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ABSTRACT:

The purpose of this investigation is to define the weak topology on a specific topological spaces (modular spaces) this topology
generated by the modular dual space X™ i.e. it is generated by class of mappings F = {f,: X = Y, : f, linear and continuous }
when F = X*, we denote it o(Xy, X™) and induced characterization to the structure of this topology. Afterwards, we proof it is

hausdorff space finally we discuss the property of convergence in o (X, X*).
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1. Introduction: In preliminaries we talk about the
modular spaces and the weak topology (initial
topology). The notion of modular functions appears in
1950 by H. Nakano [15] who referred to a class of
functions from any vector space X over a field F
(where F = R or C) into the interval [0, o] (i.e.
M: X — [0, 00] ) with conditions (i) M(x) =0 & x =
0, (i) M(Ax) = M(x), VA € F with || = 1, (iii)
M(Ax + A,y) < M(A,x) + M(A,y) Vx,y € X and
VA, 13,4, inF.

The subspace X,, = {x € X: M(Ax) -

0, whenever A — 0} of a vector space X is called
modular space see [6] and it metric space when define

the distance between any two points x, y in X, by
Dy (x, y) = M(x — y) [4-8] that's mean X, has the

topology generated by D,,. In the part two of
preliminaries we introduced the concept of the weak
topology in general see coherent topology also [10-18].
After that we investigate the structuration of the weak

topology endowed with X,, when F = X* the family of
linear continuous functional [11].

2. Preliminaries

We divided this section into two part. Lets begin
with
2.1. Modular space
In this part, we present some definitions and
characterizations concerns the notion of modular
spaces
Definition 2.1.1: [8] Let X a linear space over afield FF.
A function M: X — [0, oo] is called modular if:
1. Mx) =0 &x=0
2. M(Ax) = M(x) for A € F with|1] = 1.
3. M(Aix + ,y) < M(A1x) + M(A,y) iff 44,4, =
0, x€eX.
The space X, givenby X,y ={x €X: M(1x) - 0
whenever1— 0} .

If (3) in definition modular space replaced by
M x +A,y) < 4 M(x) + A,M(y) , for all 14,1, =
0,4, +4, =1, forall x,y € M, the modular M is
called convex modular. [15]

By condition (3) above , if y = 0 then M(ax) =
M (3 Ax) < M(2;%), for all 23,4, in F,0 < 2, <

2

A, . Thus M is increasing function .
Remark 2.1.2:
1. A modular space X,, is a metric space with Dy, (x,
y)= M(x—y),forallx,y € X. See [4-6]
2. Any modular space is a topological linear space,
Moreover ,it is Hausdorff space [14]
Now, For the definition of topological linear space
Definition (2,1.3) : [1-2-13]
i- The M-open ball B, (x) centered x € X,, with radius
r>0as

B(x) ={y€Xy:M(y—x) <r}.
ii- The M-closed ball B, (x)centeredx € X,, with
radius r > 0 as
B.(x) ={yeX,:M(y —x) <r}.
iii- The class of all M-balls in a modular space X,
generates a topology which makes X,,Hausdorff
topological linear space.
iv- Every M-ball is convex set, since every modular

space is locally convex Hausdorff topological linear
space.

v- Let (X, M) be a modular space and A € X we say that
A is open set if for every x € A there existr > 0,3

B, (x) c A.

vi- A subset A of X is said to be closed if its complement
is open, that is, A = X — A is open.

2.2. The weak topology

In this part we introduced the original notion of initial
topology and a property of convergence in this topology
Definition 2.2.1: [9] Let X be any nonempty set and let
{(Xy,70): @ € A} be any arbitrary nonempty collection
of topological space. For each € A, let £, be a function
of X into X, . Then the topology T on X generated by the
collection G = {f,;1(A): A € 7., a € A} is called the
weak topology on X determined by the collection {f,: €
A} . G is called the defining subbase of T and the
collection S of all finite intersections of members of G is
called the defining of 7.

Remark 2.2.2: Let X a nonempty set and let

{(X4,74): @ € A} be a nonempty family of topological
spaces indexed by A. The weak topology generated by
the family of functions F = {f,: X = X,,« € A}isthe
topology generated by the sub-basis open sets G =

{f 1 (A): A, € T4, a € A}. We denote the topology
generated by F on X by (X, F).

Definition 2.2.3: [11] A set G in X is said to be weakly
open or open in atopology (X, F) ifforall y € G,
there exists a finite subset p of A and open sets {4} 4¢,
such that A, € X, foralla € p,y e N, fi7 (4)
which mean that Vi € p, f;(y) € 4;.

Definition 2.2.4: [10] A sequence {x,} in X is said to be
weakly convergent to x € X if itis converges in the

topology o(X,F) , and we write that x,, x

Thatiis x,, — x if and only if £, (x,) = £, (x) for all a €
Al

3. The mean result

In this section, X,, is modular space on the field F
where, F=R orF=C

we do not assume that it is X complete ,

Let X, = Fand f,: X — X, bea function. Now let
F={fp:a€ A},andletG = {T' € A:T finite } .

We have the weak topology on X,, generated by F has
the basis

B = {ﬂ[(fa‘l(—s,s): reg,e>0}]
a€rlr
thus a set G is weakly open in X,, iff given G, there
exists a;.a,,...,a, € Asuchthatx €
Ny fa;! (—&,€) S G thisis gives |f,, (x)| <& fori=
1,2,..,n
A sub basis open set containing a point x,€X,, is of the
form
fo ' (fa(xo) — & fo(x) — €)
foreach a €A andfor each € > 0. Hence it can be
of the form
BWoi fa for s fni€) = {x € X:1fo () — fa (o)l < €}
forf, e F,i=12,..,.nn=>1, €>0.
Remark 3.6:
1 v €BWos; fuf2 s )
2. lLeth;eX"i=12,..,nlLetp; =
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BWoi fi: [z fai€1) B2 =

BWo; by by, o by 85)

and € = minf{e;, &,} . Then

,B(YOif1 'f'Z ) ""fn'gngZJ "'Jgn; 8) c

BN P,

If x; € BWVo; fi, for -» [ €) then there
exists a § > 0 such that

BWos fu f2r o fu36) S BWos f1r forvos fr3 €)
Let x4,y € X With yy # x and &;,&, > 0
Letx €

B(x0; f1, f2r s Fni €1) N B(YVoi 91,925 s G €2)
.Then there is 6 > 0 such that

Bxo; f1, far s fro 91, G20 0 93 6)

BN B>

Let zy, y, € X with z, # y, . suppose that

there exists f € F such that f(zy) # f(¥o) -
Then B (z0, £, N B (vo. f.5) = ¢

Remark 3.7: Let X,, be modular space over a field F
and let F = X* the dual space of X

ie X" ={f:X — F, fis continuous linear functional},
then the weak topology generated by F on X,, denoted
by o (X, X™)

Definition 3.8: The weak topology on modular space
Xu isthe topology o (X,{f}sex+) . For convenience, it
is denoted o (X, X*) or o(X, F) .In other words, the
weak topology on modular space X, is (X, X*),
which generated by members of X*.
Note that a sub biasc of open set about y, € X,, of the
form
U(ofre) ={x €X:|f(x) = f(yo)| < ¢} forallfe
X*,& > 0 and a basic open set about y, € X}, in the
topology o (X, X*) is of the form
BWoi fisfor s fni €) = (X €X:|fi(x) = fi(vo)| < €}
for all choices of f; e X*,i =1,2,...,.n,n=>1,e >0
A set A in modular space X, is said to be weakly open
if forall € A, thereexists fi, f5, ..., [n €X*,n=>1
such that forall e > 0,

Ay ={xeX:|fi(x) - fiMI<e,i=12,..,n
In the following important result, we sufficient
condition for Hausdorff topology.
Theorem 3.9: If X, modular space, Then the topology
o (Xy, X*)is Hausdorff.
Proof:
Let x,y € X); such that =y .
Sincex #y,thenx —y #0

= M(x—y) >0 ,= thereexists € > o, such that
Y & Be(x)
Since B, (x) convex open set, we know that it can be
strictly separated from {y}. by the Hahn-banach
theorem there exists f € X* and A € R such that
f(s) <A< f(y)foralls € B.(x)
In this case f(x) <A < f(y) . therefore x €
f1(—,2) and y € f~1(4, ).
Since f~1(—, 1) and y € f~1(4, ) are preimages of
open subsets of R by a linear functional, then those
two sets are weakly open , and they are disjoint.
Hence the space a(X,, X*) is Hausdorff because there
is two disjoint weakly open sets for all x,y in X, such
that every set contained one of x or y.
In the next, we present the main results related to the
weak convergent in modular space X,;.
Theorem 3.10: In a modular space X,, with the
topology o (X, X*)

1. Thetopology o (X, X*) is weaker than the

modular topology of X.

2. Inamodular space X, . If x,, 5x , then x is
unique.

3. Inamodular space X, . If x, 5x , then every
subsequence of {x,,} converges weakly to x.

4. Inamodular space X, . If x,, 5 x , then the
sequence {M(x,,)} is bounded

5. If {x,} asequence in a modular space X,, and
X €X, then x, - x iff
f(xn) — f(x) forall f € X~

6. Inamodular space X, . A strongly
converging sequence converges weakly

7. If {x,} asequence in a modular space X, s.t
Xn % x and let {f.} be asequence in X* such
that f, = f, then f,,(x,) = x, (%)

Proof:

1. Let X be amodular space and let G be a
weakly open in . To prove G is open in X. Let
x € G then thereexists fi, fo, ..., fn € X",

n > 1suchthat foralle >0,
Ge={yeX:Ifi(0) - finl<ei=
1,2,..,n} <G .

Since f; € X*,i=12,..,n,thenf;is
continuous linear functional on X for all i =
1,2,..,n.

2. Suppose that x,, 5 y to prove that x = y and
let f € X since x, % x and Xn zy , then
f(x,) = x and f(x,) = y. Since the limit
point is unique , then x =y

3. Since {f(x,)} convergent sequence in F for all

fexr
So that every subsequence of {f (x,,)} converges and has
the same limit as a sequence.

4.  Since x, x , then {f (x,,)} is convergent
sequence in F for all f € X~

Thus {f (x,,)} is bounded
Then there exists My > o such that |f(x,)| < My for
all , where M constant depending of f but not n
Using the canonical function ¢: X — X* , we can define
gn EX™ by
gn(f) = f(xn) forall f € X*
Then for all , |g, ()| = If (x)] < Mg
That is, the sequence {| g, ()|} is bounded for every f €
X* and since X* is complete , then {M(g,,)} is bounded
Now since M(g,) = M(x,,) , then {M(x,,)} is bounded

5. Suppose x, % x and {fn} sequence in X*
Take f €X*, ande > 0.
ThenD = {y € X:|f(y) — f(x)| < €} is open set in
o(Xy,X*) and D containing x.
Put ke Nstx, eDforalln>k
Thus for all weakly open set D there exists k € N such
that x, € D foralln > k and that vV f € X*
= f(xn) = f(%)
Conversely, assume that f(x,) = f(x),VE X*
Let D be open in X,, containing .
Choocead>0andf; € X" ,j =1,2,..,msuch that
yeX:|fix)- | <ej=12.,mcD. As
[ix) = fi()Vj=12,..,m
There exists k; € N such that |f; (x,) — f;(x)| < & for
all > k; .
Let ko, = max{ky, ky, ..., k;n}
Then for > k, , we have |f;(x,)) — f;(x)| < & for all
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n =k,
w
Hence x,, —» x
6. If {x,}asequence inamodular space X, s.t
Xp DX
Since x, = x ,then M(x, —x) > 0 as n — . Let
f € X* thatis f continuous linear functional |f (x;,,) —
fl=1f(xp—x)]=0 as n-oo.Sincef
w
arbitrary , then x,, —» x
7. If {x,} asequence in modular space X,, such
w
that x,, - x, and let {f,,} be asequence in
w
X*. Since x, = x , then f(x,) - f(x) ,for
all f € X* .Thus f,,(x,) = fn(®)
Theorem 3.11: Let X,, be modular space
w w w
i. Ifx,->xandy, >y, thenx, +y,=>x+y

ii. Ifx,—xand A€F ,then Ax,— Ax
Proof:

i, Sincex, —x,then f(x,) > f(X)V f € X*
And since y, — y , then f(y,) = () V f € X*
|f(xn +Yn) _f(x+}/)| = |f(xn) +f()/n) _f(x) -
T =1 Ce) = FOI+ 1f Om) = FDI
Since f(x,) = f(x) and (y,) = f(¥) , then |f (x,) —
fE)->0and|f(m)—fMI -0
Hence |f (x, + y,) — f(x +y)| = 0 forall f € X*

ii.  Sincex, —x,then f(x,) - f(x),V f € X*
Thus |[f (Ax,) — fF(A0)| = |Af (x) — fF ()] =
[211f Cxn) —Wf(x)l -0,Vf eX”

Hence Ax, = Ax.
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