
Al-Qadisiyah Journal of Pure Science Al-Qadisiyah Journal of Pure Science 

Volume 25 Number 2 Article 5 

4-7-2020 

On Symmetric Higher (U,R)-n-Derivation of Prime Rings On Symmetric Higher (U,R)-n-Derivation of Prime Rings 

Anwar Khaleel Faraj 
Department of Applied Sciences, University of Technology, Baghdad, Iraq., anwar_78_2004@yahoo.com 

Marwa Hadi Sapur 
Department of Applied Sciences, University of Technology, Baghdad, Iraq., marwahadis2016@gmail.com 

Follow this and additional works at: https://qjps.researchcommons.org/home 

 Part of the Mathematics Commons 

Recommended Citation Recommended Citation 
Faraj, Anwar Khaleel and Sapur, Marwa Hadi (2020) "On Symmetric Higher (U,R)-n-Derivation of Prime 
Rings," Al-Qadisiyah Journal of Pure Science: Vol. 25: No. 2, Article 5. 
DOI: 10.29350/2411-3514.1194 
Available at: https://qjps.researchcommons.org/home/vol25/iss2/5 

This Article is brought to you for free and open access by Al-Qadisiyah Journal of Pure Science. It has been 
accepted for inclusion in Al-Qadisiyah Journal of Pure Science by an authorized editor of Al-Qadisiyah Journal of 
Pure Science. For more information, please contact bassam.alfarhani@qu.edu.iq. 

https://qjps.researchcommons.org/home
https://qjps.researchcommons.org/home/vol25
https://qjps.researchcommons.org/home/vol25/iss2
https://qjps.researchcommons.org/home/vol25/iss2/5
https://qjps.researchcommons.org/home?utm_source=qjps.researchcommons.org%2Fhome%2Fvol25%2Fiss2%2F5&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/174?utm_source=qjps.researchcommons.org%2Fhome%2Fvol25%2Fiss2%2F5&utm_medium=PDF&utm_campaign=PDFCoverPages
https://qjps.researchcommons.org/home/vol25/iss2/5?utm_source=qjps.researchcommons.org%2Fhome%2Fvol25%2Fiss2%2F5&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:bassam.alfarhani@qu.edu.iq


Al-Qadisiyah Journal of Pure Science Vol.(25) Issue (2)(2020) pp. Math.40–50 
 
 

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 
a Department of Applied Sciences, University of Technology, Baghdad, Iraq. Email: anwar_78_2004@yahoo.com 
b Department of Applied Sciences, University of Technology, Baghdad, Iraq. Email: marwahadis2016@gmail.com 
  

 
 

 

 

                                                              http://qu.edu.iq/journalsc/index.php/JOPS 

  On Symmetric Higher (U,	ज)-n-Derivation of Prime Rings 

 

 

 

 

 

 

 

 

 

 

 

 

 
1 .Introduction 

Throughout, ℛ will represent an associative ring with center ܼ(ℛ). A ring ℛ is said to be ݊-torsion free 
where ݊ is nonzero integer if ݊ܽ = 0 withhܽ ∈ ℛ implies that ܽ = 0. ℛ is said to be prime ring if a ℛ 
b=0 implies that either ܽ = 0 or ܾ = 0 for all ܽ,ܾ ∈ ℛ	, and ℛ is semiprime if ܽ	ℛ	ܽ = 0 then ܽ = 0 [8]. 
For all ݒ,ݑ	 ∈ 	ℛ, the commutator of ݑ and ݒ is [ݑ, [ݎ = ݎݑ −  ℛ is said to	An additive subgroup ܷ/off .ݑݎ
be a Lie ideal of ℛ if [ݑ, [ݎ ∈ ܷ for all ݑ ∈ ℛ [9]. A mapping ݀:ℛ ∋ݎ ,ܷ݁ → ℛ is a derivation of ℛ if ݀ is 
an additive mapping that satisfies the following ݀(ݒݑ) = ݒ(ݑ)݀	 + ,ݑ for all (ݒ)݀	ݑ	  ℛ and ݀ is said  ∋ݎ
to be Jordan derivation if ݑ = (ଶݑ)݀ and this means ݎ 	= +	ݑ(ݑ)݀	  In general every .[12] (ݑ)݀	ݑ
derivation is a Jordan derivation, but the converse is not true. In [4] Herstein proved that every Jordan 
derivation of a prime ring ℛ of ܿℎܽݎ ≠2 is a derivation. Awtar in [2] generalized Herstein's result to Lie 
ideal, he proved that in a prime ring ℛ of ܿℎܽݎ ≠2, every Jordan derivation ݀|௎:ܷ → 	ℛ is a derivation, 
where ܷ is a Lie ideal of	ℛ such that ݑଶ ∈ ܷ for all ݑ ∈ ܷ. A family of additive mappings ܦ = (ࣸ௡)௡∈ே  of 
ℛ into itself where ࣸ଴ = ݅ࣸோiis called a higher derivation (resp. Jordan higher derivation), if 
ࣸ௡(ݒݑ) = 	∑ ࣸ௜(ݑ) ௝ࣸ(ݑ)௜ା௝ୀ௡  for all ݒ,ݑ ∈ ℛ, ݊ ∈ 	ܰ, where ܰ is the set of natural number [6]. 
According to [5], Ferrero and Haetinger were extended Herstein's result to higher derivations, they 
proved that every Jordan higher derivation of 2-torsion free semiprime ring is a higher derivation. In 
[7] Haetinger extended Awtar's theorem to/higher derivation on Lie ideal. Further, Faraj, Haetinger 
and Majeed were expanded this result to higher (ܷ,ℛ)-derivation [6]. In this paper, new generalization 
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of Herstein's theorem to symmetric higher (ܷ,ℛ)-݊-derivation will introduce as different kind from 
previous generalizations, where ܷ is a Lie ideal of ℛ by introducing many concepts that play role to 
arrive main goal. Throughout this paper ࣸ଴ is defined to be the identity mapping ݅ࣸℛ:ℛ → ℛ. 

 

2. Symmetric (ࢁ,ज)-࢔-Derivation 

The concept of symmetric (ܷ,ℛ)-݊-Derivation is introduced and studied throughout this section. 

We begin with following definition: 

Definition (2.1) [10]: 

A mapping	݀:ℛ × … × ℛ → ℛ.is called symmetric if the equation݀(ݑଵ,ݑଶ, … , =(ࣿݑ …,గ(ଶ)ݑ,గ(ଵ)ݑ)݀  గ(ࣿ)).holds, forݑ,
all	ݑ௜ ∈ ℛ.and for every permutation	{(2)ߨ,(1)ߨ, …  .{(݊)ߨ,

The concept of (ܷ,ℛ) − ݊ −derivation as a generalization of the concept (ܷ,ℛ) − derivation can be introduced as 
follows 

Definition ((2.2): 

Let ܷube a Lie ideal of ℛ..An n-(additive mapping ࣸ:ℛ × ℛ × … × ℛ → ℛ(is said to.be((ܷ,.	ℛ)-n-derivation of ℛ, if 
the following equations are equivalent for all ݑ	, .,ଶݑ . . ௡ݑ, ∈ ܷ, ,ݎ) ݏ ∈ 	ℛ 

ݎଵݑ)ࣸ + .,ଶݑ,ଵݑݏ (௡ݑ,.. = .ଶݑ,ଵݑ)ࣸ	 ݎ(௡ݑ,.. + .,ଶݑ,ݎ)ଵࣸݑ .ଶݑ,ݏ)ࣸ+   (௡ݑ,.. . ଵݑ(௡ݑ,,. + .ଶݑ,ଵݑ)ࣸݏ  (௡ݑ,..

. 

. 

. 

,ଶݑ,ଵݑ)ࣸ . ݎ௡ݑ,.. + .ଶݑ,ଵݑ)݀=.(௡ݑݏ ,ଶݑ,ଵݑ)௡ࣸݑ+ݎ(௡ݑ,.. . . . , (ݎ + ,ଶݑ,ଵݑ)ࣸ . ௡ݑ(ݏ,.. + .,ଶݑ,ଵݑ)݀ ݏ  (௡ݑ,..

Moreover,  ݀ is said to be a symmetric(ܷ,ℛ)-݊-derivation if the above equations are equivalent to each other. 
Further, if ℛ is 2-torsion free and   ݎ = ݏ = ,ଶݑ,ଶݑ)݀ the above equations can be reduced to ,ݑ =(௡ݑ,… ݀(u,ݑଶ.  +௡)uݑ,..
.,ଶݑ,u)݀ݑ  (௡ݑ, ..

Recall that a Lie ideal ܷ of a ring is called a square closed Lie ideal if  ݑଶ ∈ ܷ for all ݑ ∈ ܷ and ܷ is called an 
admissible Lie ideal of	ℛ if ܷ is no central closed Lie ideal [6] 

Lemma (2.3):[6] 

Lett	ℛ be a prime ring of ܿℎܽ2≠)ݎ and U be an/admissible Lie ideal off	ℛ such that ݓݐଶ+ݓଶݐ = 0 for all ݓ ∈  .ℛ	∋ݐ	,ܷ
Then ݐ = 0. 

Remark (2.4): 

Let D=(ࣸ௡)௡∈ே be a family of additive symmetric mappings of ℛ × ℛ × … × ℛ. We set ߶௡(ݎݑ, uଶ. . . , u୬) for 

ࣸ୬(ݎݑ, uଶ. ..,u୬)− ∑ ࣸ௜(ݑ,ݑଶ. . . , (௡ݑ ௝ࣸ(ݎ, .ଶݑ . . ௡)௜ା௝ୀ௡ݑ,  for all ݑ, .,ଶݑ . . , ௡ݑ ∈ ݎ ,ܷ ∈ 	ℛ, ݊ ∈ ܰ. 

Lemma (2.5): Let ܷ ℛ be a Lie ideal of 2-torsion free ring and d:ℛ × ℛ × … × ℛ → ℛ be a symmetric (ܷ,ℛ)-݊-
derivation. Then 

݀൫ݑ,ݑݎݑଶ,. . . , ௡൯ݑ = ݀൫ݑ, .,ଶݑ . . , ݑݎ௡൯ݑ + ,ݎ൫݀ݑ	 .,ଶݑ . . ,ݑ)݀ݎݑ+ݑ௡൯ݑ, .,ଶݑ . . ,ݑ ௡) for allݑ, .,ଶݑ . . ௡ݑ, ∈ ݎ ,ܷ ∈ ℛ . 
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Proof: Substituting/ݎ = ݏ = ݎ(ݑ2) + ܪ in the Definition (2.2), then (ݑ2)ݎ = ݎ(ݑ2)ݑ)ࣸ + ݎ(ݑ2) + (ݑ2)(ݑ2)ݎ +
.,ଶݑ,ݑݎ  (௡ݑ,..

,ݑ)݀)2= .,ଶݑ . . ݎݑ(௡ݑ, + .,ଶݑ,ݑ)݀	 . . , ݑݎ(௡ݑ + ,ݑ)݀ݑ .,ଶݑ . . , ݎ(௡ݑ + .,ଶݑ,ݎ)ଶ݀ݑ . . , ,ݎ൫݀	ݑ	+(௡ݑ .,ଶݑ . . ݑ௡൯ݑ, +
.,ଶݑ,ݑ൫݀ݎݑ . . , +௡൯ݑ 	݀൫ݑ,ݑଶ,. . . , ݑݎ௡൯ݑ + ,ݎ)݀	ݑ .,ଶݑ . . ݑ(௡ݑ, + .,ଶݑ,ݎ)݀	 . . , ଶݑ(௡ݑ + ,ݑ)݀ݎ .,ଶݑ . . , ݑ(௡ݑ +
.,ଶݑ,ݑ)݀	ݎݑ . . (௡ݑ, + .,ଶݑ,ݑ)		ݑݎ . . ,  (௡ݑ

On the other hand, ܪ = 2݀൫ݑ,ݑଶ,. . . , ,ݑ൫݀ݑ2+ݎݑ௡൯ݑ .,ଶݑ . .  ݎ௡൯ݑ,
.,ଶݑ,ݎଶ݀൫ݑ2+ . . , .,ଶݑ,ݎ݀൫	௡൯+2ݑ . . , ,ݑ൫݀ݎଶ+2ݑ௡൯ݑ .,ଶݑ . . , .,ଶݑ,ݑ)݀	ݑݎ2+ݑ௡൯ݑ . . ,ݑݎݑ)௡)+4݀ݑ, .,ଶݑ . .  ௡). Compare theݑ,
both sides of ܪ	and since ℛ is 2-torsion free, then we get the required result. 

The following corollary is immediate from Lemma (2.9).  

Corollary (2.6): 

Let ܷ ℛ be a Lie ideal of 2-torsionfree ring and ݀:	ℛ × ℛ × … × ℛ → ℛ	 be a symmetric//(ܷ,ℛ)-݊-derivation of ℛ. 
Then for all ݑ,ݓ	, .,ଶݑ . . ௡ݑ, ∈ ,ܷݍ ,ݎ ݏ ∈ ℛ. Then	݀൫ݓݎݑ .,ଶݑ,ݑݎݓ+ . . ,  ௡൯ݑ

= .,ଶݑ,ݑ)݀ . . , ݓݎ(௡ݑ + .,ଶݑ,ݎ)݀ݑ	 . . , 	ݓ(௡ݑ + .,ଶݑ,ݓ)݀ݎݑ . . ,  (௡ݑ

,ݓ)݀	+ .,ଶݑ . . ݑݏ(௡ݑ, ,ݏ)݀ݓ+ .,ଶݑ . . , ݑ(௡ݑ + .,ଶݑ,ݑ)݀ݏݓ	 . . ,  .	(௡ݑ

Lemma (2.7): 

Let ℛ be a prime ring of ܿℎܽݎ(ℛ) ≠ 2, ܷ	 be an admissible Lie ideal of ℛ and ݀:ℛ × ℛ × … × ℛ → ℛ	 be a symmetric 
mapping such that ݀(ݑଶ,ݑଶ,. . . (௡ݑ, = .,ଶݑ,ݑ)݀ . . , ݑ(௡ݑ + ,ݑ)݀ݑ	 .,ଶݑ . . ,ݑ ௡) for allݑ, .,ଶݑ . . ௡ݑ, ∈ ܷ Then 
,ݒݑ)߶ .,ଶݑ . . ,ݑ](௡ݑ, [ݒ =0 for all ݑ, .,ଶݑ,	ݒ . . , ௡ݑ ∈ ܷ. 

Proof: Since	ܷ	 be an admissible Lie ideal of ℛ, then 2ݒݑ ∈ ܷ for all ݑ,  ,So by Definition (2.2) .ܷ∋ ݒ
.,ଶݑ,ଶ(ݒݑ))݀ . . , (௡ݑ 	= ,ݒݑ)݀	 .,ଶݑ . . ݒݑ(௡ݑ, + ,ݒݑ)݀ݒݑ	 .,ଶݑ . .   ௡ݑ,

Replace ݓ by 2ݒݑ in Corollary (2.6) to get  

ܪ = (ݒݑ)ݒݑ)2݀ + ,ݑݒ(ݒݑ) .,ଶݑ . . ,ݑ)݀)2	௡)=ݑ, .,ଶݑ . .  +(ݒݑ)ݒ(௡ݑ,
.,ଶݑ,ݒ)݀ݑ . . ݒݑ(௡ݑ, + ,ݒݑ)݀ݒݑ .,ଶݑ . . ,ݒݑ)݀+(௡ݑ, .,ଶݑ . . .,ଶݑ,ݒ)݀ݒݑ+ ݑݒ(௡ݑ, . . , .,ଶݑ,ݑ)݀ݒ(ݒݑ)+ݑ(௡ݑ . . ,  (௡ݑ

But ܪ = (ݒݑ)ݒݑ)2݀ + ,ݑݒ(ݒݑ) .,ଶݑ . . ଶ(ݒݑ))2݀	௡)=ݑ, + .,ଶݑ,ݑଶݒݑ . . ,  (௡ݑ

2(݀൫ݒݑ, .,ଶݑ . . ݒݑ௡൯ݑ, + ,ݒݑ൫݀ݒݑ .,ଶݑ . . +௡൯ݑ, ݀൫ݑ,ݑଶ,. . . ,  ݑଶݒ௡൯ݑ

,ݒ൛݀൫ݑ+ .,ଶݑ . . , ݒ௡൯ݑ + ,ݒ൫݀ݒ .,ଶݑ . . , ݑ௡൯ൟݑ + ,ݑଶ݀൫ݒݑ .,ଶݑ . .  (௡൯ݑ,

Comparing both sides of ܪ and since ܿℎܽݎ (ℛ) ≠ 2 , then ߶(ݒݑ, .,ଶݑ . . [ݒ,ݑ](௡ݑ, =0 for all ݑ, .,ଶݑ,	ݒ . . , ௡ݑ ∈ ܷ. 

The proof of following lemma is similar to the proof of Lemma (2.7): 

Lemma (2.8): 

Let ℛ be a prime ring of ܿℎܽݎ(ℛ) ≠ 2, ܷ	 be an admissible Lie ideal of ℛ and ݀:ℛ × ℛ × … × ℛ → ℛ	be a symmetric 
mapping such that ݀(ݑଶ,ݑଶ,. . . (௡ݑ, = .,ଶݑ,ݑ)݀ . . , ݑ(௡ݑ + ,ݑ)݀ݑ	 .,ଶݑ . . ,ݑ ௡) for allݑ, .,ଶݑ . . ௡ݑ, ∈ ܷ. Then 
.,ଶݑ,ݒݑ)߶[ݒ,ݑ] . . , (௡ݑ =0 for all ݑ, .,ଶݑ,	ݒ . . , ௡ݑ ∈ ܷ. 

Lemma (2.9): 

Let ℛ be a prime ring of ܿℎܽݎ(ℛ) ≠ 2, ܷ	 be a an admissible Lie ideal of ℛ and ݀:ℛ × ℛ × … × ℛ → ℛ	 be a 
symmetric mapping such that ݀ .,ଶݑ,ଶݑ) . .  (௡ݑ,
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= ,ݑ)݀ .,ଶݑ . . ݑ(௡ݑ, + ,ݑ)݀ݑ	 .,ଶݑ . . .,ଶݑ,ݑ ௡) for allݑ, . . , ௡ݑ ∈ ܷ and for all ݑ	 ∈ ܷ ∈ (ܷ)ܥ 	= 	 ݔ} ∈ ܴ: [ܷ,ݔ] 	= 	0}. Then 
.,ଶݑ,ݑ)݀ . .		 (௡ݑ, ∈ ܼ(ܴ	) for all		ݑ, .,ଶݑ . . ௡ݑ, ∈ ܷ. 

Proof: Since ܷZ(ℛ),	then [4, Lemma 2] implies that ܥ(ܷ) = ܼ(ℛ) which givesݑ ∈ ܼ(ℛ). In view of Definition (2.2) 
we have 

,ଶݑ,ݒݑ2)݀ . . . (௡ݑ, = ,ݑ)݀ ,ଶݑ . . . , ݒ(௡ݑ + ,ݑ)݀ݒ ,ଶݑ . . . , (௡ݑ + ,ݒ)݀ݑ2 ,ଶݑ . . . ,  ௡).                                                           … (1)ݑ

Put ݒ	 = ݓݒ + ݓ in equation (1), where	ݒݓ ∈ ܷ, then  

ݓݒ)ݑ2)݀ ,(ݒݓ+ ,ଶݑ . . . , (௡ݑ = 

,ଶݑ,ݑ)݀ . . . ݓݒ)(௡ݑ, (ݒݓ+ + ݓݒ) ,ݑ)݀(ݒݓ+ ,ଶݑ . . . , (௡ݑ + ݓݒ)݀ݑ2 ,ݒݓ+ ,ଶݑ . . .  ௡)                                                ... (2)ݑ,

Since ݑ ∈ ܼ(ℛ	) and by Corollary (2.6) we obtain 

ݓݒ)ݑ2)݀ ,(ݒݓ+ ,ଶݑ . . . , ,ଶݑ,ݑ)݀)2	௡)=ݑ . . . , ,ݑ)݀	 +ݓݒ(௡ݑ ,ଶݑ . . . , (ݓݒ(௡ݑ ,ݒ)݀)ݑ2 + ,ଶݑ . . . , ,ଶݑ,ݓ)݀	ݒ	+ ݓ(௡ݑ . . .  (௡ݑ,
,ݓ)݀	+ ,ଶݑ . . . ,ݒ)݀ݓ+ݒ(௡ݑ, ,ଶݑ . . . ,  ௡))  … (3)ݑ

Comparing equations (2) and (23) in this case we have 

,ଶݑ,ݑ)݀ . . . ݓݒ)(௡ݑ, (ݒݓ− = ݓݒ) ,ଶݑ,ݑ)݀(ݒݓ− . . . ,ଶݑ,ݑ)݀] ௡) and this means thatݑ, . . . ,(௡ݑ, [ܷ,ܷ] = 0 for all 
,ଶݑ,ݑ . . . ௡ݑ, ∈ ܷ. Hence, ݀(ݑ, ,ଶݑ . . . , (௡ݑ ∈ [ܷ,ܷ]ܥ = (ܷ)ܥ	,by [4, Lemma 3]. But, as above (ܷ)ܥ = ܼ(ℛ). Therefore, 
,ଶݑ,ݑ)݀ . . . (௡ݑ, 	 ∈ ܼ(ℛ )	for all	ݑ,ݑଶ, . . . ௡ݑ, ∈ ܷ . 

Lemma (2.10): 

Let ℛ be a prime ring of ܿℎܽݎ(ℛ) ≠ 2, ܷ	 be an admissible Lie ideal of ℛ and ݀:ℛ × ℛ × … × ℛ → ℛ	 be a symmetric 
mapping such that ݀(ݑଶ,ݑଶ,. . . (௡ݑ, = .,ଶݑ,ݑ)݀ . . , ݑ(௡ݑ + ,ݑ)݀ݑ	 .,ଶݑ . . ,ݑ ௡) for allݑ, .,ଶݑ . . ௡ݑ, ∈ ܷ and ݒݑ =  for ݑݒ
some ݑ ∈ ܷ. Then ߶ଵ(ݒݑ, ,ଶݑ . . . , ,ݑ ௡)=0, for allݑ ,ݒ ,ଶݑ . . . , ௡ݑ ∈ ܷ. 

Proof: As an application of Corollary (2.6), we have 

ݓݒݑ)ࣸ ,ଶݑ,ݑݒݓ+ . . . ,ଶݑ,ݑ)ࣸ=(௡ݑ, . . . , ݓݒ(௡ݑ + ,ଶݑ,ݒ)ࣸݑ	 . . . ݓ(௡ݑ, + ,ଶݑ,ݓ)݀ݒݑ	 . . . (௡ݑ, + ,ݓ)ࣸ ,ଶݑ . . . , ݑݒ(௡ݑ +
,ଶݑ,ݒ)݀ݓ	 . . . ݑ(௡ݑ, + ,ଶݑ,ݑ)ࣸݒݓ	 . . . ,ݑ,	ݓ . for all	௡)ݑ, .,ଶݑ,	ݒ . . , ௡ݑ ∈ 	ܷ.                                                                      … (1) 

Since ݒݑ = ࣸ and by applying Definition (2.2), we get ݑݒ ݓݒݑ) ,ଶݑ,ݒݑݓ+ . . . ,ଶݑ,ݒݑ)ࣸ	=(௡ݑ, . . .  +ݓ(௡ݑ,
,ଶݑ,ݓ)ࣸݒݑ . . . (௡ݑ, + ,ଶݑ,ݓ)݀ . . . ݒݑ(௡ݑ, ,ݒݑ)݀ݓ+ ,ଶݑ . . . ,  ௡)               .                                                                           … (2)ݑ

Subtracting equations (1) and (2) to get 

,ݒݑ)ࣸ)	 ,ଶݑ . . . , −(௡ݑ ,ଶݑ,ݑ)ࣸ . . . ݒ(௡ݑ, − ,ݒ)ࣸݑ	 ,ଶݑ . . . , ݓ((௡ݑ + ,ଶݑ,ݒݑ)ࣸ)ݓ . . . −(௡ݑ, ,ݑ)ࣸݒ	 ,ଶݑ . . . , −(௡ݑ
,ଶݑ,ݑ)ࣸݒ . . .   ௡))=0 and this meansݑ,

߶ଵ(ݒݑ, ,ଶݑ . . . , ݓ(௡ݑ + ,ଶݑ,ݑݒ)ଵ߶	ݓ . . . (௡ݑ, = 0. By Remark (2.4), ߶ଵ(ݒݑ, ,ଶݑ . . . , (௡ݑ = −	߶ଵ ,ݑݒ)	 ,ଶݑ . . .  ௡) for allݑ,
.,ଶݑ,	ݒ,ݑ . . ௡ݑ, ∈ 	ܷ. Hence [߶ଵ ,ݒݑ)	 ,ଶݑ . . . , [ݓ,(௡ݑ = 0 for all ݓ	ݑ,, .,ଶݑ,	ݒ . . , ௡ݑ ∈ 	ܷ. By Lemma 2 and Lemma 3 of [4], 
we have ߶ଵ(ݑ,ݒݑଶ, . . . (௡ݑ, 	 ∈ ܼ(ℛ) for all ݒ,ݑ	, .,ଶݑ . . ௡ݑ, ∈ 	ܷ. Since ݑଶ ∈ 	ܷ for all ݑ ∈ 	ܷ and ݑଶݒ =  .ଶݑ	ݒ

So, ݀(ݑଶݑ,ݒଶ, . . . ,ଶݑ,ଶݑ)ࣸ−(௡ݑ, . . . ݒ(௡ݑ, − ,ଶݑ,ݒ)ଶࣸݑ . . . (௡ݑ, = ,ଶݑ,ݒଶݑ)݀ . . . ,ݑ)ࣸ−(௡ݑ, ,ଶݑ . . . ,  ݒݑ(௡ݑ

,ݑ)ࣸݑ− ,ଶݑ . . . ݒ(௡ݑ, − ,ଶݑ,ݒ)ଶࣸݑ . . . (௡ݑ, ∈ ܼ(ℛ)                                                                                                                  … (3) 

Since ݒݑ = ݒݑand 2 ݑݒ ∈ 	ܷ, then (2ݒݑ)ݑ = ,ଶݑ,(ݒݑ2)ݑ)݀ so we get ,(ݒݑ2)ݑ . . . , −(௡ݑ ,ݑ)2ࣸ ,ଶݑ . . . ݒݑ(௡ݑ, −
,ଶݑ,ݒݑ)ࣸݑ2 . . . (௡ݑ, ∈ ܼ(ℛ) and since ܿℎܽݎℛ ≠ 2 this means  

,ݒଶݑ)݀ ,ଶݑ . . . , −(௡ݑ ,ଶݑ,ݑ)ࣸ . . . ݒݑ(௡ݑ, − ,ଶݑ,ݒݑ)ࣸݑ . . . (௡ݑ, ∈ ܼ(ℛ) for all		ݑ, .,ଶݑ,ݒ . . , ௡ݑ ∈ ܷ.                                … (4) 

Comparing equations (3) and (4) and ܿℎܽݎ(ℛ) ≠ 2 yields ݑ߶ଵ(ݑ,ݒݑଶ, . . . (௡ݑ, 	 ∈ ܼ(ℛ) for all ݑ, .,ଶݑ,	ݒ . . , ௡ݑ ∈ 	ܷ. 
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If ݑ߶ଵ(ݒݑ, ,ଶݑ . . . , (௡ݑ 	≠ 0, since ℛ is prime and  ߶ଵ(ݒݑ, ,ଶݑ . . . , (௡ݑ ∈ ܼ(ℛ), then we can conclude that ݑ ∈ ܼ(ℛ) and 
in view of Lemma (2.9), ݀	(ݑ,ݑଶ, . . . (௡ݑ, ∈ 	ܼ(ℛ). Hence, 2݀(ݒݑ, ,ଶݑ . . . , (௡ݑ = ݒݑ)݀ + ,ݑݒ ,ଶݑ . . . ,  (௡ݑ

= 2൫݀(ݑ, ,ଶݑ . . . , ݒ(௡ݑ + ,ଶݑ,ݑ)݀ݒ . . . ݎ௡)൯. Since ܿℎܽݑ, ≠ 2, the last equation becomes ݀(ݒݑ, ,ଶݑ . . . , (௡ݑ =
,ଶݑ,ݑ)݀ . . . ݒ(௡ݑ, + ,ݑ)݀ݒ ,ଶݑ . . . , ,ଶݑ,ݑ	௡) for allݑ . . . ௡ݑ, ∈ ܷ. That is  ߶ଵ(ݑ,ݒݑଶ, . . . (௡ݑ, = 0 for all ݑ,ݒ,ݑଶ, . . . ௡ݑ, ∈ ܷ 
and this is a contradiction. Therefore, ߶ଵ(ݑ,ݒݑଶ, . . . ,ݒ,ݑ ௡) =0, for allݑ, ,ଶݑ . . . , ௡ݑ ∈ ܷ. 

Theorem (2.15):  

Let ℛ be a prime ring of ܿℎܽݎ ≠ 2, ܷ	 be an admissible Lie ideal of ℛ and ݀:ℛ × ℛ × … × ℛ → ℛ	 be a symmetric 
mapping such that ݀(ݑଶ,ݑଶ,. . . (௡ݑ, = .,ଶݑ,ݑ)݀ . . , ݑ(௡ݑ + ,ݑ)݀ݑ	 .,ଶݑ . . ,ݑ ௡) for allݑ, .,ଶݑ . . ௡ݑ, ∈ ܷ. Then 
.,ଶݑ,ݒݑ)݀ . . (௡ݑ, = .,ଶݑ,ݑ)݀ . . , ݒ(௡ݑ + ,ݒ)݀ݑ	 .,ଶݑ . . ,ݑ ௡) for allݑ, .,ଶݑ,ݒ . . ௡ݑ, ∈ ܷ. 

Proof: Linearizing Lemmas (2.7) and (2.8) on ݒ, then 

߶ଵ(ݒݑ, ,ଶݑ . . . , ,ݓݑ)ଵ߶−=[ݓ,ݑ](௡ݑ ,ଶݑ . . . , ,ݓ,ݑ for all [ݒ,ݑ](௡ݑ ,ଶݑ . . . , ௡ݑ ∈ ܷ.                                                                  … (1) 

Also, [ݓ,ݑ]߶ଵ(ݑ,ݒݑଶ, . . . (௡ݑ, = ,ݓݑ)ଵ߶	[ݒ,ݑ]− ,ଶݑ . . . , ,ଶݑ,ݓ,ݑ ௡) for allݑ . . . ௡ݑ, ∈ ܷ.                                                    … (2) 

Multiply the left hand side of equation (1) by [ݓ,ݑଵ] and using equations (2) and (1), then 

,ଶݑ,ݓݑ)ଵ߶[ݒ,ݑ] . . . =[ଵݓ,ݑ](௡ݑ, ,ݓݑ)ଵ߶[ଵݓ,ݑ]− ,ଶݑ . . . , ,ݑ][ݒ,ݑ](௡ݑ  (3) …                                                                               .[ݒ

Replace ݓଵ  by 2ݓଵݒଵ in Equation (3) to get [ݒ,ݑ]߶ଵ(ݓݑ, ,ଶݑ . . . , ,ݓݑ)ଵ߶ଵݒ[ଵݓ,ݑ] + ଵݒ[ଵݓ ,ݑ]௡ݑ ,ଶݑ . . . ,ݑ](௡ݑ,  [ݒ
= ,ݑ]− ,ଶݑ,ݓݑ)ଵ߶[ݒ . . . ଵݓ(௡ݑ, ,ݑ]  ,ݑ]ଵݓ− [ଵݒ ,ଶݑ,ݓݑ)ଵ]߶ଵݒ . . . ,ݑ](௡ݑ,  (4) …                                                                              [ݎ

Now applying equations (1) and (2) to equation (3) , it is easily observed that 
,ଶݑ,ݓݑ)ଵ߶[ݒ,ݑ] . . . ,ଶݑ,ݓݑ)ଵ߶	[ଵݓ,ݑ]=[ଵݓ,ݑ](௡ݑ, . . . ,ଶݑ,ݓݑ)ଵ߶[ݓ,ݑ] ,[ݓ,ݑ](௡ݑ, . . .  [ଵݓ,ݑ]=[ଵݓ,ݑ](௡ݑ,
߶߶ଵ(ݑ,ݓݑଶ, . . . ,ݑ](௡ݑ,  [ݒ

And using these in equation (4), next by using equations (1) and (2) we have [ݓ,ݑଵ] (߶ଵ(ݑ,ݒݑଶ, . . . −ଵݒ[ݓ,ݑ](௡ݑ,
,ݓݑ)ଵ߶ଵݒ ,ଶݑ . . . ,  ([ݓ,ݑ](௡ݑ

,ݑ]	)−	= .,ଶݑ,ݓݑ)ଵ߶[ݎ . . ଵݓ(௡ݑ, − ,ݓݑ)ଵ߶[ݓ,ݑ]ଵݓ .,ଶݑ . . ,ݑ](௡ݑ,  .[ଵݎ

 Or, [ݓ,ݑଵ][߶ଵ(ݒݑ, .,ଶݑ . . ,ݓݑ)ଵ߶ [ݒ,ݑ]]−=[ଵݒ,[ݓ,ݑ](௡ݑ, .,ଶݑ . . ,ݑ][ଵݓ,(௡ݑ,                                                                                                              ଵ].                                                                   … (5)ݒ
Putting ݒଵ=2ݒଵݑଵ  in equation (5) and use it, then [ݓ,ݑଵ]ݒଵ[߶ଵ .,ଶݑ,ݒݑ)  . . ,  −=[ଵݒ,[ݓ,ݑ](௡ݑ
,ݑ]] .,ଶݑ,ݓݑ)ଵ߶	[ݒ . . ,  (6) …                                                                                                                                             .[ଵݒ,ݑ]ଵݒ[ଵݓ,(௡ݑ

As proof of [2, Theorem] one can complete the proof to get the required result. Hence, ߶ଵ(ݑ,ݒݑଶ,. . . , (௡ݑ = 0 for all 
,ݒ,ݑ .,ଶݑ . . ௡ݑ, ∈ ܷ. 

Lemma (2.16): 

Let ℛ be a prime ring of  ܿℎܽݎ(ℛ) ≠ 2, ܷ	 be an admissible  Lie ideal of ℛ and ݀:ℛ × ℛ × … × ℛ → ℛ	be a symmetric 
(ܷ,ℛ)-݊-derivation. Then ߶ଵ(ݑଶݎ, .,ଶݑ . . (௡ݑ, =0 for all 	, .,ଶݑ . . ௡ݑ, ∈ ݎ ,ܷ ∈ ℛ. 

Proof: By Theorem (2.15), ߶ଵ(ݒݑ, ,ଶݑ . . . , (௡ݑ = 0 for all ݒ,ݑ, .,ଶݑ . . ௡ݑ, ∈ ܷ. Then 

0 = ߶ଵ(ݎݑ)ݑ − ,(ݑݎ ,	ଶݑ . . . (௡ݑ, = ݎଶݑ)݀ − ,ݑݎݑ ,ଶݑ . . . −(௡ݑ, ,ݑ)݀	 ,	ଶݑ . . . ݎݑ)(௡ݑ, − −(ݑݎ 	݀൫(ݎݑ − ,	ଶݑ,(ݑݎ . . .  ݑ௡൯ݑ,

    = ,ݎଶݑ)݀ ,ଶݑ . . . , −(௡ݑ 	݀൫(ݎݑ − ,	ଶݑ,(ݑݎ . . . , ௡൯ݑ − ,	ଶݑ,ݑ)݀	 . . . , ݎݑ)(௡ݑ − (ݑݎ − 	݀൫(ݎݑ − ,(ݑݎ ,	ଶݑ . . . ,  ݑ௡൯ݑ

= ,ଶݑ,ݎଶݑ)݀ . . . −(௡ݑ, ,ݑ)݀) ,ଶݑ . . . , ݎݑ(௡ݑ + ,ଶݑ,ݑ)݀ݑ . . . ݎ(௡ݑ, + ,ݎ)ଶ݀ݑ ,ଶݑ . . . , ((௡ݑ = ߶ଵ൫ݑଶݑ,ݎଶ,. . . ,  .௡൯ݑ

The following result is a generalization of [2, Theorem] to (ܷ,ℛ)-݊-derivation. 

Theorem (2.17): 
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Let ℛ be a prime ring of ܿℎܽݎ(ℛ) ≠ 2, ܷ	 be a Lie ideal of ℛ and ݀:ℛ × ℛ × … × ℛ → ℛ	be a symmetric (ܷ,ℛ)-݊-
derivation. Then ߶ଵ(ݑ,ݎݑଶ, . . . (௡ݑ, =0 for all ,ݑଶ,. . . , ௡ݑ ∈ ݎ ,ܷ ∈ ℛ. 

Proof: Since ࣸ is a symmetric (ܷ,ℛ)-݊-derivation, then replacing ݎ by ݎݑ in Definition (2.2) yields 

ܪ = ݎݑݑ)݀ + ,ݑݎݑ ,	ଶݑ . . . .,ଶݑ,ݑ)݀ = (௡ݑ, . . , .,ଶݑ,ݎݑ)ࣸݑ +ݎݑ(௡ݑ . . , .,ଶݑ,ݎݑ)݀ + (௡ݑ . . , .,ଶݑ,ݑ)݀ݎݑ+ݑ(௡ݑ . .  (௡ݑ,

On the other hand, ܪ = ,ݎଶݑ)݀ ,	ଶݑ . . . ,ݑݎݑ)݀ +(௡ݑ, ,ଶݑ . . . ,  (௡ݑ

By Lemma (2, 16) and Lemma (2, 5), the last equation can be reduced to  

ܪ = ,ଶݑ,ݑ)݀ . . . ݎݑ(௡ݑ, + ,ݑ)݀ݑ ,ଶݑ . . . , ݎ(௡ݑ + ,ଶݑ,ݎ)ଶ݀ݑ . . .  (௡ݑ,

+݀൫ݑ, .,ଶݑ . . ݑݎ௡൯ݑ, + ,ݎ൫݀ݑ	 .,ଶݑ . . .,ଶݑ,ݑ)݀ݎݑ+ݑ௡൯ݑ, . . ,  (௡ݑ

Comparing both sides of ܪ impies that 

,ݎݑ)ଵ߶ݑ ,ଶݑ . . . ,ݎݑ)௡) + ߶ଵݑ, ,ଶݑ . . . , .,ଶݑ,	 for all 0=ݑ(௡ݑ . . , ௡ݑ ∈ ݎ ,ܷ ∈ ℛ.                                                                          … (1) 

Substituting ݑ = ݑ + 	ݓ where ݓ ∈ ܷ in the equation (1) satisfies                                                              
,ݎݓ)ଵ߶	ݑ ,ଶݑ . . . , ,ଶݑ,ݎݑ)ଵ߶ݓ +(௡ݑ . . . ,ଶݑ,ݎݑ)௡)+ ߶ଵݑ, . . . ,ଶݑ,ݎݓ)ଵ߶ +ݓ(௡ݑ, . . .  (2) …                                                 .0=ݑ(௡ݑ,

Put  ݓ =  ଶ in equation (2), we getݓ

,ݎଶݓ)ଵ߶	ݑ ,ଶݑ . . . , ,ଶݑ,ݎݑ)ଶ߶ଵݓ +(௡ݑ . . . ,ଶݑ,ݎݑ)௡)+ ߶ଵݑ, . . . ,ଶݑ,ݎଶݓ)ଶ+ ߶ଵݓ(௡ݑ, . . .  .0=ݑ(௡ݑ,

As application of Lemma (2.16) to the last equation implies that 

,ଶݑ,ݎݑ)ଶ߶ଵݓ . . . .ଶݑ,ݎݑ)߶ଵ	௡)+ݑ, . . , ,	ݓ,ݑ ଶ=0 for allݓ(௡ݑ .,ଶݑ . . ௡ݑ, ∈ ݎ ,ܷ ∈ ℛ. Now we have two cases: 

Case 1: If ܷ ⊄ ܼ(ℛ), by Lemma (2.3) , the last equation gives 

߶ଵ(ݎݑ, ,ଶݑ . . . , (௡ݑ = 0 for all ݑ,ݑଶ,. . . , ௡ݑ ∈ ݎ ,ܷ ∈ ℛ. 

Case 2: If ܷ	 ⊂ 	ܼ(ℛ) and since ܿℎܽݎ(ℛ) ≠ 2 then ݓଶ߶ଵ(ur,ݑଶ, . . . ,ଶݑݑ ,ݓ ௡)=0 for allݑ, . . . , ௡ݑ ∈ 	ݎ ,ܷ ∈ ℛ and this 
implies that 0 = ,ଶݑݎݑ)ଶ߶ଵݓܿ . . . (௡ݑ, ,ଶݑ,ݎݑ)ଶc߶ଵݓ = . . . ଶݓ ௡)=0 the primness of  ℛ implies that eitherݑ, = 0 or 
߶ଵ(ݎݑ, ,ଶݑ . . . , ܷ ௡)=0. Sinceݑ ≠ 0, hence ߶ଵ(ݎݑ, ,ଶݑ . . . , .,ଶݑ,	ݑ ௡)=0 for allݑ . . , ௡ݑ ∈ ݎ ,ܷ ∈ ℛ. 

3. Symmetric Higher.(ࢁ,	ज)-࢔-Derivation 

The concept of symmetric higher (ܷ,ℛ)-݊-Derivation is introduced and studied to extend the results of section.1. 

Motivated by definition (2.2) and the definition of higher derivation, the concept of symmetric higher (ܷ,ℛ)-݊-
derivation can be defined as follows  

Definition (3.1): 

Let ܷ.be a Lie ideal of a ring ℛ. A family of additive mappings D=(ࣸ௡)௡∈ே of ℛ × ℛ × … × ℛ	into ℛ is said to be a 
symmetric higher (ܷ,ℛ)-݊-derivation if for all ݑ,ݑଶ,. . . , ௡ݑ ∈ ܷ, ,ݎ ݏ ∈ 	ℛ,	݊ ∈ ܰ, the following equations are 
equivalent 

ࣸ௡(ݑଵr+ݑݏଵ,ݑଶ, (௡ݑ,… = ∑ ࣸ௜(ݑଵ,ݑଶ. . . , (௡ݑ ௝ࣸ(ݑ,ݎଶ. . . ௡)௜ା௝ୀ௡ݑ, + ࣸ௜(ݏ, ,ଶݑ . . . , (௡ݑ ௝ࣸ(ݑଵ,ݑଶ. . .   (௡ݑ,

∙ 

∙ 

∙ 
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ࣸ௡(ݑଵ,ݑଶ, . ݎ௡ݑ,.. + (௡ݑݏ = ∑ ࣸ௜(ݑଵ,ݑଶ. . . , (௡ݑ ௝ࣸ(ݑଵ,ݑଶ. . . , ௜ା௝ୀ௡(ݎ + ࣸ௜(ݑଵ,ݑଶ, . . . , (ݏ ௝ࣸ(ݑଵ,ݑଶ. . .  (௡ݑ,

Further, if ℛ is a 2-torsion free and ݎ = ݏ = ݊ ௡ for allݑ ∈ ܰ	then  
ࣸ௡(ݑଶ,ݑଶ, (௡ݑ,… = ∑ ࣸ௜(ݑ, .ଶݑ . . (௡ݑ, ௝ࣸ(ݑ, .ଶݑ . . ௡)௜ା௝ୀ௡ݑ,  for all ݑ	, ,ଶݑ ௡ݑ,… ∈ ܷ.                                                             …	(∗) 

The following example explains the concept of symmetric higher (ܷ,ℛ)-݊-derivation. 

Example (3.2): 

Let ܵ be a commutative ring of characteristic.2.numbers. Consider ℛ=ℳଶ(ܵ).is the ring of all 2 × 2 matrices over ܵ 
with addition and multiplication of matrices. It is simple matter to check that ܷ =ቄቀݑ ݒ

ݒ ቁݑ ݒ,ݑ	| ∈ ܵቅ is a Lie ideal of 
ℛ. Define ࣸ௡:	ℛ × ℛ × … × ℛ → ℛ as follows 

ࣸ௡ ቆ൬
ܽଵ ܾଵ
ܿଵ ݀ଵ

൰ , ൬ܽଶ ܾଶ
ܿଶ ݀ଶ

൰ , … , ൬ܽ௡ ܾ௡
ܿ௡ ݀௡

൰ቇ =

⎩
⎪
⎨

⎪
⎧൬								0											 −ܾଵܾଶ … ܾࣿ

݊ܿଵܿଶ … ܿ௡ 0 ൰	 , ݊	ݎ݋݂ = 1,2
݊
݊

0																																																,݊ ≥ 3

 

For all ൬ܽଵ ܾଵ
ܿଵ ݀ଵ

൰ , ൬ܽଶ ܾଶ
ܿଶ ݀ଶ

൰ , … , ൬ܽ௡ ܾ௡
ܿ௡ ݀௡

൰ ∈ 	ℛ, ݊ ∈ 	ܰ, then ࣸ௡ is a symmetric higher (U,ℛ)-݊-derivation of 

ℛ × ℛ × … × ℛ. 

Lemma (3.3): 

Let ℛ be a prime ring of ܿℎܽݎ(ℛ) ≠ 2, ܷ	 be an admissible  Lie ideal of ℛ and ܦ = (ࣸ௡)௡∈ே 	be a family  of mappings 
satisfying equation (∗). Then                                                                                                                                                            
ࣸ୬(ݓݑ ,ݑݓ+ ,ଶݑ . . . , ∑=(௡ݑ ࣸ௜(ݑ,ݑଶ. . . , (௡ݑ ௝ࣸ(ݑ,ݓଶ. . . , ௡)௜ା௝ୀ௡ݑ +ࣸ௜(ݑ,ݓଶ. . . , ,ݑ)௡)ࣸ௝ݑ .ଶݑ . .  ௡)   for allݑ,
.,ଶݑ,	ݓ,ݑ . . , ௡ݑ ∈ ܷ, ݊ ∈ 	ܰ. 

Proof: By hypothesis                                                                                   
ࣸ௡(ݑଶ,ݑଶ, . (௡ݑ,.. = ∑ ࣸ௜(ݑ, .ଶݑ . . (௡ݑ, ௝ࣸ(ݑ, .ଶݑ . . ௡)௜ା௝ୀ௡ݑ, , for all ݑ, .,ଶݑ . . ௡ݑ, ∈ ܷ,݊ ∈ 	ܰ.                                                …(1) 

Putting ݑ = +	ݑ	 ݓ in, equation (1) where ݓ	 ∈ 	ܷ	we obtain 
ࣸ୬((ݑ ,ଶ,uଶ(ݓ+ … , u୬) = 	∑ ࣸ௜(ݑ, .ଶݑ . . (௡ݑ, ௝ࣸ(ݑ, .ଶݑ . . ௡)௜ା௝ୀ௡ݑ, +ࣸ୧(u, uଶ. . . , u୬)ࣸ୨(w, uଶ. . . , u୬) 
+	ࣸ୧(w, uଶ. . . , u୬)ࣸ୨(u, uଶ. . . , u୬)+ࣸ୧(w, uଶ. . . , u୬)ࣸ୨(w, uଶ. . . , u୬)                                                                                           … (2) 

On the other hand, we have  

ࣸ୬((ݑ ,ଶ,uଶ(ݓ+ … , u୬) = ࣸ୬(ݑଶ,uଶ. ..,u୬) + ࣸ୬(ݓݑ .uଶ,ݑݓ+ ..,u୬) + ࣸ୬(ݓଶ,uଶ. ..,u୬).                                                      … (3)  

Compare the Equations (2) and (3) yields 

ࣸ୬(ݓݑ .uଶ,ݑݓ+ ..,u୬)=∑ ࣸ௜(ݑ, .ଶݑ . . (௡ݑ, ௝ࣸ(ݓ, .ଶݑ . . ௡)௜ା௝ୀ௡ݑ, +ࣸ௜(ݓ, .ଶݑ . . .ଶݑ,ݑ)௡)ࣸ௝ݑ, . . , ,	ݓ,ݑ ௡) for allݑ .,ଶݑ . . ௡ݑ, ∈
ܷ. 

Lemma (3.4):   

Let.	ℛ.be.ai2-torsion-freeering.and.iܦ=(ࣸ௡)௡∈ே.be an higher (ܷ,ℛ)-݊- derivation ofr	ℛ. Then 

ࣸ୬(ݑ,ݑݎݑଶ, … , (௡ݑ = ∑ ࣸ௜(ݑ	, ,ଶݑ … (௡ݑ, ௝ࣸ(ݎ, ,ଶݑ … ,ଶݑ,ݑ)௡)ࣸ௞ݑ, … ௡)௜ା௝ା௞ୀ௡ݑ,  for all ݑ	ݑ,ଶ, ௡ݑ,… ∈ ݎݑ,ܷ ∈ 	ℛ, ݊ ∈ 	ܰ. 

Proof: Let ݎ = ݏ = 	 ݎ(ݑ2) + in Definition (3.1) to get ࣸ௡(u((2u)r (ݑ2)ݎ + r(2u)) + ((2u)r + r(2u))u,uଶ,. .. ,u୬) 
=2∑ ࣸ௜(ݑ, ,ଶݑ … ௡)௡ஹଵݑ,

௜ା௝ୀ௡ ௝ࣸ(ݎݑ + ,ݑݎ ,ଶݑ (௡ݑ,… + ࣸ௜(ݎݑ + ,ݑݎ ,ଶݑ . . . , (௡ݑ ௝ࣸ(ݑ,ݑଶ. . . ,  (௡ݑ

=2෌ (ࣸ௜(ݑ, .ଶݑ . . (௡ݑ,
௜ା௛ା௚ୀ௡ ࣸ௛(ݑ,ݑଶ. . . , ,ݎ)௡)ࣸ௚ݑ .ଶݑ . . (௡ݑ, +
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ࣸ௜(ݑ,ݑଶ. . . , ,ݎ)௡)ࣸ௛ݑ .ଶݑ . . ,ݑ)ࣸ௚	௡)ݑ, .ଶݑ . . ௡))+2෌ݑ, ࣸ௣(ݑ, .ଶݑ . . (௡ݑ,
௣ା௤ା௝ୀ௡ ࣸ௤(ݑ,ݎଶ. . . , (௡ݑ ௝ࣸ(ݑ,ݑଶ. . . , +(௡ݑ

ࣸ௣(ݑ,ݎ, .ଶݑ . . .ଶݑ,ݑ)ࣸ௤	௡)ݑ, . . , (௡ݑ ௝ࣸ(ݑ,ݑଶ. . . ,  ௡))                                                                                                                       … (1)ݑ

On the other hand, 

ࣸ௡(ݎ(ݑ2))ݑ + ((ݑ2)ݎ + ݎ(ݑ2)) + .ଶݑ,u((ݑ2)ݎ . . , ݎ(ଶݑ2))௡)=ࣸ௡ݑ + .ଶݑ,((ଶݑ2)ݎ . . , .ଶݑ,௡)+4ࣸ௡(uruݑ . .  (௡ݑ,
=2∑ ࣸ௥(ݑ, .ଶݑ . . ௡)௔ା௕ା௝ୀ௡ݑ, ࣸ௕(ݑ, .ଶݑ . . (௡ݑ, ௝ࣸ(ݎ, .ଶݑ . . , ௡)+2ݑ
∑ ࣸ௜(ݑ,ݎଶ. . . , ௡)௡ஹଵݑ
௜ା௛ା௚ୀ௡ 	ࣸ௛(ݑ,ݑଶ. . . , ,ݑ)௡)ࣸ௚ݑ .ଶݑ . . (௡ݑ, + 4ࣸ௡(ݑݎݑ, .ଶݑ . .  ௡).                                                                ... (2)ݑ,

By/comparing equations (1) and (2) and since ℛ isi2-torsion-free,iweiget                                                                        
ࣸ௡(ݑ,ݑݎݑଶ. (௡ݑ,.. = ෌ ࣸ௜(ݑ,ݑଶ. . . ௡)௜ା௝ା௞ୀ௡ݑ, ௝ࣸ(ݎ, .ଶݑ . . ,ݑ)௡)ࣸ௞ݑ, .ଶݑ . .  ௡)… (3)ݑ,

The following corollary is a linearization of equation (3) on ݑ.  

Corollary (3.5): 

Let.	ℛ.be.a 2-torsion-free ring and	ܦ = (ࣸ௡)௡∈ே  be a higher (ܷ,ℛ)-݊- derivation of	ℛ. Then 

ࣸ୬(ݓݎݑ + .ଶݑ,ݑݎݓ (௡ݑ,.. = ෌ ࣸ௜(ݑ, .ଶݑ . . ௡)௜ା௝ା௞ୀ௡ݑ, ௝ࣸ(ݑ,ݎଶ. . . , ,ݓ)௡)ࣸ௞ݑ .ଶݑ . .  +(௡ݑ,
ࣸ௜(ݑ,ݓଶ. . . , (௡ݑ ௝ࣸ(ݎ, .ଶݑ . . .ଶݑ,ݑ)௡)ࣸ௞ݑ, . . , ,	ݓ,ݑ ௡) for allݑ .,ଶݑ . . ௡ݑ, ∈ ܷ, ,ℛ	∋ݎ ݊ ∈ 	ܰ. 

Lemma (3.6) [5, Lemma 2.2]: Let ℛ be a 2-torsion free prime ring and ܷ	 be an admissible Lie ideal of ℛ. If ∈ ܷ , 
ܾ ∈ ℛ are such that ܽ ܾݔ + ܽݔܾ = 0 for all ݔ ∈ ℛ, then	ܾܽݔ = ܽݔܾ = 0 for all ݔ ∈ ℛ. 

Lemma (3.7) [5, Lemma 2.1]: 

Let ℛ be a 2-torsion free prime ring and ܷ	ܼ(ℛ) be a Lie ideal of ℛ. If ܽ, ܾ ∈ ℛ such that ܷܾܽ = 0, then either	ܽ = 0 
or ܾ = 0. 

Lemma (3.8): 

Let ℛ be a prime ring of ܿℎܽݎ(ℛ) ≠ 2, ܷ	 be an admissible Lie ideal of ℛ and ܦ = (ࣸ௡)௡∈ேbe a symmetric higher 
(ܷ,ℛ)-݊-derivation. Then ߶௡(ݑ,ݓݑଶ, . . . (௡ݑ, =0 for all ݓ,ݑ	ݑ,ଶ,. . . , ௡ݑ ∈ ܷ, ݊ ∈ 	ܰ. 

Proof: Since ߶଴(ݓݑ, ,ଶݑ . . . , (௡ݑ = 0 and by Theorem (2.15), ߶௡(ݑ,ݓݑଶ, . . . (௡ݑ, = 0 for all ݓ,ݑ	ݑ,ଶ	, . . . , ௡ݑ ∈
ܷ, ݊,ℛ	∋ݎ ∈ 	ܰ. Assume by induction on ݊ ∈ 	ܰ, that ߶௠(ݓݑ, ,ଶݑ . . . , (௡ݑ = 0 for all ݓ,ݑ	, .,ଶݑ . . ௡ݑ, ∈ ܷ,݊,݉ ∈ 	ܰ,݉ <
݊.  

Let  ܪ = ݀௡(4(ݑݓݒݓݑ+ ,(ݓݑݒݑݓ ,ଶݑ . . . ,                        ௡), by Lemma (3.6) we conclude thatݑ
ܪ =
4{݀௡(ݑ,ݓݑଶ, . . . ݑݓݒ(௡ݑ, + ,ଶݑ,ݑݓ)௡݀ݒݓݑ . . . , (௡ݑ +∑ ࣸ௜(ݑw,ݑଶ, . . . , ௡)୧,୩ழ௡ݑ

୧ା୨ା୩ୀ௡ ௝ࣸ(v,ݑଶ, . . . , ,ݑݓ)ࣸ௞	௡)ݑ ,ଶݑ . . . ,  (௡ݑ
+݀௡(ݑݓ, ,ଶݑ . . . , ݓݑݒ(௡ݑ + ,ଶݑ,ݓݑ)௡݀ݒݑݓ . . . ∑(௡ݑ, ࣸ௜(wu,ݑଶ, . . . ௡)୧,୩ழ௡ݑ,

୧ା୨ା୩ୀ௡ ௝ࣸ(v,ݑଶ, . . . ,ଶݑ,ݓݑ)ࣸ௞	௡)ݑ, . . .  {(௡ݑ,

By Lemma (3.5) one can compute ܪ in other way 

ܪ = ݒݓݑ}4 ෍ ࣸ௦(ݑ,ݓଶ, . . . (௡ݑ,
௦ା௞ୀ௡

ࣸ௞(ݑ,ݑଶ, . . . , (௡ݑ + ෍ ࣸ௜(ݑ, ,ଶݑ . . . , (௡ݑ
୧ା୨ା୩ୀ௡

௝ࣸ(ݑ,ݓଶ, . . .  ݑݓݒ(௡ݑ,

       +∑ ࣸ௜(ݑ, ,ଶݑ . . . , ௡)୧ା୮,ୱା୩ழ௡ݑ
୧ା୮ା୯ାୱା୩ୀ௡ ࣸ௣(w,ݑଶ, . . . , 	(௡ݑ ࣸ௤(ݑ,ݒଶ, . . . ,ଶݑ,ݓ)௡)ࣸ௦ݑ, . . . ,ݑ)௡)ࣸ௞ݑ, ,ଶݑ . . . ,  (௡ݑ

∑ݒݑݓ+       ࣸ௦(ݑ, ,ଶݑ . . . , ௡)௦ା௞ୀ௡ݑ ࣸ௞(ݓ, ,ଶݑ . . . , (௡ݑ + ∑ ࣸ௜(ݑ,ݓଶ, . . . ௡)୧ା୨ା୩ୀ௡ݑ, ௝ࣸ(ݑ,ݑଶ, . . .      ݓݑݒ(௡ݑ,
					+∑ ࣸ௜(ݑ,ݓଶ, . . . ௡)୧ା୮,ୱା୩ழ௡ݑ,

୧ା୮ା୯ାୱା୩ୀ௡ ࣸ௣(u,ݑଶ, . . . 	(௡ݑ, ࣸ௤(ݒ, ,ଶݑ . . . ,ଶݑ,ݑ)௡)ࣸ௦ݑ, . . . ,ଶݑ,ݓ)௡)ࣸ௞ݑ, . . .  .(௡ݑ,
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Since ߶௠(ݑ,ݓݑଶ, . . . (௡ݑ, = 0 for all ݓ,ݑ	, .,ଶݑ . . ௡ݑ, ∈ ܷ, , ݊,݉ ∈ 	ܰ,݉ < ݊ and ܿℎܽݎ(ℛ) ≠2, comparing both sides of 
 implies that ܪ

߶௡(ݓݑ, ,ଶݑ . . . , [ݓ,ݑ]ݒ(௡ݑ + ,ଶݑ,ݓݑ)௡߶ݒ[ݓ,ݑ] . . . (௡ݑ, = 0 

For all ݓ,ݑ	ݑ,ଶ,. . . , ௡ݑ ∈ ܷ, ݊ ∈ 	ܰ. By Lemma (3.6), ߶௡(ݑ,ݓݑଶ, . . . [ݓ,ݑ]ܷ(௡ݑ, = 0 for all ݓ,ݑ	ݑ,ଶ,. . . , ௡ݑ ∈ ܷ,݊ ∈ 	ܰ. 

In view of Lemma (3.7) and since ܷ	ܼ(ℛ), then ߶௡(ݓݑ, ,ଶݑ . . . , (௡ݑ = 0 for all ݓ,ݑ	ݑ,ଶ,. . . , ௡ݑ ∈ ܷ, ݊ ∈ 	ܰ. 

Lemma (3.9): 

Let ℛ be a prime ring of ܿℎܽݎ(ℛ) ≠ 2, ܷ	 be an admissible  Lie ideal of ℛ and ݅ܦ = (ࣸ௡)௡∈ே  be an higher (ܷ,ℛ)-݊-
derivation/of/	ℛ then ߶௡(ݑଶr,ݑଶ. . . , (௡ݑ = 0 for all ݑ,ݑଶ,. . . , ௡ݑ ∈ ܷ, ݊,ℛ	∋ݎ ∈ 	ܰ. 

Proof: we have ߶௡(uw,ݑଶ. . . , ,ݑ ௡) =0 for allݑ .,ଶݑ . . ௡ݑ, ∈ ܷ,݊ ∈ 	ܰ. 

Putting ݓ = ݎݑ − ݓ in the last relation, where ݑݎ ∈ ܷ, we obtain 0 = ߶௡(ݎݑ)ݑ − .ଶݑ,(ݑݎ . . (௡ݑ, = ࣸ௡(ݑଶr,ݑଶ, . -(௡ݑ,..
ࣸ௡(uru,ݑଶ, . ∑-(௡ݑ,.. ࣸ௜(ݑ, .ଶݑ . . ௡)௜ା௝ୀ௡ݑ,  

௝ࣸ(ݎݑ − .ଶݑ,ݑݎ . . , ,ଶݑ,ଶrݑ)௡)=ࣸ௡ݑ . ,ݑݎݑ)௡)-ࣸ௡ݑ,.. ,ଶݑ -(௡ݑ,…
∑ ࣸ௜(ݑ,ݑଶ. . . ௡)௜ା௣ା௤ୀ௡ݑ, ࣸ௣(ݑ,ݑଶ. . . , .ଶݑ,ݎ)௡)ࣸ௤ݑ . . , ∑+(௡ݑ ࣸ௜(ݑ,ݑଶ. . . , ௡)௜ା௣ା௤ୀ௡ݑ ࣸ௣(ݑ,ݎଶ. . . , ,ݑ)௡)ࣸ௤ݑ .ଶݑ . .  (௡ݑ,

=ࣸ௡(ݑଶr,ݑଶ, . ௡)_෍ݑ,.. (∑ ࣸ௜(ݑ,ݑଶ. . . , ௡)௜ା௣ୀ௛ݑ ࣸ௣(ݑ, .ଶݑ . . ((௡ݑ,
௛ା௤ୀ௡

ࣸ௤(ݎ, .ଶݑ . . .ଶݑ,ଶrݑ)௡)=߶௡ݑ, . .  .(௡ݑ,

Now, we can prove our main theorem which a generalization of [4, Theorem 2.1] and [2, Theorem]. 

Theorem (3.10)/: 

Let ℛ be a prime ring of ܿℎܽݎ(ℛ) ≠ 2, ܷ	 be an admissible Lie ideal of ℛ and ܦ = (ࣸ௡)௡∈ேbe a symmetric higher 
(ܷ,ℛ)-݊-derivation. Then ߶௡(ݑ,ݎݑଶ, . . . (௡ݑ, =0 for all ݑ	ݑ,ଶ,. . . , ௡ݑ ∈ ܷ, ݎ ∈ ℛ,݊ ∈ 	ܰ. 

Proof : Since ߶଴(ur,ݑଶ. . . .ଶݑ,௡) =0, by Theorem (2.17) ߶ଵ(urݑ, . . , .ଶݑ,ݎݑ)௡)=0, then we can assume that ߶௠ݑ . . , (௡ݑ =
0. Since ܦ is higher (U, ℛ)-݊-derivation ,in this case we have 

ࣸ௡(ݎݑݑ + .ଶݑ,ݑݎݑ . . , ∑ =(௡ݑ ࣸ୧(ݑ, .ଶݑ . . ௡)୧ା୨ୀ୬ݑ, ௝ࣸ(ݑ,ݎݑଶ. . . , ,ݎݑ)௡)+ࣸ௜ݑ .ଶݑ . . (௡ݑ, ௝ࣸ(ݑ, .ଶݑ . .  (௡ݑ,
=uࣸ௡(ݑ,ݎݑଶ. . . , ,ݑ)௡)+ࣸ௡ݑ .ଶݑ . . ݎݑ(௡ݑ, +∑ ࣸ୧(ݑ,ݑଶ. . . , ௡)୧,୨ழ௡ݑ

୧ା୨ୀ୬ ௝ࣸ(ݎݑ, .ଶݑ . . .ଶݑ,ݑ)௡)+urࣸ௡ݑ, . . , (௡ݑ +
ࣸ௡(ݑ,ݎݑଶ. . . , ∑+ݑ(௡ݑ ࣸ୧(ݎݑ, .ଶݑ . . ௡)୧,୨ழ௡ݑ,

୧ା୨ୀ୬ ௝ࣸ(ݑ, .ଶݑ . .  (௡ݑ,

=uࣸ௡(ݑ,ݎݑଶ. . . , ,ݑ)௡)+ࣸ௡ݑ .ଶݑ . . ݎݑ(௡ݑ, +∑ ࣸ୧(ݑ,ݑଶ. . . , ௡)୧,୨ழ௡ݑ
୧ା୨ୀ୬ ෍ ࣸ୮(ݑ,ݑଶ. . . , (௡ݑ

୧,୨ழ௡

୮ା୯ୀ୬
ࣸ௤(ݑ,ݎଶ. . . ,  ௡)+urݑ

ࣸ௡(ݑ,ݑଶ. . . , ,ݎݑ)௡)+urࣸ௡ݑ .ଶݑ . . ,ݎݑ)௡)+ࣸ௡ݑ, .ଶݑ . .  +ݑ(௡ݑ,

෍ ∑ ࣸ௛(ݑ, .ଶݑ . . ௡)௛,௚ழ௜ݑ,
௛ା௚ୀ௜ ࣸ௚(ݑ,ݎଶ. . . , ,ݑ)ࣸ௝	௡)ݑ .ଶݑ . . (௡ݑ,

௜,௝ழ௡

௜ା௝ୀ௡
=uࣸ௡(ݎݑ, .ଶݑ . . .ଶݑ,ݑ)௡)+ࣸ௡ݑ, . . , ݎݑ(௡ݑ +

	∑ ࣸ௜(ݑ,ݑଶ. . . , ௡)௜,௝ழ௡ݑ
௜ା௣ା௤ୀ௡ ࣸ௣(ݑ, .ଶݑ . . ,ݎ)௡)ࣸ௤ݑ, .ଶݑ . . , .ଶݑ,ݑ)௡)+urࣸ௡ݑ . . ,ݎݑ)௡)+ࣸ௡ݑ, .ଶݑ . . +ݑ(௡ݑ,

∑ ࣸ௛(ݑ, .ଶݑ . . ௡)௛,௚,௝ழ௡ݑ,
௛ା௚ା௝ୀ௡ ࣸ௚(ݑ,ݎଶ. . . , ,ݑ)ࣸ௝	௡)ݑ .ଶݑ . .   ௡)                                                                                                        … (1)ݑ,

Also, on the/other hand and by Lemma (3.4) and Lemma (3.9)  we get 

ࣸ௡(ݎݑݑ − .ଶݑ,ݑݎݑ . . , ௡)= ෌ݑ ࣸ௜(ݑଶ,ݑଶ, . . . ௡)௡ஹଵݑ,
௜ା௝ୀ௡ ௝ࣸ(ݑ,ݎଶ, . . . -(௡ݑ,

∑ ࣸ௜(ݑ,ݑଶ. . . , ௡)௡ஹଵݑ
௜ା௝ା௞ୀ௡ ௝ࣸ(ݎ, .ଶݑ . . .ଶݑ,ݑ)௡)ࣸ௞ݑ, . . =(௡ݑ,

෍ ෌ ࣸ௚(ݑ, .ଶݑ . . ௡)௡ஹଵݑ,
௚ା௛ୀ௝ ࣸ௛௜(ݑ, .ଶݑ . . (௡ݑ,

௡ஹଵ

௜ା௝ୀ௡
௝ࣸ(ݎ, .ଶݑ . .  +(௡ݑ,
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∑ ࣸ୧(ݑ, .ଶݑ . . ௡)୧ା୨ା୩ୀ୬ݑ, ௝ࣸ(ݑ,ݎଶ. . . , .ଶݑ,ݑ)௡)ࣸ௞ݑ . . , ௡)=෌ݑ ࣸ௚(u, uଶ. . . , u୬)	ࣸ୦(u, uଶ. . . , u୬)୬ஹଵ
୥ା୦ା୨ୀ୬  

௝ࣸ(r, uଶ. . . , u୬)+∑ ࣸ୧(u, uଶ. . . , u୬)୧ା୨ା୩ୀ୬ ௝ࣸ(r, uଶ. . . , u୬)ࣸ௞(u, uଶ. . . , u୬) 

=ࣸ௡(ݑ,ݑଶ. . . , ݎݑ(௡ݑ + ∑ݑ ࣸ୦(u, uଶ. . . , u୬)୦ା୨ୀ୬ ௝ࣸ(r, uଶ. . . , u୬) +෍ ࣸ୥(ݑ,ݑଶ. . . , (௡ݑ
୥ା୦ା୨ୀ୬

ࣸ௛(ݑ, .ଶݑ . .  (௡ݑ,

ࣸ௞(ݑ,ݎଶ. . . , ,ݑ)௡)+urࣸ௡ݑ .ଶݑ . . ∑+(௡ݑ, ࣸ୧(u, uଶ, . . . , u୬)୬ஹଵ
୧ା୨ୀ୬ ௝ࣸ(ݑ,ݎଶ, . . .  +௡)iuݑ,

∑ ࣸ୧(ݑ, ,ଶݑ . . . , ௡)୧ା୨ା୩ୀ୬ݑ ௝ࣸ(ݎ, ,ଶݑ . . . , ,ଶݑ,ݑ)௡)ࣸ௞ݑ . . .  ௡)                                                                                                         … (2)ݑ,

By comparing  equations (1) and (2) to get  

߶௡(ur,ݑଶ. . . , .ଶݑ,௡)u+u߶௡(urݑ . .  ௡)=0                                                                                                                                              … (3)ݑ,

A linearization Equation (3) yield ߶௡(ݑ,ݎݑଶ. . . .ଶݑ,rݓ)௡߶+ݓ(௡ݑ, . . , .ଶݑ,ݎݓ)௡)u+u߶௡ݑ . .  +(௡ݑ,

߶௡(ݑ,ݎݑଶ. . . .,ଶݑ, ௡)=0, for all uݑ, ℛ ,i݊	∋ ݎ,௡∈iܷݑ, .. ∈ 	ܰ.                                                                                                             … (4) 

Let ݓ	 = .ଶݑ,ݎݑ)ଶ in Equation (4), then using  Lemma (3.9) we get ߶௡ݓ . . , (௡ݑ = 0 for/all ݑ, .,ଶݑ . . ௡ݑ ∈ ܷ,  ℛ	∋݅ݎ݅
,/݊ ∈ 	ܰ. 
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