Z(R ) and by Corollary (2.6) we obtain

dQCu(vw +wv), Uy, ..., uy)=2d (W, Uy, ..., Uy )vw+ d(u, Uy, ..., uy)vw) + 2u(d(, uy, ..., u )w+vdw,uy,...,u,)
+ d(Wr u21 e 1un)V+Wd(vr u21 R un)) (3)

Comparing equations (2) and (23) in this case we have

du,uy, ..., uy)(wvw —wv) = (vw — wv)d(u, uy, ..., u, ) and this means that [d(u, u,,...,u,), [U, U] = O for all

U, Uy, ..., Uy € U. Hence, d(u,uy,,...,u,) € C[U,U] = C(U) by [4, Lemma 3]. But, as above, C(U) = Z(R). Therefore,
d(u,uy,... . u,) € Z(R)forallu,u,,...,u, €U.

Lemma (2.10):

Let R be a prime ring of char(R) # 2, U be an admissible Lie ideal of Rand d: R x R x ... x R - R be a symmetric
mapping such thatd(u? u, ..., u,) = d(u, u,..., uy)u+ ud(u,u, ..., u,) forallu,u, ..., u, € Uand uv = vu for
someu € U.Then ¢, (uv, uy,...,u,)=0, forallu,v,u,,...,u, € U.

Proof: As an application of Corollary (2.6), we have

duow +wou, uy, ..., uy)=dW, uy, ..., u )vw + ud@, uy, ..., u)w + uwvdWw, uy, ..., u,) +dw, uy,..., u,)vu +
wd(V, Uy, ..., u)u + wod(u,u,,..., uy,) . forallw,u,v,u,...,u, € U. . (1)

Since uv = vu and by applying Definition (2.2), we get 4 (uvw + wuv, u,, ..., u,)=d(uv,u,, ..., U )W+
uvd(w, Uy, ..., Up) + d(W, uy, ..., uy )uv + wd(uv, uy, ..., u,) . .. (2)

Subtracting equations (1) and (2) to get

@dv,uy,...,uy) —du,uy, ..., uy)v — ud,uy, ..., u, Dw + w(d (v, u,, ..., u,) — vd(u, u,, ..., u,) —
vd(u,u,,...,u,))=0 and this means

o, (uv, uy, .., u)w +w o, (vu, uy, ..., uy,) = 0. By Remark (2.4), ¢, (uv, u,, ..., u,) = — ¢, (vu,u,,...,u,) forall
UV, U,..., u, € U.Hence[¢p; (uv,uy,...,u,)wl =0forallw,u,v,u,...,u, € U.By Lemma 2 and Lemma 3 of [4],
we have ¢, (uv,uy,...,u,) € Z(R)forallu,v,u,...,u, € U.Sinceu? € Uforallu € Uandu?v =vu?

So, d(?v,uy, ..., uy) — d@W? Uy, ..., uy)v —uld W, uy, ..., uy) = dW?v,uy, ..., u,) — d@, Uy, ..., Uy )uv
—ud(u, uy,..., uy)v —uld,uy, ..., u,) € Z(R) .. (3)

Since uv = vu and 2uv € U, then Quv)u = u(Ruv), so we get d(uRuv), uy, ..., u,) — 2d(u, uy, ..., u )Juv —
2ud(uv,uy,...,u,) € Z(R) and since charR + 2 this means

d?v,uy,..., uy) — d(u,u,, ..., u)uv —ud(uv, u,, ..., u,) € Z(R) forall w,v,u,...,u, € U. .. (4)

Comparing equations (3) and (4) and char(R) # 2 yields u¢, (uv,u,,...,u,) € Z(R) forallu,v u,...,u, € U.
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Ifugp, (uv,u,,...,u,) # 0,since Ris primeand ¢, (uv, u,,...,u,) € Z(R), then we can conclude that u € Z(R) and
inview of Lemma (2.9), d (w,uy,...,u,) € Z(R).Hence, 2d(uv, uy, ..., u,) = d(uv + vu, u,, ..., u,)

= 2(d(w,uy, ..., uy)v + vd(u, uy, ..., uy,)). Since char # 2, the last equation becomes d(uv, u,, ..., u,) =
d(u,uy, ..., uy)v +vd(u, uy, ..., u,) forallu,u,,...,u, € U. Thatis ¢, (uv,u,,...,u,) =0forallu,v,u,,...,u, €U
and this is a contradiction. Therefore, ¢, (uv,u,,...,u,) =0, for all u, v, u,,...,u, € U.

Theorem (2.15):

Let R be a prime ring of char # 2, U be an admissible Lie ideal of Rand d: R x R x ... x R - R be a symmetric
mapping such thatd(u? u,...,u,) = d(u, u, ..., uy)u + ud(u,u, ..., u,) forallu,u, ..., u, € U. Then
duv,u,...,uy) = dW,uy..., uy))v+ ud(,u,...,u,) forallu,v,u,...,u, € U.

Proof: Linearizing Lemmas (2.7) and (2.8) on v, then

¢, (uv, uy, .. u)u, wlm—o, (uw, u,, ..., u,)[u, v] forall u,w, u,, ..., u, € U. . (1)
Also, [u,w]p; (uv,u,,...,u,) = —[u,v] ¢, (uw, u,, ..., u,) forallu,w,u,,...,u, € U. . (2)
Multiply the left hand side of equation (1) by [u, w;] and using equations (2) and (1), then

[w, vy (uw, uy, . .. up) [, wy 1= —[u, wi 1y (uw, us, .. uy) [, v][u, v]. - (3)

Replace w, by 2w, v, in Equation (3) to get [u, v]¢, (uw, u,, ..., u, [u, wyJv; + [u,w, v, ¢, (uw, u,, ..., u,)[u, vl
= _[ur v]¢1(uw, Uy, .. 1un)W1 [ur vl] —W; [ur vl](pl(uwr Uy, .. 1un)[ur T'] (4)

Now applying equations (1) and (2) to equation (3) , it is easily observed that
[ur v](pl (uWr u21 e 1un)[ur Wl]:[ur Wl] (pl(uwr u21 e 1un)[ur W]r [ur W](pl (uWr u21 e 1un)[ur Wl]:[ur Wl]

¢¢1 (uWr u21 e 1un)[ur 'U]

And using these in equation (4), next by using equations (1) and (2) we have [u, w;] (¢, (uv,u,, ..., u,)[u, wlv, —
171¢1 (uWr u21 s un)[ur W])

=—([u,r]lp(uw,uy..., u)w; —w; [u, wle, (uw, u, ..., uy)[u, 1.

Orr [ur W1][¢1 (uvr u2,' e 1un)[ur W]r vl]:_[[ur 'U] (pl (uWr u2,' e 1un)r Wl] [ur vl]' (5)
Putting v;=2v,u, inequation (5) and use it, then [u, w;Jv;[¢; (uv,u, ..., uy)[u,wl, v,]=—
[[urv] (pl(uwruZ," '1un)1W1]v1[ur vl]' (6)

As proof of [2, Theorem] one can complete the proof to get the required result. Hence, ¢, (uv,u, ..., u,) = 0 for all
uvUy... U, EU.

Lemma (2.16):

Let R be a prime ring of char(R) # 2, U be anadmissible Lieideal of Rand d:R x R x ... x R — R be a symmetric
(U, R)-n-derivation. Then ¢, (u?r,u, ..., u,) =0forall ,u,...,u, €U, r € R.

Proof: By Theorem (2.15), ¢, (uv, u,,...,u,) = Oforallu,v,u,...,u,, € U. Then

0=¢,(wur—ru),uy,...,u,) =dW?r —uru,u,,...,u,) — dw, uy ..., u,)ur —ru) — d((ur —Tu), U, ,...,un)u
=d@?r, uy, ..., uy) — d((ur —Tu), U, ,...,un) —dwuy,...,uy)ur —ru) — d((ur —ru), U, ,...,un)u

=d@W?r uy, ..., uy) — (dW,uy, ..., u)ur +ud(@, uy, ..., u,)r +u2d@r,uy, ..., u,)) = ¢1(u2r, Uy.. .,un).

The following result is a generalization of [2, Theorem] to (U, R)-n-derivation.

Theorem (2.17):
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Let R be a prime ring of char(R) # 2,U bealieideal of Rand d:R x R x ... x R — R be a symmetric (U, R)-n-
derivation. Then ¢, (ur,u,,...,u,) =0forall ,u,...,u, e U,r € R.

Proof: Since 4 is a symmetric (U, R)-n-derivation, then replacing r by ur in Definition (2.2) yields

H=d(uur +uru,uy, ..., up) =d@,Uy..., up)ur+ udur,uy ..., uy) + d@ur,u, ..., u)uturd(u, u, ..., uy)

On the other hand, H = d(u?r,u,,..., u,)+ d(uru, u, ..., u,)

By Lemma (2, 16) and Lemma (2, 5), the last equation can be reduced to

H=du,uy,...,uur +ud(u, u,,..., u)r +u?d(r uy, ..., uy)

+d(u, Uy... ,un)ru + ud(r, Uy... ,un)u+urd(u, Uy Uy)

Comparing both sides of H impies that

45

upy(ur,uy, ..., u,) + ¢y (ur,u,,...,u)u=0forall ,u,...,u, e U,r eR. . (1)

Substitutingu = u + wwherew € U in the equation (1) satisfies
u (pl(WT', u21 R un)+ W(pl (U,T', u21 e 1un)+ (pl (U,T', u21 e 1un)W+ (pl (WT', u21 e 1un)u:0'

Put w = w? in equation (2), we get

U, (Waruy, ... uy)+ Wi (ur, uy, ... Uy )+ oy (ur, uy, . .. uy )W+ ¢y (War, uy, ..., u, )u=0.

As application of Lemma (2.16) to the last equation implies that

w2y (ur,uy, ..., u,)* ¢y (ur,u,..., uy)w?=0forallu,w,u,...,u, € U, r € R. Now we have two cases:
Case 1: If U ¢ Z(R), by Lemma (2.3) , the last equation gives

¢ (ur,u,,...,u,) =0forallu,u,...,u, eU,r € R.

Case 2: If U c Z(R) and since char(R) # 2 then w?¢, (ur,u,,...,u,)=0for all w, uu,,...,u, € U,r € R and this
implies that 0 = cw?2¢, (uruy,, ..., u,) = w2ce, (ur, u,, . .., u,)=0 the primness of R implies that either w? =0 or
¢, (ur,u,,...,u, )=0.Since U # 0, hence ¢, (ur,u,,...,u,)=0forallu,u,...,u, € U,r € R.

3. Symmetric Higher.(U, R)-n-Derivation

The concept of symmetric higher (U, R)-n-Derivation is introduced and studied to extend the results of section.1.

Motivated by definition (2.2) and the definition of higher derivation, the concept of symmetric higher (U, R)-n-
derivation can be defined as follows

Definition (3.1):

Let U.be a Lie ideal of a ring R. A family of additive mappings D=(d,),ey OT R X R % ... x R into R is said to be a
symmetric higher (U, R)-n-derivation if for all u,u,...,u, € U,r,s € R,n € N, the following equations are
equivalent

A (UyF+sUU - U,) = 2i+j=n a;(uyuy. ., un)dj(rr Uy Up) FAi(S, Uy, Up) (U, Uy Up)

e
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An(Uy Uy, . UpT + SU) = 2i+j=n di(ul,uz. N un)dj(ulruz- LLT)+ di(uy, uy, .. .,S)dj(ul,uz. o Up)

Further, if R is a 2-torsion freeand r = s = u,, foralln € N then
dn(UP Uy, . Uy) = iy jon iU Uy un ) (U Uy uy) forall u, uy, u, € U o (%)

The following example explains the concept of symmetric higher (U, R)-n-derivation.
Example (3.2):

Let S be a commutative ring of characteristic.2.numbers. Consider R=M, (S).is the ring of all 2 x 2 matrices over S
with addition and multiplication of matrices. Itis simple matter to check that U:{Cj Z) |u,ve S} isaLie ideal of
R.Defined,: R xR x .. xR — R as follows

(el o T0%) forn=12
d (a1 bl) (az bZ) (an bn) _ { nC1C2 Cn O n ' !
" 51 dl ’ (&) d2 T Cn dn B | n
k 0 n=3
a; by\ (a; by a, by, ) o o
For all e d)\e, d)\c 4 )€ R,n € N, then d, isasymmetric higher (UXR)-n-derivation of
1 1 2 2
RXRX..XR. " "

Lemma (3.3):

Let R be a prime ring of char(R) # 2, U be an admissible Lie ideal of R and D = (d,,),,cy be a family of mappings
satisfying equation (x). Then

dn(UW + WU, Uy, .. Uy )=y jon iU Uy U ) (W Uy uy) +d (W Uy ug ) (0, Uy, uy,) Torall
uw,u,...,.u, EUne N,

Proof: By hypothesis
dn (U Uy, Up) = Digjmn di(W Uy uy)d; (WU, uy), forallu, u, .., u, EUNE N. ..(1)

Puttingu = u + win, equation (1) wherew € U we obtain
dp((u+w)? Uy, .. Uy) = Xipjon di(U iy uy)d; (U uy. . uy) +di(U Uy up)d (W, Uy, . Uy)
+di(W,Uy...,up)d;(U, uy...,uy)+d;(W, Us,..., Uy )d;(W, U,..., Uy) .. (2)

On the other hand, we have
dn((u+w)? Uy, ... Up) = dy(u? Uy, Up) + d(uw + Wil ., Up) + dy (W2 U Up). - (3)
Compare the Equations (2) and (3) yields

dp(UW + WUy, . Un)=0 0 g i (U Uy U ) (W Uy ) (W Uy u)d (. uy) Torallu,wuy . uy, €
U.

Lemma (3.4):
Let R be a 2-torsion-free ring and D=(d,),cy be an higher (U, R)-n- derivation of R. Then
dn(Ur, Uy, ..., Up) = Nigjrkmn AU, Up, oo U ) (1, Uy, 0 Uy )y (W Uy, 0 uy) TOr all u, uy, . u, € U,ur € R,n € N.

Proof: Letr = s = (2u)r + r(2u) in Definition (3.1) to get &, (u((2u)r + r(2u)) + ((2u)r + r(2u))u,u, ... ,u,)

223 di g, wy) dp(ur + TU, Uy, Uy) + A (U U U, U ) (U Uy Uy)

=2 Zi+h+g=n(di(u, Uy Un) dp (W Uy U )y (1 Uy uy) +
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di(uuy. . uy)dn (. uy) dg(uuy. . u,))+2 Zp+q+j=n dp(u,uy... uy) dg(ruy. . uy)d; (U u,. . up )+
dp(rou,uy. . up) dg(u,uy. . uy)d (W, u,. . uy)) . (1)

On the other hand,

d, w(Cwr +ruw) + (Qwr + rwW)uu,. .., u,)=d,((Qu?)r + r(2u?))u,..., uy)+4d,(Uruu,. .., u,)
=2 asptjmn r(W Uz un) dp (U up. . U ) (1 U, Uy )42

P2l e i ) Ay (s U )y (s 1) + Al (T Uy 1), e
By comparing equations (1) and (2) and since R is 2-torsion-free, we get

dp(Uruy. .uy) = 2, di(uty. . up) i (1, Uz U )i (U U Uy ) (3)

i+j+k=n
The following corollary is a linearization of equation (3) on u.
Corollary (3.5):

Let. R.be.a 2-torsion-free ring and D = (d,,),cy be a higher (U, R)-n- derivation of R. Then
d,(urw + wruu,. ., u,) = Zi+j+k=n di(wuy. .. uy) di(ruy. . up)dy (W, Uy Uy )+
adiw,uy... u)di(ruy. .. up)d(uuy. . u,) forallu,w u,...,u, EU,TER,NE N.

Lemma (3.6) [5, Lemma 2.2]: Let R be a 2-torsion free prime ring and U be an admissible Lie ideal of R. If € U ,
b € R aresuch thataxb + bxa = 0forall x € R, then axb = bxa =0forall x € R.

Lemma (3.7) [5, Lemma 2.1]:

Let R be a 2-torsion free prime ring and U Z(R) be a Lie ideal of R. If a, b € R such that aUb = 0, then eithera =0
orb=0.

Lemma (3.8):

Let R be a prime ring of char(R) # 2, U be an admissible Lie ideal of R and D = (d,,),eybe a symmetric higher
(U, R)-n-derivation. Then ¢, (uw, u,,...,u,) =0forallu,w ,u,...,u, € U,n € N.

Proof: Since ¢,(uw,u,,...,u,) =0 and by Theorem (2.15), ¢,(uw,u,,...,u,) =0 for all u,w,u,,...,u, €
U,reR,n € N.Assume by inductiononn € N, that ¢,,,(uw, u,,...,u,) =0forallu,w,u,...,u, EUn,me Nm<
n.

Let H = d,,(4(uwvwu + wuvuw), u,,..., u,), by Lemma (3.6) we conclude that

H =

Md, (uw, uy, ..., uy)vwu + uwvd, (wWu, u,, ..., u,) + Zifjﬁ(:n d;(uw, uy, ..., upy) di(V,uy, ..., uy) di(Wu, uy, ... uy,)
+d, (Wi, Uy, ..., Uy )vuw + wuvd, (uw, uy, . .. ,un)Zifﬁ}(:n d;(Wu,uy, ..., u,) d;(V Uy, ... uy) di (Uuw, uy, ..., uy)}

By Lemma (3.5) one can compute H in other way

H = 4{uwv Z dWw,uy, ... uy) di(u,uy, ..., uy) + Z adi(uuy, ... uy) di(w,uy, ..., u,)vwu

stk=n i+j+k=n

2i+p,s+k<n

i+p+q+s+k=n dl(ux u21 ey un) dp(Wt u21 ey un) dq(vt u21 e 1un)ds(wt u21 e 1un)dk(u1 u21 ey un)

FWUY Xy pomg AU U, U)W Uy, Ug) + Diikan AW U, - ) (U, Uy JVuw

2i+p,s+k<n

i+p+q+s+k=n dl(wt u21 e 1un) dp(ut u21 e 1un) dq(vt u21 e 1un)ds(u1 u21 e 1un)dk(wt u21 e 1un)'
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Since ¢y, (uw,uy,...,u,) =0forall u,w,u,...,u, €U,,nm € N,m <n and char(R) #2, comparing both sides of
H implies that

O (uw, uy, ..., u)vlu, wl + [u,wlve,, (uw, u,,...,u,) =0

Forallu,w u,...,u, € Uyn € N.ByLemma (3.6), ¢, (uw,u,,...,u,)Ulu,w] = Oforallu,w, u,...,u, €eU,n€ N.
In view of Lemma (3.7) and since U «Z(R), then ¢, (uw, u,,...,u,) =0forallu,w ,u,...,u, € Un € N.

Lemma (3.9):

Let R be a prime ring of char(R) # 2, U be an admissible Lie ideal of R and D = (d,),en be an higher (U, R)-n-
derivation of R then ¢,(u?ru,...,u,) =0forallu,u,...,u, € U, re R,n € N.

Proof: we have ¢, (uw,u,...,u,) =0forallu,u,...,u, €eU,n € N.

Putting w = ur — ru in the last relation, where w € U, we obtain 0 = ¢, (uw(ur — ru)u,..., u,) = d,(U?ru,,. ., u,)-
An(UrUUy, Uy )Ny jon i (W Uy Uy)

a;(ur —ru,u,..., Uy )=d, (UPr Uy, . Uy )-dy (uru, uy, ... uy,)-

2i+p+q=n dl(ux uZ' L] 1un) dp(ut uZ' tey un)dq(rt uZ' tey un)+2i+p+q=n dl(ux uZ' tey un) dp(rt uZ' tey un)dq(ul uZ' L] ,un)

:dn(u2 ruy,. "run)_zh (2i+p:h di(ur Uy un) dp(ur Up... run)) dq(rr Up... run):(pn(uz ru,... run)'
+q=n

Now, we can prove our main theorem which a generalization of [4, Theorem 2.1] and [2, Theorem].
Theorem (3.10) :

Let R be a prime ring of char(R) # 2, U be an admissible Lie ideal of R and D = (d,,),cybe a symmetric higher
(U, R)-n-derivation. Then ¢, (ur,u,,...,u,) =0forallu,u,...,.u, e U,r e R,n € N.

Proof : Since ¢, (ur,u,...,u,) =0, by Theorem (2.17) ¢, (ur,u,...,u,)=0, then we can assume that ¢, (ur,u,...,u,) =
0. Since D is higher (U, R)-n-derivation ,in this case we have

d, (uur + uru, uy. .., uy)= Ziﬂ-:n adi(u,uy... uy) dj(ur uy. o up )+ (ur u,. . uy)d (U uy. . uy,)

=ud, (ur,u,. .., u)+d, (W, u,..., u Jur + Zii](:n adi(u,uy. .. uy) dj(ur, uy. .. uy ) +urd, (u,u,. . uy) +
d,(ur,u,..., un)u+Z;i?:n adi(ur vy, uy) di(u uy. .. uy)
.. ij<n
=ud, (ur, y. . un) Fd (U, Uy ugur + B0 di(u . ) Z Aoy Uy) dg (1, Uy )+Ur
p+q=n

dp (U uy. .., up)rurd, (ur, uy. .. uy)+d, (ur, u,y. .. u Jut

i,j<n .

h, _

E N th;idh(u, Uy Up) g (roug. . uy) d; (U uy. . uy)=Ud, (ur, uy. . ug )+ (W Uy uy Jur +
i+j=n

Zﬁ;{;fq:n di(uuy. .. uy) dy(U iy Uy )d g (ruy. . up )+urd, (uuy. .y )+ (ur, uy. . uy, Jut

sz;:?:n dp(u g uy) dg(rouy.. . uy) dj(uuy. .. uy) (D)

Also, onthe other hand and by Lemma (3.4) and Lemma (3.9) we get

n21
d, (uur — uru,u,. .., u,)= Ziﬂ.:n
n21

B gt ) (g ) e )=

nz1 S
Z ZZ;;:J dg(ux u2---1un) dh (ux u2"'1un) dj(rt uZ"'tun)+

i+j=n

di(u21u21"'1un) dj(r1u21"'1un)-
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n=1
Ditjrken 4 Uy uy) i (rup. o wp ) (W Uy Uy )= Zg+h+j=n dy(U,U,...,Uy) dp(U,Uy..., uy,)

a;(r Uz U+ ke di(U Uz U ) (U U ) (U Uy Uy)

=d,(u,uy..., u)ur + uZhﬂ-:n dn(U,uy...,uy) &;(ru,...,uy) +Z dg(u,uy.. . up) dp(u,uy. .. uy)

g+h+j=n

dk(rt uZ' LR ] un)+urdn(u1 uZ' v 1un)+2{1+2]1=n dl(ul u21 L] un) d](rl u21 e 1un) u+

Ditrken il Upy o u) i (r uy, o un ) (W Uy, Uy) - (2)
By comparing equations (1) and (2) to get

¢ (uru,. .., u,)utug, (uru,. .., u,)=0 .. (3)
A linearization Equation (3) yield ¢, (ur,u,...,u, )w+¢, (wru,. .., u, )utug, (wru,...,u, )+

¢n(uru,...,u,)=0 foralluu,.. u,eUr R, ne N. .. (4)

Letw = w? in Equation (4), then using Lemma (3.9) we get ¢, (ur, u,...,u,) =0for allu,u,...u, €U, r ER
, 1€ N.
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