Al-Qadisiyah Journal of Pure Science

Volume 25 | Number 2

4-7-2020

Some Results Related With Type Of Family Of Sets

Alaa M. Jasem
Department of Mathematics, College of Science, University of Al-Qadisiyah, Diwaniyah, Iraq,,
Nafm60@yahoo.com

Noori F. Al-Mayahi
Department of Mathematics, College of Science, University of Al-Qadisiyah, Diwaniyah, Iraq,,
sybzqoa@gmail.com

Follow this and additional works at: https://qgjps.researchcommons.org/home

6‘ Part of the Mathematics Commons

Recommended Citation

Article 6

Jasem, Alaa M. and Al-Mayahi, Noori F. (2020) "Some Results Related With Type Of Family Of Sets," Al-

Qadisiyah Journal of Pure Science: Vol. 25: No. 2, Article 6.
DOI: 10.29350/2411-3514.1195
Available at: https://qjps.researchcommons.org/home/vol25/iss2/6

This Article is brought to you for free and open access by Al-Qadisiyah Journal of Pure Science. It has been

accepted for inclusion in Al-Qadisiyah Journal of Pure Science by an authorized editor of Al-Qadisiyah Journal of

Pure Science. For more information, please contact bassam.alfarhani@qu.edu.iq.


https://qjps.researchcommons.org/home
https://qjps.researchcommons.org/home/vol25
https://qjps.researchcommons.org/home/vol25/iss2
https://qjps.researchcommons.org/home/vol25/iss2/6
https://qjps.researchcommons.org/home?utm_source=qjps.researchcommons.org%2Fhome%2Fvol25%2Fiss2%2F6&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/174?utm_source=qjps.researchcommons.org%2Fhome%2Fvol25%2Fiss2%2F6&utm_medium=PDF&utm_campaign=PDFCoverPages
https://qjps.researchcommons.org/home/vol25/iss2/6?utm_source=qjps.researchcommons.org%2Fhome%2Fvol25%2Fiss2%2F6&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:bassam.alfarhani@qu.edu.iq

Al-Qadisiyah Journal of Pure Science Vol.(25) Issue (2) (2020) pp. Math. 51-59

] Al-Qadisiyah Journal of Pure Science

QJPS

Al-Qadisiyah Journal of Pure Science

ISSN(Printed): 1997-2490  ISSN(Online): 2411-3514

DOI: /10.29350/jops.
http://qu.edu.ig/journalsc/index.php/JOPS

Some Results Related With Type Of Family Of Sets

Authors Names
a. ALAA M. JASEM

b. NOORI F. AL-MAYAHI

Article History

Received on: 06/01/2020
Revised on: 20/01/2020
Accepted on:31/03/2020

Keywords:
fuzzy set, fuzzy field ,
fuzzy o-field , fuzzy a-
field ,fuzzy a-o-field
fuzzy p-field, fuzzy
B-o-field.

DOI: https://doi.org/10.29350/
jops.2020.25. 2.1018

ABSTRACT

In this paper, we will study new types of fuzzy families such as the
fuzzy [-field ,fuzzy B-o-field ,fuzzy a-field ,fuzzy a-o-field ,and
fuzzy o-field and the relationship between them
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1.Introduction

The concept of a fuzzy integral with respect to fuzzy measure was introduced by Sugeno [4] , and the
definition of a fuzzy o-field on fuzzy set provided by [3],[7] , in 2019 Ibrahim and Hassan introduced some
concepts such as a-o-field and B-o-field which represent the generalizations of o-field [1], in this paper we
will introduced the concept of fuzzy a-field , fuzzy a-o-field ,fuzzy f-field , fuzzy g-o-field ,fuzzy o-field

and the relation between them .

2. FuzzySets

This section deals with the concepts of fuzzy set, complement , and operation on fuzzy sets.
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Definition (2. 1): [5][8].Let Q be anon empty set, a fuzzy set A in Q(or a fuzzy subset inQ) is a function
from Qinto I, A € I?2 . A(x)is interpreted as the degree of membership of element x in a fuzzy set A for
each x € 2, afuzzy set A in Qcan be represented by the set of pairs:

A={(xA(x)):x € O}
Note that every ordinary set is a fuzzy set, i.e. P(Q) < I,

Definition (2. 2) : [5][8][6]. Let A and B be a fuzzy sets in Q.

(i) Aand B are said to be equal (orA equals B) , which written as
A=BifA(x) =B(x) forallx € Q .
(ii) Aisincludedin Band we write A< B, if A(x)<B(x) for all x€ Q. Hence A=Biff AC
Band B c A.
(iii) Aisproper subset of B and write A c B ifand only if A € B and
A # B.
(iv) The union A U B of A and B is defined by
(Au B)(x) = max{A(x),B(x)}forall x € Q.
(v) The intersection A N B of A and B is defined by
(An B)(x) = min{A(x), B(x)}for all x € Q.
Similar to operations on ordinary sets, one can generalize the union and the intersection for an arbitrary
family of fuzzy sets: if {A4;: 1 € A} is a family of fuzzy sets, where Aan arbitrary of index set, the union
is Ujzen 4, is the fuzzy set having membership function sup{4,(x):1 € A}, i.e.

( UAA)(x) =sup{4,;(x):1 € A} forallx € Q

AEA
and the intersection N;cp A, is the fuzzy set having membership function inf{4,(x): 1 € A}, i.e.

(ﬂ A,1> (x) = inf{l4;(x):1 € A} forall x € Q.

AEA

Definition (2.3):[5][6]. Let A and B be fuzzy sets inQ) .

(i)The complement A€, of A is defined by A°(x) =1 — A(x) forallx € Q.
(ii)The difference A/Bbetween A and B is defined by A/B = A n B°.

(iii)The symmetric difference, A A B , between A and B is defined by A a B = (4/g)u (B/,) .

3. Type of some family of sets and relation between them

In this section we will introduce and study new concepts such as fuzzy g-field ,fuzzy g — o-field ,fuzzy a-
field and fuzzy a-o-field , and we give basic properties ,and examples of these concepts.

Definition (3.1) :[2].A non empty family F of a fuzzy sets of a set Q is called fuzzy field on Q if

1. 9,Q0€e F
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2. IfAEF then A° € F
3. IfA,4;,.....,A, EFthenUL A, EF
If (3) is replaced by the closure under countable union we get on the following definition

Definition (3.2) :[3] [7].A non empty family F of a fuzzy sets of a set Q is called fuzzy o- field on aset Q if

1. 9,Qe F

2. If AEF then A°eF

3.1f4, eFn=123,... then U;-, A, €EF

A fuzzy measurable space is a pair (Q2,F),where Q is a nonempty set and F is a fuzzy o-field on Q. a fuzzy
set A in Q is called fuzzy measurable (fuzzy measurable with respect to the fuzzy o-field ) if

A€ F, i.e. any member of F is called a fuzzy measurable set .

Example (3.3) :The family F of all fuzzy sets of a set Q is a fuzzy field on Q.

Proof:Let F = {4: 4 € I}

1. Itisclearthat @, Q € F.

2. Let A€ F ,hence A€ I%, then 0< A(x) <1 ,A°(x) =1 - A(x)
Hence 0<1-A(x)<1= 0<A°(x) <1

Therefore A€ € I®, hence A€ € F.

3. LetA;, A, A, € F ,then Ay, A,, ..., A, € 19

OS AI(X)S 1 Vi=1,2,...,n

UL, A;(x) = max{4;(x): i=12,..,n} = 0<max{4;(x):i=12,..,n} <1
Hence UL, A; € F, therefore F is a fuzzy field

Example (3.4) :[2]. 1.The family F of all fuzzy sets on a set Q is a fuzzy o-field on Q.
2.The family F ={@ , Q} is a fuzzy o-field on Q

min the following theorem ,we can show the relationships between a fuzzy field and a fuzzy o-field .
Theorem (3.5) :[2].Any fuzzy o-field is a fuzzy field

Proof:Suppose F is a fuzzy o-field , hence

1. 3, Q€F.
2. IfA€ F  then A€ € F.
3. LetA;,A,, ..., A, EF Weputd, =@0vk>n

Since F is fuzzy o-field , itis clear U2, A; € F ,

But U2, A; =U, A; . when 4, =@ Vk>n
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~ UL, A; € F ,Thuse F is fuzzy field

min the next theorem ,we will demonstrate that the intersection of fuzzy o-fields is a fuzzy o-field

Theorem (3.6):[2].Let {F;};c;be a family of fuzzy o-field ,then n;¢; F;is a fuzzy o-field
Remark (3.7):[2].The union of fuzzy o-field does not to be fuzzy o-field as in the following example :

Example (3.8):[2].Let A, B, C, D are fuzzy sets and 2 = [0,1]such that

( 1
2x OSXSE 1 1
Alx) = 1 B(x) =< 2x Z<XS§
0 §<XS1 1
Kl §<XS1
( 1
C(x) = 1 D(x)=<1-2x Z<x§§.
1 §<XS1 1
kO —<x<1

Let F, ={0,A(x),C(x),n} , F, ={0,B(x),D(x), 2} are two fuzzy o —fields, but F; U F,is not
fuzzyo —field.

Definition (3.9):Let Q be a nonempty set and let F be a family of fuzzy sets on a set Q ,thenF is called fuzzy
a-field if the following conditions satisfied :

1.Q€eF.
2.ifA;,A,, ..., A, € F, then UL, 4; € F.

Example (3.10):Let Q=[0,1] and A be a fuzzy set on Q, define as follows

A(X)=

0
L and let F = {A, Q}, then F is fuzzy a-field

NI, O
IA
=
IA

A
=
IA
= N

Theorem (3.11):Every fuzzy field is fuzzy a-field

Proof :Let F be fuzzy field (by definition of F) we get
1. QeF
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2. 1fA1 A, ..., A, EF ,thenUL A, €EF
Hence F is a fuzzy a-field on a set Q.

min general the covers of theorem (3.11) is not true and example (3.10) indicate that ,

F ={A,Q}iis fuzzy a-field , but not fuzzy field because A€ F ,but

<x

IA
R NI

A(x) = ¢ F

<Xx

Nl — O
IA

Theorem (3.12):every fuzzy o-field is fuzzy «-field
proof :Direct
min general the convers theorem (3.12) is not true and example (3.10) indicate that

Definition (3.13):LetQ be a nonempty set and let F be a family of fuzzy sets on Q , F is called fuzzy a-o-
field if the following condition satisfied :

1. 3, Q€ F.
2. If A, A;, ... € F,thenu2Z, A; €EF.

Definition (3.14):Let Q be a nonempty set and F be a fuzzy a-o-field of a set Q, then a pair (€2, F) is called
a-fuzzy measurable space and the member of F are called fuzzya-measurable sets

Example (3.15):Let Q=[0,1] and A, fuzzy set define on Q as follows

A=

0
L and let F ={d, A ,Q} , then F is fuzzy a-o-field .

= N

NI, O
AN IA
RO
A IA

Proposition (3.16):Every fuzzy a-o-field is a fuzzy a-field

Proof :Let F be a fuzzy a-o-field on a set Q, (by definition of F) we get

1. @, QeF.

2. LetA,, Ay, ..., A, € F,andput4, =@ forallk>n

Since F is fuzzy a-o-field , then U7Z; A; € F,butA; =@ Vi >nthen U2, A; =UL, 4; ,hence UL, 4; €
j:'

Hence F is a fuzzy a-field

min general the convers of proposition (3.16) is not true and example (3.10) indicate that ,F is fuzzy a-field
but not fuzzy a-o-field ,because @ ¢ F.
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Theorem (3.17):Every fuzzy o-field is fuzzy a-o-field .
Proof :Let F be a fuzzy o-field (by definition of F ) we get

Qe F .and @ = Q€ € F ,hence

1. 3, Q€eF
2. Let Ay, A;, ... € F,thenu2, A; €F

Hence F is fuzzy a-o-field

min general the converse of theorem (3.17) is not true and example (3.15) indicate that F is fuzzy a-o-field
,but not fuzzy o-field , because A€ F ,but A€ & F

Theorem (3.18):Let {F;}ic; be family of fuzzy a-o-field on a set Q ,thenn;¢; F; is a fuzzy a-o-field on Q.
Proof :1.Since F; is a fuzzy a-o-field on Q ,for all i€ [ ,then @,Q€ F;

For all ie I ,henced, Q € Nn;¢; F;

2.Let A, A, ..., €N F; then A1, A,,....€ F; forallie |
Since F;is fuzzy a-o-field for all i€ I ,thenu;Z; A; € F; for all i€ I hence U2, A; €Ny, F;

Therefore N;¢; F; is a fuzzy a-o-field

mthe next example indicate that the union of two fuzzy a-o-field on Q is not necessary a fuzzy a-o-field on
Q

Example (3.19):Let Q=[0,1] and let A and B are two fuzzy sets on Q define as follows

= N
= N

A_O B_x
00=] . B

A
=
IA

NI, O
IA
=
IA

A
=
IA

NIk O
IA
Y
IA

And let F;, ={0 ,A,Q} and F, ={0,B,Q}, then F; and F, are fuzzy a-o-field on a set Q ,But F; U F, =
{9, A, B, Q} is not fuzzy a-o-field on Q

Since (AU B)(x) = max {A(x),B(x)}
If x=3 > (AU B)(3) = max {4 (%) B (%)} = max {0,3}

= ¢ FUF,

Definition (3.20) :Let F be a nonempty family of fuzzy set on a set Q ,then is called fuzzy g-field if the
following condition satisfied :
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1. Ge F.
2. If A, Ay, ... A, € F, then N}, A; € F.

Example (3.21):_Let Q=[0,1] and A be fuzzy set on Q ,define as follows

A=

0
. and F = {@, A} then F is fuzzy p-field

= N

NI, O
AN IA
RO
A IA

Theorem (3.22): Every fuzzy field is fuzzy g-field

Proof: Let F be fuzzy field (by definition of fuzzy field ) we get

1. UEF,and @ = U° € F therefore® € F.
2. Let Ay, A,, ..., A, € F thenU2, A; € F , by demorgan laws we have N2, A; = (U2, A;°)¢ ,but
Ay Ay . A, EF

Then A%, A4S, ..., A% € F,andu;Z, AS € F hence (U2, A9)€ € F therefore N2, A; € F
Hence F is a fuzzy S-field on a set Q

min general the converse of theorem (3.22) is not true and example (3.21) indicate that ,F is a fuzzy B-field
but not fuzzy field ,because A€ F but A€ ¢ F

Remark (3.23):Every fuzzy o-field is fuzzy g- field , but the converse is not true

Definition (3.24): Let F be anon empty family of fuzzy sets on a set Q , then F is called fuzzy g — o —field if
the following conditions satisfied :

1.90,Q€eF
2.ifA; A, ... ... € FthenN2,4; €F

Definition (3.25): Let Q be anon empty set and F is fuzzy f — o — field on Q then the pair (Q,F)is called
B — fuzzy measurable space over F and the member of F are called - fuzzy measurable set .

= N

0
Example (3.26): Let Q=[0,1] and , A(X)= .

NIRr O
AN
= =
IANIA

andF = {@,A,Q} then F is a fuzzy p — o —field
proposition (3.27): Let {F;};c,be family of fuzzy p — o —field on Q ,thenN;¢; F; is a fuzzy f — o — field

Proof:1.sinceF; is fuzzy f — o —field Viel ,then®,Q € F; Vi el hence ,Q € Nie; F;
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2.letA; A, , ... ... € Nie; F; then Ay A, ,.....€ F; forall i€ I since F; is a fuzzy f — o —field Vi € I then
Ny=, Ax € F; Vi € I which is implies that Ny, Ax € Nier F;

henceN;¢; F; is fuzzy f — o —field
Proposition (3.28):Every fuzzy o-field is a fuzzy g-o-field .
Proof :Direct

Remark :in general the convers of theorem (3.28) is not true and example (3.26) indicate that , F is fuzzy -
o-field , but not fuzzy o-field because A€ F , but A€ ¢ F .

Theorem (3.29): Every fuzzy -o-field is fuzzy g-field

Proof : letF be fuzzy -o-field , then

1. 0,Q€F
2. LetA,, Ay, ..., A, €F and putd, =Q forallk>n

Then N, A; =n;2, A4; , since F be fuzzy p-o-field ,
then N2, A, € F ,hencenjz, A; € F
therefore is fuzzy S-field on Q .

min general the convers of theorem (3.29) is not true and example (3.21) indicate that F is fuzzy g-field ,but
not fuzzy B-o-field ,because Q ¢ F.
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