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Interpolation in Non-continuous Functions Spaces

Jawad K. Judy

General Directorate of Babel Education, Ministry of Education, Iraq

Abstract

In this research I will introduce a new method to an approximation in non-continuous functions space and estimate a
degree of this approximation (Note that this function must be bounded) by define a new norm depending on union it
together with a continuous function (I call it the compensation function) where the resulting functions from this union
must be a continuous. This is possible for any continuous function but in this papers I will choose this function as an
algebraic polynomial because our know of properties of polynomials in approximation theory Specifically, I will choose
it as an interpolation polynomial according to Whitney's theorem in interpolation theory which we know precisely the
degree of error when approximating our function by it according to Whitney's theorem, Also the range set for it, which
is, as is the case in all polynomials, every real numbers, which will ensure that this set of images is closed to the
subtraction process, which we will need in our work.

Keywords: Non-continuous functions, Bounded functions, Compact sets, Whitney's theorem, Whitney's constant in
interpolation

1. Introduction

I t is known that in approximation theory non-
continuous functions say f ðxÞ cannot be approx-

imated by suitable polynomial because there is no
norm treat problem of the points of non-continuity
in its domain since if this norm is in the form of an
integral then no integral for non-continuous function
also if the norm as a supremum, no supremum of
non-continuous functions, and so on. Like approxi-
mation of unbounded functions that was approxi-
mated by a suitable norm (which called weighted
norm) that treat unboundedness of this function
with multiply or divide it by appropriate function
called weight function such that the resulting func-
tion be a bounded function [1,2] … etc., which ad-
dresses the issue of non-boundedness. In this papers
I will try to approximate non-continuous functions
by a norm that treat the problem of their non-con-
tinuity points, this includes completing the set of
non-continuity points from a continuous function in
the set of these points, and I will naming this func-
tion by the completion function say gðxÞ.This

completion process is done under specific norm
which symbol by

��f��p:g:��f��p:g ¼ ��ðf∪gÞðxÞ��p Now. Iwill defineour unionas:

ðf ∪ gÞðxÞ ¼
�
f ðxÞ if x;I
gðxÞ if x2I where I is a non-

continuous set of the function f and I will assume
that the set I is of zero measure, For the completion
function g it is clear that it's range is the real
numbers R This ensures that the range set is a
closed on subtraction operation. It is known that the
polynomials, whether algebraic or trigonometric,
have many characteristics and advantages that
known to us, including they are continuous and
derivative functions, and their graph also. So I will
choose the completion function g as an algebraic
polynomial Pn2 Pn where Pn the space of algebraic
polynomials of degree. Now we know many prop-
erties of the polynomials (completion function), and
I will symbol it by PnðxÞ as like of definition of f∪g.

So, I define ðf ∪ PnÞðxÞ ¼
�
f ðxÞ if x;I
PðxÞ if x2I

As I mentioned earlier, I will choose the poly-
nomial PðxÞ as Whitney's polynomial and according
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to the Whitney's theorem in interpolation theory we
know properties of this polynomial in the approxi-
mation theory.
It is important that all of this be within the defi-

nition of the intended norm and I will use
supremum norm, this mean

��f ðxÞ�� ¼ sup
��f ðxÞ��; x2

X: And for Lp-norm where:��f ðxÞ��p ¼ ðR b
a

��f ðxÞ��pdxÞ1p it clear
��f ðxÞ��p � ��f ðxÞ��

[3] (1.1)
Now, let's remember our information about the

binary operations:
let A:B be any two sets, it's known that:
A)B ¼ fa)b : aeA; beBg where ) be any binary

operation [4].
For example, if we take A ¼ B ¼ R (where R be the

real numbers) then:
R� R ¼ fr1 � r2 ¼ r where r1:r22Rg this mean

every element in the set R can be writes as subtract
of two numbers (notice that R closed over subtrac-
tion operation).
Also, we must remember that union of two func-

tions is not function in general.

2. Auxiliary results

As be mention in weighted approximation the
weight function is distributed in the
Its own norm (i.e.

��f � Pn
��
p:a ¼ ��ðf � PnÞua

��
p ¼��fua � Pua

��
p) where the

Symbol ua is weight function which dependent on
a constant a [1,2] … etc. But that is not easy in this
kind of approximation (non-continuous approxi-
mation), So before try to approximate this kind of
functions I put a condition that the rang set of the
function g (or the polynomial Pn) must be the real
numbers R this condition ensures that this rang is a
closed set on subtraction operation this mean that if
g : X⟶Y, _y2gðxÞ:x2X and if _y ¼ y1 � y2 then y12
gðxÞ and y22gðxÞ; x2X and this property is used in
proof of theorem 2.1. If we replace g by Pn2 Pn the
above condition be content since this is one of the
properties of polynomials. In the following, I will
study possibility of providing the compact set of an
element to best approximation of a function which
belong in it, all of this is preceded by the definition
of the new norm.
Before I site this norm I will prove the following

necessary theorem:

2.1. Theorem

Suppose that f : X⟶Y such that f be a non-
continuous functions in the set of points I (where I is

of zero measure) and suppose that g;Pn : R⟶R ,
where Pn is a polynomial of degree n Define in X
then:

��
f � Pn

�
∪ g

�ðxÞ¼ �
f ∪ g

�ðxÞ � ½Pn∪ g�ðxÞ;
Proof:

Let y2Y
In the first part I will proof this theorem if y2f ðxÞ;

x;I
Necessity
Suppose that 2½ðf � PnÞ∪ g�ðxÞ.
Dependent on the definition of union either

y2ðf � PnÞðxÞ or y2gðxÞ
Since by hypothesis if we write y ¼ y1 � y2
Then y ¼ y1 � y22ðf � PnÞðxÞ this mean y12f
and y22Pn.
And then, y12f ∪ g and y22Pn∪ g.
So, y ¼ y1 � y22ðf ∪ gÞ� ðPn ∪ gÞ.
If y2gðxÞ, it is clear.
Sufficiency
Suppose that y ¼ y1 � y22ðf ∪ gÞ � ðPn ∪ gÞ then

y12ðf ∪ gÞ and y22ðPn ∪ gÞ
If y12f and y22Pn then y ¼ y1 � y22ðf � PnÞ
And so y ¼ y1 � y22ðf � PnÞ

S
g

If y12g and y22g then y ¼ y1 � y22g
And so y ¼ y1 � y22ðf � PnÞ

S
g.

If y12f and y22g then y22ðfSgÞ also.
So, y ¼ y1 � y22ðfSgÞ, since f is not continuous in

some pointes
Then by closer on subtraction y ¼ y1 � y2 must be

belong in g
So, y2ðf � PnÞ∪g, The only remainder possibility

that y12g and y22Pn also
Since codomain of g is R then y22g also
And since g is closed on subtraction then y ¼ y1 �

y22g and then y2ðf � PnÞ∪g.
In the second part I will proof this theorem if y2

gðxÞ; x2I (this mean y;f ðxÞ)
Necessity
Let y2½ðf � PnÞ∪g�ðxÞ, x2I
then y belong only in g.
since the set g closed on subtraction operation
then we can write y ¼ y1 � y2; y2g.
Since y arbitrary, So every element in g can be

written as subtract two elements in g.
So, y12g and y12g.
Thus y12f ∪ g and y22Pn ∪ g.
And so, y ¼ y1 � y22ðf ∪ gÞ� ðPn ∪ gÞ
Sufficiency
Suppose that y ¼ y1 � y22ðf ∪ gÞ� ðPn ∪ gÞ
Then y ¼ y1 � y22g� g ¼ g
So, y2½ðf � PnÞ∪g�ðxÞ.
And the proof is complete
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Now, as I mentioned earlier and depending on the
previous theorem I will define the new norm as:��f � Pn

��
p:g¼

���f � Pn
�
∪ g

��
p¼

���f ∪ g
�� ðPn ∪ gÞ��p

2:1:1
So, if we replaced the function gðxÞ in 2.1.1 by the

polynomial Pn we get;��f � Pn

��
p:g¼

���f � Pn
�
∪Pn

��
p¼

���f ∪ Pn
�� ðPn ∪ PnÞ

��
p

¼���f ∪ Pn
�� Pn

��
p

2:1:2

2.2. Theorem [5]

Let U be a compact set in a metric space X. Then,
for every f in X, there exists an element of best
approximation.
It should also be remembered that the image of

the compact set under the influence of the contin-
uous function is also a compact set.

2.3. Theorem

Suppose that f : X⟶Y be a non-continuous func-
tions in a set of points I and suppose that A be a
compact set and A3Y such that f ðxÞ3A; x2X then
A (or a compact set) provide a best approximation
element of f .
Proof
Suppose that xneX such that xn/x; neN
Then there are two possibilities, either xn2 I or

xn;I
First If xn;I then f ðxnÞ2f ðXÞ and then f ðxnÞ2 A
And then by above theorem A provide a best

approximation element of f .
Second If xn2I then f ðxnÞ not found in A (i.e. f ðxnÞ

;f ðXÞ)
let PmðxÞ be an interpolation polynomial of f in the

set I.
Then there are two possibilities either f ðxnÞ ¼

PnðxnÞ2A or f ðxnÞ ¼ PnðxnÞ;A
If f ðxnÞ ¼ PnðxnÞ2A
Then by above theorem A provide a best

approximation element of PnðxnÞx2X
Since f ðxÞ ¼ PnðxÞ; x2I by definition of our union
Then A provide a best approximation element of

f ðxÞ; x2I
If f ðxnÞ ¼ PnðxnÞ;A and since the set I is of zero

measure
This mean I is countable set and then it is a

compact set also (with ðR;TuÞ real numbers with
usual topology.

Since Pn is continuous function then PnðxnÞ; xn2I
is a compact set also.
So, by above theorem it is provide a best

approximation element of PnðxÞ
And then it provide a best approximation element

of f .

3. Main results

In this part, and in the beginning I said, I would
try to find the error between non-continuous func-
tion and polynomial of best approximation accord-
ing to Whitney's theorem. After that I will try to
estimate the norm of non-continuous function f in
its continuity region. And norm of its polynomial of
best approximation by Whitney's theorem as we
mentioned earlier.
In an approximation of continuous function by

polynomials that studied by several scientists one of
the good results for this approximation of function
like f on a closed interval by a polynomial Pn is:��f � Pn

��
p � cu

�
f ; 1n

�
[6] And here we will get a result

similar to this result in non-continuous functions
space, before that I will set Whitney's theorem in
interpolation.

3.1. Theorem: Whitney [3]

For each m � 1 there is a number Wn with the
following property. For any interval D and for any
continuous function f on D there is a polynomial P
of degree at most m� 1 such that:

��f � PðxÞ���Wnun
�
f ;D

�
;x2D:

Where Wn is called Whitney's constant. There are
many attempts to estimate the value of this constant
by several scholars and researchers for example
Sendov and Ivanov and Takev …. etc., but The best
of these attempts was by Binev that improved this
constant to Wn ¼ oðnÞ [3].
Now, for example when D ¼ ½0; 1� we will consider

the polynomial P ¼ Pðf Þ which interpolate f at n
equally spaced points:
P
�

v
n�1

� ¼ f
�

v
n�1

�
; v ¼ 0; 1;……::; n� 1: polynomial P

satisfy Whitney's theorem [3].
Of cores one can put degree of above polynomial

P as m� 1 ¼ n which we used in following theorem.
Also if we think of broadening (generalizing)

above equally spaced points And contained in
Whitney's theorem in interval ½0; 1� for any interval
½a; b�.
So, I put the following rule:
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P
	 v
n� 1



¼ f

	 v
n� 1



;v¼aðn� 1Þ;aðn� 1Þ

þ 1;……::ðb� 1Þðn� 1Þ;bðn� 1Þ
ð3:1:1Þ

which represent the equally spaced points in
any interval ½a; b�.
Also, let we put D ¼ Wn

n where the points of non-
continuity of the function must be within this
interval.
We recall what was previously defined, if we have

non-continuous function f on the set I of zero
measure, and let P be the polynomial which inter-
polate f at points of I.This mean suppose that:
f ðxÞ ¼ PnðxÞ; x2I As we mentioned earlier

ðf ∪ PnÞðxÞ ¼
�

f ðxÞ if x;I
PnðxÞ if x2IAnd then f∪ Pn is a

continuous function
Now, if we applied Whitney's theorem on the

continuous function f∪Pn we get the following
theorem:

3.2. Theorem

If f is non-continuous in the set I and Pn2 Pn

which satisfy (3.1.1) then:

��f � Pn

��
p:g �Wnun

�
f :
1
n

�
:

Proof:

��f � Pn

��
p:g¼

��f � Pn

��
p:Pn

¼���f ∪ Pn
�� Pn

��
p

Now by definition of f∪Pn ¼
�

f ðxÞ if x;I
PnðxÞ if x2I

Then:
��ðf ∪ PnÞ � Pn

��
p ¼ ��f � Pn

��
p if x;I

Since f is continuous in the set x;I and by theo-
rem 3.1 we get:

��f � PnðxÞ
���Wnun

�
f :D

�
;

If we take supremum for both sides in the
contrast above inequality, then we have:

sup|{z}
x2D

��f � PnðxÞ
���Wnsup|{z}

x2D

un
�
f :D

�
;x2D

And by use properties of supremum of sets and
moduli of continuity in the right side we get:
sup|{z}
x2D

unðf :DÞ ¼ sup|{z}
x2D

�
sup|{z}
x2D;t
Itl�h

��Dr
t f ðxÞ

��� ¼ sup|{z}
x2D;t
Itl�h

jDr
t f ðxÞj ¼

unðf :DÞ;
And by applied definition of moduli of continuity

in lift side the last inequality became:

��f � PnðxÞ
���Wnun

�
f :D

�
;x2D

So, by 1.1 we get:

��f � Pn

��
p:g¼

��f � Pn

��
p �Wnun

�
f :
1
n

�

if x2I and if I is of zero measure and by definition
of f∪Pn.
Then

��f � Pn
��
p:g ¼ ��f � Pn

��
p:Pn

¼ ��ðf ∪ PnÞ � Pn
��
p

¼ kPn � Pnkp ¼ 0

Since lim
n⟶∞

u
�
f:1n

� ¼ 0

Then
��f � Pn

��
p:g � Wnun

�
f :1n

�
On the other hand for constant Wn from our in-

formation of a good estimate of Whitney's constant
that is Wn ¼ oðnÞ So Wn

n ⟶0;As n⟶∞
So this regard is a good result for an approxi-

mating of non-continuous function
In following prat, I will try to estimate norm of the

polynomial
��f � Pn

��
p:g and kPnðxÞkp this mean we

estimate
��f ðxÞ��p; x;I and kPnðxÞkp; x2I to confirm

that kPnðxÞkp; x2I that only increases by a very

small amount on
��f ðxÞ��p; x;I by measuring the

maximum breadth of norm kPnðxÞkp in all domain R
to ensure the smoothness of the function resulting
from our union.

3.3. Theorem [3]

For each bounded function f the following trivial
estimate hold:

un
�
f ;D

�� 2n
��f��cD

3.4. Theorem

Let f be a non-continuous function and PnðxÞ be a
Whitney's polynomial for f then:

��f ðxÞ; x;I
��
p;

� ckPnðxÞ; x2Ikp where the set I is of measure zero.
Proof:
Since by theorem 3.1

��fSPnðxÞ� PnðxÞ
�� � Wnunðf ;

DÞ; x2D.

By early definition of union f∪Pn ¼
�

f ðxÞ if x;I
PnðxÞ if x2I

So:��f � PnðxÞ
�� � Wnunðf ;DÞ then:

sup|{z}
x2D

��f � PnðxÞ
�� � Wnsup|{z}

x2D

unðf ; DÞ; x2D.and by use

properties of supremum of sets we get:
��f � PnðxÞ

��
� Wnunðf :DÞ; x2D and by use properties of norm
we get:
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����f��� kPnðxÞkj �
��f � PðxÞ��� Wnunðf :DÞ; x2D

and then:��f���kPnðxÞk� j��f���kPnðxÞkj�
��f � PnðxÞ

��
�Wnun

�
f :D

�
;x2D

So,
��f��� kPnðxÞk � Wnunðf :DÞ; x2D

Thus
��f�� � Wnunðf :DÞþ kPnðxÞk; x2D

Now by theorem 3.3 we get:��f���Wnun
�
f :D

�þkPnðxÞk �Wn2n
��f��cD

þkPnðxÞk;x2D

And then
��f���Wn2n

��f��cD � kPnðxÞk And so
��f��ð1�

Wn2nÞ � kPnðxÞk
So,

��f�� � kPnðxÞk
ð1�Wn2nÞ Not that

��f�� � 0

This mean
��f�� � kPnðxÞk

ð1�Wn2nÞ if 1�Wn2n � 0 and��f�� � kPnðxÞk
ð1�Wn2nÞ if 1� Wn2n � 0

Since 1�Wn2n is in the denominator then 1
1�Wn2n

is very little especially As n/∞
Certainly, this feature is available for the function

f at Lp-norm.
Sure, one can assume there exist a constant c>

0 or c � 0 such that c ¼ 1� Wn2n

This mean kPnðxÞk; x2I does not increase much
on

��f��; x;I

And then the unction f
S
Pn is a smooth function in

its domain.

4. Conclusions

In this papers we concluded that it is possible to
be approximate non-continuous functions by
completing the set of non-continuity points through
union it with an appropriate polynomial under the
influence suitable norm and we also concluded a
degree of the error for this approximation.
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